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Devwudfw

Wkh vwdelolw| ri dq dxwredodqflqj v|vwhp lv lqyhvwljdwhg1 Wklv zrun lv
glylghg lqwr wkuhh sduwv1

Wkh �uvw sduw lv frqfhuqhg zlwk wkh vwdelolw| lq dq lvrwurslf wzr fruuhfwlrq
pdvv dxwredodqfhu1 E| lvrwurslf lw lv phdqw wkdw wkh v|vwhp kdv wkh vdph
vwl�qhvv dqg gdpslqj lq wkh krul}rqwdo dqg yhuwlfdo gluhfwlrq1 Lw lv vkrzq
wkdw wkh htxdwlrqv ri prwlrq fdq eh wudqviruphg/ lq wkh lvrwurslf fdvh/ wr
d wlph lqghshqghqw irup1 Wklv wudqvirupdwlrq uhgxfhv wkh frpsoh{lw| ri
wkh vwdelolw| frpsxwdwlrqv1 Wkh htxloleulxp srvlwlrqv duh fdofxodwhg1 Olqhdu
vwdelolw| dqdo|vlv lv grqh derxw wkhvh htxloleulxpv1 Wkh lq xhqfh ri gl�huhqw
sdudphwhuv duh lqyhvwljdwhg/ vxfk dv wkh urwdwlrqdo vshhg/ wkh vxvshqvlrq
vwl�qhvv dqg gdpslqj/ lqwhuqdo gdpslqj dfwlqj rq wkh frpshqvdwlqj pdvvhv
dqg gl�huhqw pdvv frq�jxudwlrqv1 Lw lv vkrzq wkdw lqvwdelolw| fdq rffxu
zkhq wkh urwdwlrqdo vshhg lv deryh wkh qdwxudo iuhtxhqf| ri wkh v|vwhp1 Lw
lv dovr vkrzq wkdw vwdelolw| fdq ghshqg rq wkh dprxqw ri lpedodqfh ordg lq
wkh v|vwhp1 Zkhq wkh lqwhuqdo gdpslqj dfwlqj rq wkh fruuhfwlrq pdvvhv lv
uhgxfhg/ d vxshu fulwlfdo krsi elixufdwlrq rffxuv1

Wkh vhfrqg sduw lv frqfhuqhg zlwk wkh dqlvrwurslf dxwredodqfhu/ l1h1 zlwk
gl�huhqw vwl�qhvv dqg gdpslqj lq krul}rqwdo dqg yhuwlfdo gluhfwlrqv1 Lq wklv
fdvh wkh htxdwlrqv ri prwlrqv duh wlph ghshqgdqw dqg vwdelolw| dqdo|vlv lv
shuiruphg e| lqwhjudwlqj wkh yduldwlrqdo htxdwlrqv ryhu rqh kdoi shulrg1 Lw
lv vkrzq wkdw jlyhq hqrxjk vhsdudwlrq lq wkh krul}rqwdo dqg yhuwlfdo qdwxudo
iuhtxhqf|/ uhjlrqv ri vwdelolw| rffxu zkhq wkh urwdwlrqdo vshhg lv ydulhg1 Lw
lv dovr vkrzq wkdw vrph ri wkh skhqrphqd rffxuulqj lq wkh lvrwurslf dxwr0
edodqfhu dovr rffxuv lq wkh dqlvrwurslf dxwredodqfhu1

Wkh wklug sduw vwxglhv wkh fdvh zkhq pruh wkdq wzr frpshqvdwlqj pdvvhv
duh xvhg1 Wklv dggv vrph frpsoh{lw| wr wkh vwdelolw| fdofxodwlrqv vlqfh xvlqj
wkuhh frpshqvdwlqj pdvvhv jlyhv d idplo| ri htxloleulxp srvlwlrqv1 Wklv
phdqv wkdw wkh vwdelolw| kdv wr eh fdofxodwhg iru doo srvvleoh htxloleulxp
frq�jxudwlrqv1



Frqwhqwv

4 Lqwurgxfwlrq 4
414 Remhfwlyhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5
415 Looxvwudwlyh prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6

5 Dqdo|wlfdo prgho :
514 Ghulydwlrq ri htxdwlrqv ri prwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :

6 Wkh lvrwurslf fdvh <
614 Ghulydwlrq ri htxdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <
615 Htxloleulxp srvlwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44
616 Olqhdu vwdelolw| dqdo|vlv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45
617 Sdudphwhu vwxg| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47

61714 Vwdelolw| zkhq wkh urwdwlrqdo vshhg lv ydulhg 1 1 1 1 1 1 47
61715 Vwdelolw| zkhq wkh lpedodqfh ordg lv ydulhg 1 1 1 1 1 1 1 49
61716 Ydu|lqj wkh pdvv ri wkh frpshqvdwlqj pdvvhv 1 1 1 1 1 53

618 Krsi elixufdwlrqv dqg fkdrv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 55
619 Qxphulfdo h{shulphqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 57

7 Dqlvrwurslf fdvh 64
714 Ghulydwlrq ri htxdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 64
715 Olqhdu vwdelolw| dqdo|vlv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 65
716 Sdudphwhu vwxg| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 67

71614 Vwdelolw| zkhq wkh lpedodqfh ordg lv ydulhg 1 1 1 1 1 1 1 69

8 Pxowlsoh fruuhfwlrq pdvvhv 6<
814 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6<
815 Htxloleulxp srvlwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6<
816 Olqhdu vwdelolw| dqdo|vlv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 75
817 Sdudphwhu vwxg| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 76

9 Frqfoxvlrqv 7:
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: Dfnqrzohgjphqwv 7<

; Dsshqgl{ 84
;14 Dsshqgl{ D 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 84
;15 Vroxwlrq ri htxdwlrq 6148 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 84



Fkdswhu 4

Lqwurgxfwlrq

Dxwredodqflqj ri urwdwlqj pdfklqhv xvlqj prylqj fruuhfwlrq pdvvhv lv ehvw
dffrpsolvkhg zkhuh rqh zdqwv wr fruuhfw lpedodqfhg urwdwlrq ydu|lqj lq
wlph1 Wkh w|sh ri lpedodqfh fdq eh erwk vwdwlf/ g|qdplf ru d frpelqdwlrq ri
erwk1 Ghshqglqj rq wkh ghvljq ri wkh dxwredodqfhuv frqwlqxrxvo| ru glvfuhwh
edodqflqj fdq eh dfklhyhg1 Wkh glvfuhwh edodqflqj xvxdoo| lqyroyhv vrph
vruw ri orfnlqj phfkdqlvp ri wkh fruuhfwlrq pdvvhv1 Wkh qhhg ri d orfnlqj
phfkdqlvp lv gxh wr wkh idfw wkdw frqwlqxrxv edodqflqj fdq rqo| eh dfklhyhg
zkhq fhuwdlq v|vwhp sdudphwhuv duh fkrvhq fruuhfwo|1 Wkh prvw qrwlfhdeoh
v|vwhp sdudphwhu/ uhjduglqj frqwlqxrxv edodqflqj/ lv wkh urwdu| vshhg1

Wkh whup dxwr lq dxwredodqflqj uhihuv wr wkh idfw wkdw lw lv d sdvvlyh
v|vwhp1 E| sdvvlyh lw lv phdqw wkdw qr dfwlyh irufhv duh qhhghg wr pryh wkh
fruuhfwlrq pdvvhv1 Wkhuhiruh qr frqwuroohuv duh qhhghg lq wkh v|vwhp1

Wkh lghd ehklqg dxwredodqfhuv lv rog dqg wkh �uvw sdwhqwv duh iurp wkh
4<53*v1 Wkhuh lv qrw d zlghvsuhdg xvh ri dxwredodqfh dowkrxjk wkhuh h{lvw
pdq| gl�huhqw sdwhqwv rq wkh vxemhfw/ prvwo| uhjduglqj wkh ghvljq ri orfnlqj
phfkdqlvp ri wkh prylqj fruuhfwlrq pdvvhv1 Zk| dxwredodqfhuv kdyh qrw
ehhq xvhg pruh zlgho| ghshqgv rq vhyhudo wklqjv1 Iru h{dpsoh wkh irufhv
wkdw pryh wkh fruuhfwlrq pdvvhv wr wkhlu surshu orfdwlrq lv vpdoo frpsduhg
wr wkh qrupdo irufhv1 Wkh qrupdo irufhv whqg wr eh yhu| kljk lq sudfwlfdo ds0
solfdwlrqv zklfk dovr uhtxluh kljk vxuidfh �qlvk dqg kljk suhflvlrq lq edodqfh
ulqjv dqg fruuhfwlrq pdvvhv1 Krzhyhu wklv lv qrw d vhulrxv revwdfoh vlqfh edoo
ehdulqj pdqxidfwxuhv kdyh pdvwhuhg wkhvh vnloov1 Lw wkhuhiruh vhhpv wkdw wkh
prvw olnho| pdqxidfwxuhu ri dxwredodqfhuv zloo eh wkh edoo ehdulqj lqgxvwu|1
Dqrwkhu vhulrxv gudzedfn lv wkdw lw grhv qrw zrun dw doo urwdu| vshhgv/ dqg
wklv lv khuh dqdo|}hg lq juhdwhu ghwdlo1 Wklv phdqv wkdw iru vrph v|vwhpv/
rshudwlqj dw urwdu| vshhgv zklfk duh qrw lq wkh dxwredodqflqj uhjlph/ lw lv
qrw srvvleoh wr xvh wklv whfkqltxh1 Lq vrph v|vwhp lw pljkw vwloo eh srvvleoh
wr xvh lw zlwk d orfnlqj phfkdqlvp ri wkh fruuhfwlrq pdvvhv1 Orfnlqj phfk0
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dqlvpv kdyh ehhq whvwhg lq wxuqlqj odwkhv dqg vwdwlrqdu| julqglqj pdfklqhv1
Gxulqj qrupdo rshudwlrq wkh vslqgoh lv uljlgo| frqqhfwhg wr wkh pdfklqh dqg
wkh fruuhfwlrq pdvvhv duh orfnhg1 Zkhq lpedodqfh rffxu rqh fdq uhohdvh wkh
vslqgoh vr lw lv vxvshqghg zlwk vsulqjv1 Wklv doorzv wkh pdfklqh wr hqwhu wkh
dxwredodqflqj uhjlph dqg frqvhtxhqwo| wkh fruuhfwlrqv pdvvhv duh uhohdvhg1
Diwhu dxwredodqflqj kdv rffxuuhg wkh fruuhfwlrq pdvvhv duh orfnhg dqg wkh
vslqgoh lv uljlgo| frqqhfwhg wr wkh pdfklqh djdlq1 Wkh orfnlqj phfkdqlvp lv
xvxdoo| d phfkdqlfdo ghylfh exw rwkhu w|shv h{lvw1 Iru h{dpsoh  xlgv zlwk d
phowlqj srlqw vr wkdw lw lv srvvleoh wr kdyh lw vrolg zkhq wkh fruuhfwlrq pdvvhv
duh orfnhg dqg phowhg zkhq wkh| pryh1 Wkh khdwlqj qhhghg lv xvxdoo| dffrp0
solvkhg e| hohfwulfdo phdqv1 Dqrwkhu lpsruwdqw dvshfw ri wkh sureohp lv krz
v|vwhp sdudphwhuv vkrxog eh fkrvhq wr dfklhyh vdwlvidfwru| dxwredodqflqj1
Lw lv frpprqo| eholhyhg wkdw wkh rqo| fulwhulrq iru dxwredodqflqj lv wkdw wkh
urwdu| vshhg lv deryh wkh qdwxudo iuhtxhqf| ri v|vwhp +vhh vhfwlrq 415 iru dq
h{sodqdwlrq,1 Krzhyhu wklv lv qrw wuxh lq jhqhudo dqg rqo| dsshduv wr eh rqh
ri vhyhudo uhtxluhphqwv rq wkh v|vwhp/ dv zloo eh vkrzq odwhu1 Wkhruhwlfdo
vwxglhv lq wklv �hog kdyh ehhq shuiruphg wr suryh wklv frpprq plveholhi1
Wkhvh wkhruhwlfdo vwxglhv/ vhh iru h{dpsoh Y1L1 Nudyfkhqnr hw do1/ vhh ^5` ^7`
^6`/ kdyh uhdfkhg wklv frqfoxvlrq e| vlpsoli|lqj wkh sureohp1 Wkh qlfh wklqj
derxw wkhvh vwxglhv lv wkdw wkh| kdyh rewdlqhg dqdo|wlfdo uhvxowv1 Zlwk vrph
khxulvwlf uhdvrqlqj rqh lv ohdg wr wkh vdph frqfoxvlrq +vhh vhfwlrq 415,1

Dxwredodqfhuv kdyh vxffhvvixoo| ehhq xvhg lq julqglqj pdfklqhv/ vxfk dv
wkh Dwodv Frsfr Julqghu JWJ 73 htxlsshg zlwk dq VNI Dxwr0Edodqflqj
Xqlw1 Lpedodqfh rffxu lq julqglqj pdfklqhv ehfdxvh ri zhdu1 Wklv lqvwdood0
wlrq kdv uhgxfhg yleudwlrq ohyhov wr ohvv wkdq kdoi ri wkh yleudwlrqv rffxuulqj
zlwkrxw wkh dxwredodqflqj xqlw1 Wklv phdqv wkdw wkh rshudwru qrz fdq xvh
wkh julqglqj pdfklqh zlwkrxw wlph uhvwulfwlrqv1 Rwkhu vxffhvvixo dwwhpswv
kdyh ehhq zdvklqj pdfklqhv zkhuh wkh ordg fdxvhv lpedodqfh gxulqj vslq
gu|lqj1 Wklv kdv ehhq whvwhg/ zlwk jrrg uhvxow/ e| Zdvfdwru lq wkhlu frp0
phufldo zdvklqj pdfklqhv1 Rwkhu duhdv zkhuh lw kdv ehhq whvwhg zlwk ydulrxv
uhvxowv duh uhiuljhudwru frpsuhvvruv wr uhgxfh qrlvh iurp slvwrq pryhphqwv/
idqv rshudwlqj lq hqylurqphqwv zkhuh gluw dwwdfkhv wr wkh eodghv vxfk wkdw
zkhq wkh gluw frphv lpedodqfh rffxuv1

414 Remhfwlyhv

Wklv zrun lv pdlqo| irfxvhg rq krz gl�huhqw sdudphwhuv lq xhqfh wkh dxwr0
edodqflqj v|vwhp1 Lq suhylrxv zrun e| wkh dxwkru/ vhh ^4` lw lv vkrzq wkdw
d uhodwlyho| vlpsoh dqdo|wlfdo prgho dffxudwho| prghov d uhdo dxwredodqflqj
v|vwhp1 Wklv zdv dffrpsolvkhg e| qxphulfdo vlpxodwlrqv dqg phdvxuhphqwv



4151 LOOXVWUDWLYH PRGHO 6

Iljxuh 414= Slfwxuh ri wkh h{shulphqwdo pdfklqh1 Wkh vxvshqvlrq lv vlplodu
wr d zdvklqj pdfklqh vxvshqvlrq1 Wzr edodqfh ulqjv fdq eh �wwhg rq wkh
d{lv ri urwdwlrq1 Wkh fruuhfwlrq pdvvhv duh edooehdulqj edoov1

rq dq h{shulphqwdo dxwredodqfhu exlow e| wkh dxwkru/ vhh slfwxuh 4141 Vlqfh
wkh prgho dffxudwho| ghvfulehv wkh uhdo v|vwhp/ vwdelolw| dqdo|vlv duh pdgh
rq wkh htxdwlrqv ri prwlrq1 Fdofxodwlrqv duh shuiruphg rq d sodqh lvrwurslf
dqg dqlvrwurslf wzr0edoo edodqfhu1 Lq wkh odvw fkdswhu lw lv vkrzq krz fdofx0
odwlrqv rq dq dxwredodqfhu htxlsshg zlwk pruh wkdq wzr edoov fdq eh pdgh1
Htxdwlrqv ri prwlrqv duh olqhdul}hg dqg hljhqydoxhv dqg hljhqyhfwruv duh fdo0
fxodwhg derxw wkh htxloleulxp srvlwlrqv1 Dovr qrupdo irup fdofxodwlrqv duh
shuiruphg wr dqdo|}h krsi elixufdwlrqv1

Zkloh zrunlqj rq wkh h{shulphqwdo pdfklqh d vhoi vxvwdlqhg rvfloodwlrq ri
wkh edoo ehdulqj edoov/ derxw wkhlu htxloleulxp srvlwlrq zdv irxqg1 Wklv zdv
qrw srvvleoh wr h{sodlq zlwk suhylrxv vwdelolw| dqdo|vlv1 Krzhyhu/ lw zloo odwhu
eh vkrzq wkdw wkhvh rvfloodwlrqv fdq eh suhglfwhg e| dqdo|wlfdo2qxphulfdo
phdqv1

415 Looxvwudwlyh prgho

Wkhuh duh wzr frpprq ghvljqv ri dxwredodqfhuv1 Wkh prvw frpprq ghvljq lv
ohwwlqj edoov pryh lq d flufxodu ulqj fhqwhuhg derxw wkh d{lv ri urwdwlrq1 Wklv
ulqj lv xvxdoo| �oohg zlwk vrph ylvfrxv phgld vxfk dv rlo1 Lw zloo eh vkrzq
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odwhu wkdw fkrrvlqj wkh uljkw ylvfrvlw| lv ri pdmru lpsruwdqfh wr dfklhyh jrrg
shuirupdqfh1 Wklv frqvwuxfwlrq lv xvhg lq wkh JWJ 73 julqglqj pdfklqh
phqwlrqhg deryh1 Wkh vhfrqg ghvljq lv wr xvh shqgxoxp dupv prxqwhg rq
wkh d{lv ri urwdwlrq1 Wklv ghvljq kdv ehhq xvhg lq wxuqlqj odwkhv1 Wkhuh dovr
h{lvw dxwredodqfhuv zkhuh wkh prylqj fruuhfwlrq pdvvhv duh vpdoo fduuldjhv
zlwk zkhhov prxqwhg rq wkhp1 Wkh uhdvrq iru xvlqj fduuldjhv lv wkdw lw fdq
eh ghvljqhg zlwk d ehwwhu zhljkw wr rffxslhg yroxph udwlr/ wkhuhiruh uhgxflqj
wkh yroxph ri wkh edodqfh ulqjv frpsduhg wr edoo edodqfhuv1 Krzhyhu/ wkh
fduuldjh lv d pruh frpsoh{ ghvljq frpsduhg wr xvlqj edoov dqg lv wkhuhiruh qrw
zlgho| xvhg1 Krzhyhu lq uhvshfw wr wkh prghov xvhg lq wklv zrun wkhvh ghvljqv
duh phfkdqlfdoo| htxlydohqw dqg fdq eh prghoohg zlwk wkh vdph dqdo|wlfdo
prgho1

Wr jhw dq lghd ri krz dxwredodqflqj zrunv frqvlghu �jxuh 4151 Dvvxph
wkdw wkh v|vwhp kdv orz gdpslqj frpsduhg wr wkh fulwlfdo gdpslqj +iru dq
lqwurgxfwlrq wr edvlf wkhru| ri yleudwlrq vhh iru h{dpsoh Wkrpvrq/ Wkhru|
ri Yleudwlrq zlwk Dssolfdwlrqv ^:`,1 Wkh ehkdylru wr h{sorlw lv wkdw zh zloo
kdyh d Z skdvh vkliw zkhq wkh urwdu| vshhg lv deryh wkh qdwxudo iuhtxhqf| ri
wkh v|vwhp1

Zkhq wkh gulylqj dqjxodu yhorflw| / ri wkh v|vwhp lv ehorz wkh qdwxudo
iuhtxhqf| ri wkh v|vwhp zh zloo kdyh }hur skdvh vkliw ehwzhhq wkh olqh DE
dqg EF lq �jxuh 4151 Wkh qdwxudo iuhtxhqf| ri wkh v|vwhp lv khuh gh�qhg dv

/? '

v
&

� n6n
S?

�'�6�

� +414,

zkhuh� lv wkh v|vwhp pdvv dqg6 lv wkh pdvv ri wkh xqedodqfhg frpsrqhqw
dqg 6� lv wkh pdvv ri wkh l*wk frpshqvdwlqj pdvv1 Li p dqg wkh 6�*v duh
vpdoo frpsduhg wr� wkh h{suhvvlrq iru wkh qdwxudo iuhtxhqf| uhgxfhv wr wkh
qrupdo h{suhvvlrq /? '

t
&*� 1 D vpdoo pdvv rq d ulqj fhqwhuhg derxw wkh

d{lv ri urwdwlrq E zrxog wkhq pryh/ dv lqglfdwhg lq wkh �jxuh/ wr wkh vdph vlgh
dv wkh xqedodqfh1 Wklv zrxog lqfuhdvh wkh dpsolwxgh/ olqh DE wkxv pdnlqj
wkh yleudwlrqv zruvh1 Krzhyhu/ zkhq wkh v|vwhp urwdwhv dw vshhgv deryh wkh
qdwxudo iuhtxhqf| ri wkh v|vwhp zh zloo kdyh d Z skdvh vkliw ehwzhhq wkh olqh
DE dqg EF1 D vpdoo pdvv/ srvlwlrqhg wkh vdph zd| dv ehiruh/ zrxog wkhq
whqg wr wkh rssrvlwh vlgh ri wkh xqedodqfhg frpsrqhqw1 Dvvxplqj wkdw wklv
txdvl vwdwlf dujxphqw krogv dqg wkdw wkhuh duh dw ohdvw wzr pdvvhv prylqj
v|pphwulfdoo| derxw wkh olqh EF wkh dpsolwxgh DE zrxog ghfuhdvh1 Lq wklv
txdvl vwdwlf dujxphqw lw lv dvvxphg wkdw wkh gdpslqj lv vpdoo frpsduhg wr
wkh fulwlfdo gdpslqj/ zklfk lpsolhv d skdvhvkliw ri Z udgldqv zkhq / jrhv
iurp mxvw ehorz wr mxvw deryh wkh qdwxudo iuhtxhqf|1 Lw lv dovr dvvxphg wkdw
wkhuh duh qr lqhuwldo irufhv gxh wr wkh frpshqvdwlqj pdvvhv dfwlqj rq wkh
v|vwhp1



4151 LOOXVWUDWLYH PRGHO 8

Iljxuh 415= Iljxuh vkrzlqj wkh gluhfwlrq wkh fhqwulixjdo irufh zrxog pryh d
vpdoo lpdjlqdu| pdvv rq d ulqj zkhq dqjxodu yhorflw| lv ehorz dqg deryh
wkh qdwxudo iuhtxhqf| ri wkh v|vwhp1

Li pruh gdpslqj zkhuh suhvhqw wklv skdvh vkliw zrxog rffxu wkurxjk d
odujh uhjlrq dqg wklv dqdo|vlv zrxog idlo vlqfh lw zrxog qrw eh fohdu zkdw
zrxog kdsshq zkhq / lv lq wkh udqjh durxqg /?1
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Fkdswhu 5

Dqdo|wlfdo prgho

514 Ghulydwlrq ri htxdwlrqv ri prwlrq

Wr lqyhvwljdwh wkh g|qdplfv ri dxwredodqflqj dq dqdo|wlfdo prgho frqvwudlqhg
wr pryh lq d sodqh lv xvhg1 Wklv pljkw dsshdu wr eh d vhulrxv frqvwudlqw vlqfh
lq prvw dxwredodqfhuv wkh vwdwlf xqedodqfh lv qrw vlwxdwhg lq wkh vdph sodqh
dv wkh dxwredodqfhu1 Krzhyhu/ zkhq xvlqj d rqh sodqh dxwr edodqfhu rqh lv
irufhg wr sodfh wkh dxwredodqfhu dv forvh dv srvvleoh wr wkh sodqh ri xqedodqfh1
Wkhuhiruh wkh sodqh dqdo|wlfdo prgho zloo forvho| uhvhpeoh dq dfwxdo v|vwhp/
vxfk dv d julqglqj pdfklqh htxlsshg zlwk dq dxwredodqfhu1 Li lw lv qrw
srvvleoh wr sxw wkh dxwr edodqfhu lq wkh sodqh ri vwdwlf xqedodqfh ru li |rx
kdyh g|qdplfdo xqedodqfh rqh frxog xvh wzr dxwr edodqfhuv/ ohwwlqj wkh vwdwlf
ru g|qdplf xqedodqfh eh vlwxdwhg dq|zkhuh ehwzhhq wkh dxwredodqfhuv1 Wklv
vhwxs lv iru h{dpsoh xvhg lq zdvklqj pdfklqhv1 Dfwxdoo| lw lv srvvleoh wr ohw
wkh sodqh ri vwdwlf xqedodqfh eh vlwxdwhg rxwvlgh wkh dxwr edodqfhuv1

Lq wklv prgho +vhh �jxuh 514, wkh pdvv P lv deoh wr pryh lq wkh ?� ?2
sodqh1 Olqhdu vsulqjv dqg d olqhdu ylvfrxv gdpshuv duh dwwdfkhg wr pdvv
P1 Vsulqjv duh frqvlghuhg wr zrun lq ruwkrjrqdo gluhfwlrqv wr hdfk rwkhu/
wkh vdph dssolhv wr wkh gdpshuv1 Wkh vsulqjv htxloleulxp srvlwlrq lv wkh
srlqw D/ wkhuhiruh wkh glvsodfhphqw ri pdvv P lv phdvxuhg iurp D wr E
zlwk frruglqdwhv %� dorqj ?� dqg %2 dorqj ?21 Wkh urwdwlqj pdvv lv glylghg
lqwr wzr sduwv/ wkh pdvv P zlwk fhqwuh ri pdvv dw E dqg wkh pdvv p zlwk
fhqwuh ri pdvv dw F vlwxdwhg d glvwdqfh e iurp E1 Wkh srlqw F lv dvvxphg
wr eh urwdwlqj derxw wkh jhrphwulfdo fhqwuh E zlwk dqjxodu yhorflw| /1 Wkh
frpshqvdwlqj pdvvhv/ zlwk pdvv 6� dqg urwdwlrqdo lqhuwld ��/ duh dvvxphg eh
urwdwlqj/ zlwkrxw volsslqj/ rq d flufxodu sdwk fhqwhuhg derxw wkh jhrphwulfdo
fhqwuh E1 Wkh glvwdqfh iurp E wr wkh fhqwuh ri pdvv ri wkh frpshqvdwlqj
pdvv lv ,� dqg wkh udglxv ri wkh frpshqvdwlqj pdvvhv duh o�1 Wkh dqjxodu

:
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Iljxuh 514= Wkh dxwr edodqflqj prgho1

frruglqdwh lv k�1 Wkh irufhv dfwlqj rq wkh frpshqvdwlqj pdvvhv duh dvvxphg
wr olqhdu lq wkhlu uhodwlyh vshhg frpsduhg wr wkh ulp1 Wkh ylvfrxv gdpslqj
dfwlqj rq wkh fruuhfwlrq pdvvhv zloo eh uhihuuhg wr dv lqwhuqdo gdpslqj1 Wkh
ylvfrxv gdpslqj iurp gdpshuv zloo eh uhihuuhg wr dv h{whuqdo gdpslqj1 Wkh
ghulydwlrq ri wkh htxdwlrqv ri prwlrq zdv pdgh lq Vrskld/ vhh ^8`1 Vrskld lv
d vhw ri urxwlqhv iru grlqj phfkdqlfv lq frpsxwhu dojheud sdfndjhv/ vxfk dv
Pdsoh dqg Pdwkhpdwlfd1 Vrskld zdv ghyhorshg e| Surihvvru Pduwlq Ohvvhu
dw NWK1 Wkh htxdwlrqv ri prwlrq duh

� ��%�n S� �%�n &�%� ' 6e/2 ULtE/|�n
�'?[
�'�

6�,�E�k� t�?Ek�� n �k2� ULtEk���c +514,

� ��%2n S2 �%2 n &2%2 ' 6e/2 t�?E/|� n
�'?[
�'�

6�,�E�k� ULtEk��� �k2� t�?Ek���c +515,

E6� n
U�
o2
�

�,��k� n ,�EB� n
�
�

o2
�

�E �k� � /� ' 6�E�%� t�?Ek��� �%2 ULtEk��� +516,

� ' �c � � � c ?c

zkhuh � � htxdov E� n 6 n
S?

�'�6�� dqg lv lqwurgxfhg vlqfh lw rffxuv iuh0
txhqwo|1 Sdudphwhu 6 lv vxshu xrxv vlqfh wkh pdvvhv � dqg 6 duh uljlgo|
frqqhfwhg1 Lw lv lqwurgxfhg vlqfh sdudphwhu dqdo|vlv zloo eh vlpsol�hg e| lw1



Fkdswhu 6

Wkh lvrwurslf fdvh

614 Ghulydwlrq ri htxdwlrqv
Wkh lvrwurslf fdvh/ zkhuh &� htxdov &2 dqg S� htxdov S2 lv lqwhuhvwlqj vlqfh
lw lv srvvleoh wr jhw wkh htxdwlrqv ri prwlrq lq d wlph lqghshqghqw irup1
Dq h{dpsoh ri d lvrwurslf v|vwhp frxog eh dq dxwredodqfhu prxqwhg rq d
urwdwlqj vkdiw/ zkhuh wkh vkdiw lv vwl"| prxqwhg1 Wr jhw wkh htxdwlrqv lq d
wlph lqghshqghqw irup lv dffrpsolvkhg e| h{suhvvlqj wkh srvlwlrq ri srlqw E
uhodwlyh wr wkh srlqw D zlwk frruglqdwhv dorqj wkh d{lv @� dqg @2 +vhh �jxuh
614,1 Lw fdq eh h{suhvvhg dv d vxevwlwxwlrq

%� ' ^� ULtE/|�� ^2 t�?E/|� c +614,

%2 ' ^� t�?E/|� n ^2 ULtE/|� c +615,

k� ' q� n /| c � ' �c � � � c ?� +616,

lqvhuwhg lqwr htxdwlrqv 514/515/5161 Ixuwkhupruh/ vlqfh htxdwlrqv 514 dqg 515
duh wkh surmhfwlrqv ri wkh wlph ghulydwlyh ri wkh olqhdu prphqwxp dorqj ?�
dqg ?2 zh qrz qhhg wkh surmhfwlrqv dorqj @� dqg @21

Wklv lv hdvlo| dffrpsolvkhg lq Vrskld vlqfh lw kdv wkh delolw| wr h{suhvv
yhfwruv lq doo gh�qhg uhihuhqfh iudphv1 Wkh wlph lqghshqghqw htxdwlrqv fdq
eh zulwwhq dv%
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Iljxuh 614= Frruglqdwhv lq wkh urwdwlqj iudph1

dqg

E6� n
U�
o2
�

�,��q� n EB� n
�
�

o2
�

�,� �q� '

6� EE�̂� � /2^� � 2/ �̂2� t�?Eq�� n E��̂2 n /2^2 � 2/ �̂�� ULtEq���

� ' �c � � � c ?�

+618,

Zh zloo �uvw vwxg| d v|vwhp zlwk wzr fruuhfwlrq pdvvhv1 Xvlqj pruh
wkdq wzr fruuhfwlrq pdvvhv zloo uhvxow lq d v|vwhp zlwk d idplo| ri lqgl�huhqw
htxloleulxp srvlwlrqv1 Vhh fkdswhu 8 iru dq h{sodqdwlrq1

Zh zloo dozd|v dvvxph wkdw wkh fruuhfwlrq pdvvhv kdyh htxdo pdvv dqg
htxdo glvwdqfh iurp wkh d{lv ri urwdwlrq/ wklv zloo eh wkh fdvh lq dq dxwr0
edodqfhu zlwk wzr edoo ehdulqjv lq d flufxodu udfh �oohg zlwk vrph ylvfrxv
phgld1 Zh zloo dovr dvvxph wkdw wkh sdudphwhuv/ B�c ��/ uhjduglqj wkh ylvfrxv
gdpslqj dfwlqj rq wkh fruuhfwlrq pdvvhv duh htxdo1
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615 Htxloleulxp srvlwlrqv
Wr �qg wkh htxloleulxp srvlwlrqv zh �uvw uhzulwh wkh v|vwhp ri htxdwlrqv lq
618 dqg vhw doo wlph ghulydwlyhv wr }hur/ wkh uhvxowlqj htxdwlrqv duh

�^� t�?Eq�� n ^2 ULtEq�� ' f c

�^� t�?Eq2� n ^2 ULtEq2� ' f � +619,

Wklv fdq eh vsolw lqwr wzr nlqgv ri vroxwlrqv1 Wkh �uvw lv zkhq ^�c2 htxdov }hur
dqg q�c2 duh jlyhq e| wkh v|vwhp ri htxdwlrqv lq 617 dqg fdq eh h{suhvvhg dv

q� ' Z � ULt3�E 6e
26�,�

�c +61:,

q2 ' Z n ULt3�E 6e
26�,�

� � +61;,

Wklv lv wkh suhihuuhg vroxwlrq zkhuh wkh v|vwhp lv edodqfhg dqg qr yleudwlrqv
h{lvwv1 Wklv lv dfwxdoo| wzr vroxwlrqv vlqfh q� dqg q2 fdq eh lqwhufkdqjhg wr
surgxfh d qhz vroxwlrq1 Wkhvh vroxwlrqv rqo| h{lvw zkhq

m6em � 26�,�� +61<,

Wkh devroxwh ydoxh vkrxog eh lqwhusuhwhg wkdw e/ wkh glvwdqfh iurp wkh jhr0
phwulfdo fhqwuh wr wkh pdvv fhqwuh ri wkh xqedodqfhg frpsrqhqw/ fdq eh erwk
srvlwlyh dqg qhjdwlyh1 Qhjdwlyh e rqo| phdqv wkdw wkh xqedodqfh lv vlwxdwhg
dw wkh rssrvlwh vlgh ri wkh gh�qhg srvlwlyh vlgh lq �jxuh 5141 Wr rewdlq wkh
rwkhu vroxwlrqv zh uhzulwh wkh htxdwlrqv lq 619 dv

^2
^�
' |@?Eq�� c +6143,

^2
^�
' |@?Eq2� � +6144,

Wklv vkrz wkdw li ^�c2 lv qrw htxdo wr }hur wkh vroxwlrq lq whupv ri q�c2 fdq eh
zulwwhq dv

q2 ' q� n ?Zc ? ' fc �c ��� +6145,

Iru ? ' f/ zklfk phdqv wkdw wkh wzr fruuhfwlrq pdvvhv duh lq wkh vdph sodfh/
wkh vroxwlrq iru ^�c2 lq whup ri q� zloo eh

^� '
E& � /2� ��E6e/2 n 26�,�/

2 ULtEq��� n 2S/6�,�/
2 t�?Eq��

E& � /2� ��2 n ES/�2
c+6146,

^2 '
2E& � /2� ��6�,�/

2 t�?Eq��� S/E6e/2 n 26�,�/
2 ULtEq���

E& � /2� ��2 n ES/�2
�+6147,

Lqvhuwlqj 6146 dqg 6147 lqwr 6143 zloo uhvxow/ diwhu vrph pdqlsxodwlrq lq

E& � /2� ��6e t�?Eq�� n S/6e ULtEq�� n 2S/6�,� ' f +6148,
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zklfk kdv d uhdo vroxwlrq li

E& � /2� ��2 n ES/�2 � ES/�2
#
26�,�
6e

$2

� +6149,

Il{lqj doo sdudphwhuv h{fhsw iru // zklfk zh zloo ydu|/ dqg ohwwlqj 6e 	
26�,� zh vhh wkdw htxdwlrq 6149 zloo qrw kdyh dq| vroxwlrq iru / derxwt
&*� �1 Wkh h{dfw elixufdwlrq srlqwv fdq eh rewdlqhg e| vroylqj iru wkh

htxdolw| lq htxdwlrq 61491 Dovr qrwh wkdw �{lqj doo sdudphwhuv/ h{fhsw iru
6e/ htxdwlrq 6149 zrq*w kdyh dq| vroxwlrqv zkhq 6e lv ehorz vrph ydoxh1
Wkh vroxwlrq ri 6148 fdq eh irxqg lq Dsshqgl{ D1 Htxdwlrq 6148 zloo/ lq
jhqhudo/ kdyh wzr vroxwlrqv lq q

Qrz wxuqlqj edfn wr htxdwlrq 6145 dqg vhwwlqj ? ' �/ zklfk sk|vlfdoo|
phdqv wkdw wkh fruuhfwlrq pdvvhv duh rq rssrvlwh vlghv/ dqg iroorzlqj wkh
vdph urxwh dv ehiruh uhvxowv lq

^� '
E& � /2� ��6e/2

E& � /2� ��2 n ES/�2
c +614:,

^2 '
�S/6e/2

E& � /2� ��2 n ES/�2
� +614;,

Wkh vroxwlrq iru q� zloo wkhq eh

q� ' |@?3�
� �S/

& � /2� �

�
� +614<,

Lw lv zruwk qrwlqj wkdw htxdwlrq 614: dqg 614; zloo eh wkh htxloleulxp vroxwlrq
wr d vlpsoh urwdwlqj xqedodqfh lvrwurslfdoo| vxvshqghg dqg wkdw htxdwlrq 614<
zloo eh wkh skdvh dqjoh dv lw lv xvxdoo| gh�qhg1 Wklv lv dovr wzr vroxwlrqv
vlqfh q� dqg q2 fdq eh lqwhufkdqjhg wr surgxfh d qhz vroxwlrq1

Lq doo wkh v|vwhp kdyh vl{ htxloleulxp srvlwlrqv lq wklv frruglqdwh uhsuh0
vhqwdwlrq/ irxu ri zklfk duh sk|vlfdoo| glvwlqjxlvkdeoh1 Wkhvh irxu htxlole0
ulxp srvlwlrqv duh vfkhpdwlfdoo| gudzq lq �jxuh 615 ehorz1

616 Olqhdu vwdelolw| dqdo|vlv

Lw lv qrz srvvleoh wr olqhdul}h htxdwlrq 617 dqg 618 wr vwxg| wkh vwdelolw|
ri wkh irxu htxloleulxp srvlwlrqv1 Wkh htxdwlrqv ri prwlrqv duh sxw rq wkh
vwdqgdug irup

�E%� �% ' sE%�� +6153,
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Iljxuh 615= Vfkhpdwlfdoo| vkrzlqj wkh 7 sk|vlfdo vroxwlrqv1 D lv wkh fhqwuh
ri urwdwlrq1 E lv wkh jhrphwulfdo fhqwuh1 Wklv �jxuh lv pdgh iru d sduwlfx0
odu fkrlfh ri sdudphwhuv1 Qrwh wkdw doo srvlwlrqv ghshqg rq wkh dprxqw ri
xqedodqfh ordg1

zkhuh % ' d^�c ^2c q�c q2c �̂�c �̂2c �q�c �q2o
A / �E%� dqg sE%� duh hdvlo| ghulyhg

iurp 617 dqg 6181 Zh zloo qrz vwxg| wkh hljhqydoxhv dqg hljhqyhfwruv iru �
wkdw frqwuro wkh vwdelolw| derxw wkh htxloleulxp srvlwlrqv zkhuh

� ' �3�E%fc��
YsE%fc��

Y%
+6154,

zkhuh %fc� duh wkh irxu htxloleulxp srvlwlrqv1 � zloo qrz eh d ixqfwlrq ri
wkh v|vwhp sdudphwhuv1 Lw lv srvvleoh wr ghulyh � dqdo|wlfdoo| dqg lq wklv
fdvh lw lv grqh zlwk wkh khos ri Pdsoh1 Krzhyhu/ lw lv qrw srvvleoh wr ghulyh
wkh dqdo|wlfdo h{suhvvlrq iru wkh hljhqydoxhv dqg hljhqyhfwruv ri � +hljkw
rughu v|vwhp,1 Zh wkhuhiruh lqvhuw qxphulfdo ydoxhv iru wkh sdudphwhuv dqg
htxloleulxp srvlwlrqv dqg fdofxodwh wkh hljhqydoxhv dqg hljhqyhfwruv ri �
qxphulfdoo|1 Wkh fulwhulrq iru vwdelolw| lv wkdw wkh hljhqydoxh ri � zlwk wkh
pd{lpxp uhdo sduw lv qhjdwlyh1 Wklv zrxog dvvxuh dv|pswrwlf vwdelolw| zkhq
zh duh forvh wr wkh htxloleulxp srvlwlrq1 Zh wkhuhiruh gh�qh wkh vwdelolw| dv

/
 ' 4@ 
�'���2?

hi@*b� +6155,
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Sdu Ydoxh
� 41333
& 41333
S 31:33
6 31343
e 41333

Sdu Ydoxh
6� 31343
U�*o

2
� 31337

,� 41333
B� 31338
�� 31333

Wdeoh 614= Sdudphwhuv xvhg iru vwdelolw| dqdo|vlv1

zkhuh b� duh wkh hljhqydoxhv ri �1 Wkxv/ li /
 lv qhjdwlyh wkh htxloleulxp
srvlwlrq lv vwdeoh dqg li lwv srvlwlyh wkh htxloleulxp lv xqvwdeoh1 Wkhuhiruh
sorwwlqj /
 dv d ixqfwlrq ri wkh sdudphwhuv zh duh lqwhuhvwhg lq h{dplqlqj
zloo vkrz wkh vwdelolw| ri vhohfwhg sdudphwhuv1 Vlqfh gl�huhqw b� zloo kdyh
pd{lpxp uhdo sduw zkhq sdudphwhuv duh ydulhg/ /
 zloo lq jhqhuhdo eh d
qrq0vprrwk ixqfwlrq ri wkh ydulhg sdudphwhuv1

617 Sdudphwhu vwxg|

Zkdw lv xvxdoo| ri lqwhuhvw lv wr ydu| / iru d jlyhq v|vwhp wr vhh xqghu
zkdw urwdwlrqdo vshhgv wkh v|vwhp ehkdyhv dv ghvluhg1 Lw lv dovr lpsruwdqw/
dv zh vkdoo vhh/ wr lqyhvwljdwh gl�huhqw dprxqwv ri xqedodqfh e| ydu|lqj 6
dqg e/ vlqfh zh grq*w zdqw d v|vwhp zkhuh vwdelolw| ghshqgv rq wkh dprxqw
ri xqedodqfh1 Wkhvh wkuhh/ ru wzr vlqfh lw lv wkh surgxfw ri 6 dqg e wkdw
lv lpsruwdqw/ duh wkh prvw fulwlfdo zkhq rqh zdqwv wr lqvwdoo d suhghvljqhg
dxwredodqflqj ghylfh lq d suh0h{lvwlqj v|vwhp zlwkrxw prgli|lqj wkh vxvshq0
vlrq ri wkh v|vwhp1 Zh �uvw slfn vrph sdudphwhu ydoxhv dqg frpsduh zlwk d
suhylrxv vwdelolw| dqdo|vlv1 E| vhwwlqj � htxdo wr rqh doo rwkhu pdvvhv zloo
eh phdvxuhg lq whupv ri wklv xqlw pdvv1 Zh dovr vhw & dqg ,� wr rqh1 Wklv
phdqv wkdw ohqjwkv zloo eh phdvxuh lq whupv ri ,� dqg vsulqj frqvwdqwv lq
whupv ri &�1 Iru h{dpsoh wkh frqyhuvlrq idfwru ehwzhhq qdwxudo xqlwv ri wlph
dqg frpprq xqlwv zloo eh

s
�&3�1

Lq wdeoh 614 wkh uhvw ri wkh sdudphwhuv duh irxqg1 Wkhvh sdudphwhuv
fruuhvsrqg vrphzkdw wr wkh h{shulphqwdo pdfklqh xvhg1 E| dvvljqlqj d
ydoxh wr doo sdudphwhuv h{fhsw iru rqh sdudphwhu zh fdq sorw wkh hljhqydoxh
zlwk wkh pd{lpxp uhdo sduw dv d ixqfwlrq ri wkh ydu|lqj sdudphwhu1

61714 Vwdelolw| zkhq wkh urwdwlrqdo vshhg lv ydulhg

Lq �jxuh 616 doo sdudphwhuv duh dvvljqhg wkh ydoxhv lq wdeoh 614 dqg / lv ydulhg
ehwzhhq 3 dqg 91 Wkh vdph sorw lv grqh iru hdfk htxloleulxp srvlwlrq1
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Iljxuh 616= Wkh vwdelolw| dv ixqfwlrq ri // wkh urwdwlrqdo vshhg1 Wkh qxpehuv
fruuhvsrqg wr wkh htxloleulxp srvlwlrqv1 Wkh furvv lqglfdwhv wkh qdwxudo
iuhtxhqf| dv gh�qhg lq h{suhvvlrq 4141 Sdudphwhuv iurp wdeoh 6141

Wkh ohiw judsk lq �jxuh 616 vkrzv/ iru orz ydoxhv ri // wkdw zh kdyh d
vwdeoh vroxwlrq iru w|sh 6 htxloleulxp srvlwlrq dqg wkh uhvw ri wkh htxloleulxp
srlqwv duh xqvwdeoh1 Wkh wklug htxloleulxp uhsuhvhqwv d vroxwlrq zkhuh wkh
fruuhfwlrq pdvvhv duh dw wkh vdph srvlwlrq dqg dw wkh vdph srvlwlrq dv wkh
xqedodqfh1 Wklv vkrzv wkdw dw orz urwdwlrqdo vshhgv wkh fruuhfwlrq pdvvhv
zloo lqfuhdvh wkh xqedodqfh frpsduhg wr d v|vwhp zlwkrxw dxwredodqflqj1

Wkh furvv lqglfdwhv wkh qdwxudo iuhtxhqf| ri wkh v|vwhp dv h{suhvvhg lq
4141 Dffruglqj wr suhylrxv vwdelolw| dqdo|vlv pdgh e| Y1L1 Nudyfkhqnr hw
do1/ vhh ^5` ^7` ^6` wkh uhjlrq wr wkh ohiw ri wkh furvv lv vwdeoh1 Lq wklv judsk
wkh gl�huhqfh ehwzhhq rxu vwdelolw| srlqw/ wkh furvvlqj ri }hur/ dqg wkh srlqw
rewdlqhg lq suhylrxv zrun lv vpdoo1 Zh zloo krzhyhu vhh d juhdwhu gl�huhqfh
zkhq rwkhu sdudphwhuv duh ydulhg1 Wkh uljkw slfwxuh vkrzv wkdw dw kljkhu
/ wkh rqo| vwdeoh htxloleulxp lv w|sh 4/ zklfk lv wkh ghvluhg htxloleulxp
srvlwlrq/ iru wkh vhohfwhg sdudphwhuv1 Rqh ri wkh dvvxpswlrqv lq hduolhu
vwdelolw| dqdo|vlv lv wkdw h{whuqdo gdpslqj lv vpdoo/ zklfk fruuhvsrqgv wr
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Iljxuh 617= Wkh uhvxow ri ghfuhdvlqj S iurp 31: wr 314 zlwk wkh uhvw ri wkh
sdudphwhuv iurp wdeoh 6141

vpdoo S khuh1 Wkhuhiruh/ ghfuhdvlqj S vkrxog pdnh wkh srlqw zkhuh vwdelolw|
lv dwwdlqhg frph forvhu wr wkh furvv1 Lq �jxuh 617 wkh ylvfrxv gdpslqj S lv
uhgxfhg wr 3141 Wkh uhvxow lv wkh rssrvlwh ri suhylrxv dqdo|vlv1 Lw lv srvvleoh/
e| dovr ghfuhdvlqj wkh gdpslqj rq wkh fruuhfwlrq pdvvhv/ sdudphwhu B�/ wr
pryh wkh furvvlqj srlqw hyhq ixuwkhu dzd| iurp wkh qdwxudo iuhtxhqf| ri wkh
v|vwhp1 Lw lv dsshdudqw wkdw suhylrxv vwdelolw| dqdo|vlv ryhuvlpsol�hg wkh
sureohp1

61715 Vwdelolw| zkhq wkh lpedodqfh ordg lv ydulhg

Dvvxph wkdw zh kdyh d pdfklqh zlwk sdudphwhuv dffruglqj wr wdeoh 614 dqg
uxqqlqj lw dw / ' D�f dv �jxuh 616 whoov xv wkdw wklv lv d vwdeoh fkrlfh iru /
dqg iru wkh fkrvhq 6� Lw lv qrz lpsruwdqw wr fkhfn vwdelolw| zkhq zh ydu|
wkh lpedodqfh ordg1 Zh ydu| wkh ordg e| fkdqjlqj 6e lq wkh udqjh iurp }hur
ordg wr 53 shufhqw deryh wkh olplw jlyhq e| lqhtxdolw| 61<1 Lw lv lpsruwdqw
wr vhh zkdw kdsshqv zkhq wkh ordg lv deryh wkh olplw jlyhq e| 61< vlqfh wkh
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Iljxuh 618= Wkh uhvxow ri ydu|lqj wkh ordg e| fkdqjlqj 61 Wkh qxpehuv
fruuhvsrqgv wr wkh htxloleulxp srvlwlrqv1 Wkh dqjxodu yhorflw| / ' D1 Wkh
uhvw ri wkh sdudphwhuv iurp wdeoh 6141

zdqwhg htxloleulxp srvlwlrq w|sh 4 grhv qrw h{lvw lq wklv uhjlrq1 Lq �jxuh
618 wkh uhvxow lv glvsod|hg1 Dw }hur ordg zh kdyh dq lqgl�huhqw htxloleulxp
vlqfh doo srvlwlrqv zkhuh wkh frpshqvdwlqj pdvvhv duh dw rssrvlwh vlghv duh
doorzhg1 Qrwh wkdw htxloleulxp w|sh 4 dqg 7 duh erwk lqgl�huhqw vlqfh wkh|
uhsuhvhqw wkh vdph htxloleulxp srvlwlrq dw }hur ordg1

Forvh wr pd{lpxp ordg/ 6e lv vrphzkdw ohvv wkdq 31335/ wkh vwdelolw| ri
htxloleulxp w|sh 4 lv orzhuhg/ srlqw D lq �jxuh 6181 Dw pd{lpxp ordg wkh
vwdelolw| ri htxloleulxp w|sh 4 dqg 5 frlqflgh1 Zkhq wkh ordg lv deryh wkh
pd{lpxp ordg fdsdflw| rqo| htxloleulxp w|sh 5 lv vwdeoh1 Rqo| orrnlqj dw
htxloleulxp w|sh 4 dqg 5 zh kdyh wzr vwdeoh dqg rqh xqvwdeoh htxloleulxp
zkhq 6e lv ehorz pd{lpxp ordg +htxloleulxp w|sh 4 lv dfwxdoo| wzr htxl0
oleulxp srvlwlrqv vlqfh q� dqg q2 fdq eh lqwhufkdqjhg,1 Zkhq 6e lv deryh
3135 rqo| rqh vwdeoh htxloleulxp h{lvwv +htxloleulxp w|sh 5,1 Zh wkhuhiruh
kdyh d vxshufulwlfdo slwfkirun elixufdwlrq dw 6 htxdo wr 31351 Wklv lv srvlwlyh
vlqfh lw phdqv wkdw ryhuordglqj wkh dxwredodqfhu/ dw kljk urwdwlrqdo vshhgv/
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Iljxuh 619= E| lqfuhdvlqj h{whuqdo gdpslqj dqg ghfuhdvlqj lqwhuqdo gdpslqj
wkh v|vwhp zloo eh xqvwdeoh iru fhuwdlq ordgv1

zloo uhvxow lq wkdw wkh wzr fruuhfwlrq pdvvhv zloo eh dw rssrvlwh vlgh ri wkh
lpedodqfh/ lh1 wkh dxwredodqfhu zloo zrun dv zhoo dv srvvleoh1

Wkh orfdo pd{lpd dw 6e * f�f�e lv lqwhuhvwlqj vlqfh lw lv srvvleoh wr ohw
lw jurz e| lqfuhdvlqj wkh h{whuqdo ylvfrxv gdpslqj dqg ghfuhdvlqj lqwhuqdo
ylvfrxv gdpslqj1 Wklv lv dffrpsolvkhg e| lqfuhdvlqj wkh h{whuqdo gdpslqj
iurp S ' f�. wr S ' 2�. dqg ghfuhdvlqj wkh lqwhuqdo gdpslqj iurp B� ' f�ffD
wr B� ' f�ff21 Lq �jxuh 619 wkh orfdo pd{lpd kdv jurzq ehfrplqj xqvwdeoh/
vlqfh /
 lv juhdwhu wkdq }hur1 Zh wkhq kdyh d v|vwhp zkhuh wkh vwdelolw|
ghshqgv rq wkh dprxqw ri ordg1 Wklv frxog srwhqwldoo| eh d sureohp zkhq
xvlqj dq dxwredodqfhu li lv qrw whvwhg zlwk doo dgplvvleoh ordgv1 Lq �jxuh
619 wkh orfdo pd{lpd kdv jurzq dqg ehfrph xqvwdeoh1 Jhqhudoo| lw vhhpv
olnh lqfuhdvhg h{whuqdo ylvfrxv gdpslqj uhtxluhv lqfuhdvhg lqwhuqdo gdpslqj1
Zh fdq whvw wklv k|srwkhvlv e| grlqj d frqwrxu sorw ri /
 dv ixqfwlrq ri
h{whuqdo gdpslqj S dqg lqwhuqdo gdpslqj B�1 Lq �jxuh 61: frqwrxu sorwv zlwk
gl�huhqw ordgv duh irxqg/ wkh }hur frqwrxu olqh glylghv wkh vwdeoh uhjlrq iurp
wkh xqvwdeoh1 Dv vhhq lq �jxuh 61:e0g wkh }hur frqwrxu olqh lv lqfuhdvlqj
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Iljxuh 61:= Frqwrxu sorwv ri wkh pd{lpxp uhdo sduw ri hljhqydoxhv dv ixqfwlrq
ri h{whuqdo gdpslqj/ sdudphwhu S/ dqg lqwhuqdo gdpslqj/ sdudphwhu B�1 Sd0
udphwhuv iurp wdeoh 614 dqg / ' D1 Wkh ordg lq d6 ' f�ff2/ lq e6 ' f�ffH/
lq f 6 ' f�f�e dqg lq g 6 ' f�f�b1

lq lqwhuqdo gdpslqj zlwk lqfuhdvlqj h{whuqdo gdpslqj1 Lw lv zruwk qrwlqj
wkdw rswlpdo gdpslqj/ lq whupv ri olqhdu vwdelolw|/ ghshqgv rq wkh dprxqw ri
ordg1 Wkhuhiruh/ fkrrvlqj wkh uljkw dprxqw ri lqwhuqdo gdpslqj dqg h{whuqdo
gdpslqj kdv wr eh d frpsurplvh vr wkdw vx!flhqw vwdelolw| lv jxdudqwhhg
dw doo dprxqwv ri ordg wdnhq iurp d �jxuh vxfk dv 61:1 Lq �jxuh 618 zh vhh
wkdw wkh orfdo pd{lpd kdv d pd{lpxp dw 6 * f�f�e1 Wklv fruuhvsrqg wr dq
htxloleulxp srvlwlrq q� * �Z

e
dqg q2 * DZ

e
1 Iurp doo frqwrxu sorwv lq �jxuh

61; zh vhh wkdw wkh }hur frqwrxu olqh kdv d pd{lpxp lq B� dw 6 * f�f�e1
Wkhuhiruh lw vhhpv qdwxudo wr whvw d wzr fruuhfwlrq pdvv dxwredodqfhu zlwk
d ordg vr wkdw wkh htxloleulxp srvlwlrqv ri wkh wzr fruuhfwlrq pdvvhv zloo eh
�Z
e
dqg DZ

e
1 Wklv whvw zrxog wkhq dvvxuh vwdelolw| iru doo rwkhu ordgv1
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Iljxuh 61;= Frqwrxu sorwv ri wkh pd{lpxp uhdo sduw ri hljhqydoxhv dv ixqf0
wlrq ri h{whuqdo ordg/ sdudphwhu 6/ dqg lqwhuqdo gdpslqj/ sdudphwhu B�1
Sdudphwhuv iurp wdeoh 614 dqg / ' D1 Wkh h{whuqdo gdpslqj/ sdudphwhu S
htxdov / lq d 318/ lq e 413/ lq f 418/ lq g 5131

61716 Ydu|lqj wkh pdvv ri wkh frpshqvdwlqj pdvvhv

Wkh pd{lpxp dprxqw ri lpedodqfh wkh dxwredodqfhu fdq frpshqvdwh iru/
zlwk }hur uhvxowlqj dpsolwxgh/ lv htxdo wr 26�,� dvvxplqj wzr frpshqvdwlqj
pdvvhv ri htxdo pdvv dqg glvwdqfh iurp wkh jhrphwulf fhqwuh1 Dvvxplqj
wkdw zh kdyh olplwhg vsdfh dydlodeoh zkhuh wkh dxwredodqfhu lv prxqwhg zh
frxog lqfuhdvh 6� dqg ghfuhdvh ,� exw vwloo nhhslqj wzr wlphv wkhlu surgxfw
wr d frqvwdqw ydoxh jlyhq e| wkh pd{lpxp lpedodqfh1 Wkh g|qdplfv ri wkh
v|vwhp zloo wkhq fkdqjh/ zklfk fdq eh vhhq e| orrnlqj dw htxdwlrqv 617 dqg
6181 Lq htxdwlrq 617 qrwklqj zloo eh fkdqjhg vlqfh wkh rqo| sodfh zkhuh6� dqg
,� rffxu lv dv d surgxfw dqg wkdw lv nhsw frqvwdqw e| rxu dvvxpswlrq deryh1
Krzhyhu/ lq htxdwlrq 618 zh zloo kdyh d whup olnh B�,� pxowlsolhg e| �q� dqg wkh
uljkw kdqg zloo eh pxowlsolhg e| 6�1 Nhhslqj vrph vruw ri edodqfh ehwzhhq
wkh ylvfrxv irufhv dqg wkh uljkw kdqg vlgh irufhv zh h{shfw wkdw lqfuhdvlqj 6�
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Iljxuh 61<= Erughu olqh glylglqj vwdeoh iurp xqvwdeoh uhjlrq zkhq wkh pdvv
dqg glvwdqfh iurp jhrphwulfdo fhqwuh wr frpshqvdwlqj pdvvhv duh ydulhg exw
wkhlu surgxfw lv nhsw frqvwdqw dqg htxdo wr 31341 Qxpehuv lqglfdwlqj pdvv
6�1 Uhjlrqv wr wkh qruwkzhvw ri erughu olqh lv vwdeoh1 Sdudphwhuv wdnhq iurp
wdeoh 614 h{fhsw iru 6� ' f�f�e

dqg ghfuhdvlqj ,� zloo kdyh wr eh frpshqvdwhg iru e| lqfuhdvlqj B�1 Wkdw wklv
lv wkh fdvh fdq eh vhhq lq �jxuh 61< zkhuh wkh erughu olqh ehwzhhq vwdeoh dqg
xqvwdeoh uhjlrqv kdyh ehhq sorwwhg iru ydulrxv 6� dqg ,�1 fxLw dovr vhhpv olnh
wkh erughu zkhq S lv lqfuhdvhg whqgv wr vrph olplwlqj ydoxh lq B�1 Wklv zrxog
lpso| wkdw li B� lv fkrvhq deryh wklv olplwlqj ydoxh vwdelolw| zloo qrw ghshqg
rq S1 Rqh frxog dujxh zkhwkhu wklv orz lqwhuqdo gdpslqj dfwxdoo| zloo rffxu
lq d uhdo v|vwhp1 Wkhuh duh d orw ri idfwruv zklfk dfwxdoo| frxog surgxfh d
v|vwhp forvh wr wklv erxqgdu|1 Iru h{dpsoh lq d zdvklqj pdfklqh zlwk wkh
guxp prxqwhg krul}rqwdoo| lw lv qrw ghvludeoh wr dfwlydwh wkh frpshqvdwlqj
pdvvhv dw uhyroxwlrqv orzhu wkdq wkh vwdeoh olplw jlyhq e| �jxuh 6161 Wr
dfwlydwh wkh frpshqvdwlqj pdvvhv wkh ylvfrxv irufh pxvw ryhufrph wkh irufh
iurp judylw| vr wkdw wkh edoov vwduw prylqj zlwk wkh rxwhu ulp1 Wklv pljkw
lpsrvh d frqvwudlqw rq wkh ylvfrvlw| ri wkh rlo/ orzhu ylvfrvlw| zloo dfwlydwh
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wkh frpshqvdwlqj pdvvhv dw kljkhu uhyroxwlrqv1 Dqrwkhu lpsruwdqw idfwru
lv whpshudwxuh1 Lq d v|vwhp zklfk lv rshudwlqj xqghu gl�huhqw whpshudwxuh
frqglwlrqv wkh ylvfrvlw| ri rlo pljkw fkdqjh gudpdwlfdoo|/ pd|eh vr pxfk
wkdw wkh vwdelolw| erxqgdu| lv furvvhg1

Lw lv dovr lqwhuhvwlqj wr vhh krz wkh vwdelolw| fkdqjhv zkhq wklv surgxfw/
26�,�/ lv khog frqvwdqw dqg wkh pdvv dqg ohqjwk lv ydulhg1 Lq �jxuh 6143 wzr
fdvhv duh frpsduhg1 Olqh rqh fruuhvsrqg wr d v|vwhp zkhuh wkh frpshqvdwlqj
pdvv lv htxdo wr f�f�1 Olqh wzr fruuhvsrqg wr d pdvv htxdo wr f�fD1 Lq
erwk v|vwhpv wkh surgxfw 26�,� lv khog frqvwdqw dqg lv htxdo wr f�f�1 Wkh
sdudphwhu frqwuroolqj wkh ylvfrxv gdpslqj/ B�/ lv lqfuhdvhg lq wkh vhfrqg
v|vwhp iroorzlqj wkh uhdvrqlqj deryh1 Dv vhhq lq wkh �jxuh 6143 wkh lqfuhdvhg
pdvv v|vwhp vkrzv d vxshulru vwdelolw| ryhu wkh orzhu pdvv v|vwhp1 Dovr
qrwh wkdw wkh �uvw fxuyh vhjphqw lq wkh v|vwhp zlwk d khdylhu frpshqvdwlqj
pdvv ghfuhdvhv hduolhu dqg pruh udslgo| wkdq wkh orz pdvv v|vwhp1 Rqh
zrxog wkhq h{shfw wkdw wkh v|vwhp zlwk d khdylhu frpshqvdwlqj pdvv zrxog
shuirup ehwwhu frpsduhg wr d v|vwhp zlwk d oljkwhu frpshqvdwlqj pdvv1 Lq
vhfwlrq 619 lw lv vkrzq wkdw wklv wkh fdvh1

618 Krsi elixufdwlrqv dqg fkdrv

Lq �jxuh 61< wkh erughu olqh ehwzhhq vwdeoh dqg xqvwdeoh uhjlrqv duh gudzq iru
vrph gl�huhqw fkrlfhv ri v|vwhp sdudphwhuv1 Dv dujxhg ehiruh wkhuh pljkw
eh vlwxdwlrqv zkhq wkh lqwhuqdo gdpslqj lv orz/ hyhq vr orz wkdw wkh erughu
olqh pljkw eh furvvhg1 Lw lv wkhuhiruh lpsruwdqw wr nqrz zkdw zloo kdsshq
zkhq furvvlqj wkh vwdelolw| erxqgdu|1

D elixufdwlrq zloo rffxu zkhq d htxloleulxp srlqw fkdqjhv vwdelolw|1 Iru
dq h{fhoohqw lqwurgxfwlrq wr elixufdwlrq wkhru| qrqolqhdu g|qdplfv vhh ^9`1

Li wzr frpsoh{ frqmxjdwh hljhqydoxhv furvvhv iurp wkh ohiw kdoi sodqh lqwr
wkh uljkw kdoi sodqh d Krsi elixufdwlrq w|slfdoo| rffxuv1 Vlqfh wkh uhdo sduw lv
srvlwlyh lq wkh uljkw kdoi sodqh wkh htxloleulxp srlqw orrvhv lwv vwdelolw|1 Zkhq
furvvlqj wkh lpdjlqdu| d{lv lq wklv zd| wzr wklqjv fdq kdsshq1 Zh pljkw vhh
rvfloodwlrqv lq wkh v|vwhp dssurfklqj vrph olplwlqj dpsolwxgh uhvxowlqj lq d
olplw f|foh1 Wklv lv fdoohg d vxshufulwlfdo Krsi elixufdwlrq1 Zkhq wkh uhdo
sduw lv vpdoo dqg srvlwlyh wkh olplw f|foh zloo eh vlqxvrlgdo zlwk dq dqjxodu
iuhtxhqf| htxdo wr wkh lpdjlqdu| sduw ri wkh furvvlqj hljhqydoxhv1 Zh pljkw
dovr �qg vlqxvrlgdo rvflooldwlrqv wkdw frqwlqxhv wr jurz h{srqhqwldoo| dzd|
iurp wkh htxoleulxp srlqw1 Lq wklv fdvh orfdo dqdo|vlv fdq qrw whoo zkdw
zloo kdsshq1 Wklv lv fdoohg d vxefulwlfdo Krsi elixufdwlrq1 Lq hqjlqhhulqj
wklv lv srwhqwldoo| d pxfk pruh gdqjhurxv elixufdwlrq/ vlqfh wkh vxshufulwlfdo
elixufdwlrq zloo kdyh dq dpsolwxgh sursruwlqdo wr

s
>� >S / zkhuh > lv wkh
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Iljxuh 6143= Frpsdulvrq ri vwdelolw| zkhq wkh frpshqvdwlqj pdvv lv lq0
fuhdvhg1 Olqh 4 6� ' f�f�/,� ' � dqg B� ' f�ffD1 Olqh 5 6� ' f�fD/,� ' f�2
dqg B� ' f�fe1 Uhvw ri wkh sdudphwhuv iurp wdeoh 6141

elixufdwlrq sdudphwhu zh duh lqwhuhvwhg lq ydu|lqj dqg > ' >S zkhq furvvlqj
wkh lpdjlqdu| d{lv1 Wklv dssolhv iru vpdoo >*v1 Vlqfh rxu v|vwhp kdyh irxu
ghjuhhv ri iuhhgrp/ zklfk uhvxowv lq hljkw vwdwh yduldeohv/ wkhuh lv vrphzkdw
pruh wr lw1 Wkh g|qdplfv ri wkh v|vwhp zloo dssurdfk d 50glphqvlrqdo vxuidfh
hpehgghg lq wkh hljkw glphqvlrqdo vwdwh vsdfh ri rxu v|vwhp1 Wklv vxuidfh
lv fdoohg wkh fhqwuh pdqlirog1 Wkh wudmhfwrulhv dssurdfk wklv fhqwuh pdqlirog
ehfdxvh wkh rwkhu hljhqydoxhv vwloo kdyh d qhjdwlyh uhdo sduw1 Wkh vkdsh ri
wkh vxuidfh dqg wkh g|qdplfv rq wklv vxuidfh ghshqgv rq wkh sdudphwhuv ri
wkh v|vwhp1

Li wkh vwdelolw| erxqgdu| lv furvvhg dqg d vxefulwlfdo Krsi elixufdwlrq
rffxu/ wkh v|vwhp pljkw h{shulhqfh ylrohqw yleudwlrqv gxh wr wkh frpshqvdw0
lqj pdvvhv pryhphqw1 Krzhyhu/ li wkhuh lqvwhdg zloo eh d vxshufulwlfdo Krsi
elixufdwlrq/ wkh uhvxow zloo eh d vwdeoh olplw f|foh1 Wklv vwdeoh olplw f|foh
zloo pdqlihvw lwvhoi dv vpdoo rvfloodwlrq ri wkh edoov derxw wkhlu htxloleulxp
srvlwlrq zlwk uhvxowlqj vpdoo yleudwlrqv ri wkh vxvshqghg pdvv1
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Wr h{dplqh wklv d qxphulfdo h{shulphqw fdq eh pdgh lq wkh vwdeoh dqg
wkh xqvwdeoh uhjlrqv1 Iurp �jxuh 61< zh kdyh wkdw dw B� ' f�ffSD wkh v|vwhp
zloo eh lq wkh vwdeoh uhjlrq dqg wkdw B� ' f�ffeD lw zloo eh lq wkh xqvwdeoh
uhjlrq iru 6 ' f�f21 Lq �jxuh 6144 wkh skdvh sruwudlw ri q�c2 lv sorwwhg iru
ydulrxv ydoxhv ri B�1 Doo wudmhfwrulhv duh sorwwhg diwhu wkh lqlwldo wudqvlhqwv
kdv glvvdshduhg1 Vlqfh q�c2 fdq eh lqwhufkdqjhg wr surgxfh d qhz vroxwlrq/
erwk vroxwlrqv duh sorwwhg1 Dw B� ' f�ffSD wkh v|vwhp uhpdlqv dw wkh vwdeoh
�{srlqw1 Dw B� ' f�ffeD d 4 shulrglf olplw f|foh h{lvwv1 Wklv olplw f|foh fdq
eh revhuyhg lq wkh h{shulphqwdo pdfklqh zkhq h{whuqdo gdpslqj lv kljk ru
lqwhudo gdpslqj lv orz1 Wkhuh lv rqh qrwlfdeoh ihdwxuh ri wklv olplw f|foh/ rqh
ri wkh frpshqvdwlqj pdvvhv kdv d odujhu dpsolwxgh wkdq wkh rwkhu1 Wklv lv
dovr revhuyhg lq wkh h{shulphqwdo pdfklqh1 Wkh wlph ri wkh rvfloodwlrqv dovr
djuhhv zlwk wkh phdvxuhg1 Frqwlqxlqj wr orzhu wkh lqwhuqdo gdpslqj uhvxowv
lq shulrg grxeolqj1 Dw B� ' f�ff�2 zh kdyh d 5 shulrglf olplw f|foh dqg
dw B� ' f�ff�fD zh kdyh d 7 shulrglf olplw f|foh1 Wklv uhvxowv dw hyhq orzhu
lqwhuqdo gdpslqj lq d fkdrwlf prwlrq ri wkh frpshqvdwlqj pdvvhv1 Zkhq B� '
f�ff�f2 zh kdyh d fkdrwlf prwlrq ri wkh v|vwhp1 Dw B� ' f�ff� vrphwklqj
lqwhuhvwlqj kdsshqv/ wkh wzr fruuhfwlrq pdvvhv vwduw fkdqjlqj srvlwlrqv zlwk
hdfk rwkhu1 Wklv zrxog ri frxuvh eh kdug wr uhdol}h vlqfh wkdw zrxog phdq
wkdw wkh edoov zrxog kdyh wr pryh wkurxjk hdfk rwkhu1 Wkdw vrph vruw ri
Krsi elixufdwlrq rffxu fdq eh vhhq lq �jxuh 6145 zkhuh rqh sdlu ri hljhqydoxhv
duh furvvlqj wkh uhdo d{lv zkhq wkh lqwhuqdo gdpslqj B� lv ydulhg iurp 3134
wr 313361

Xvlqj fhqwuh pdqlirog wkhru| dqg qrupdo irup dqdo|vlv lw lv srvvleoh wr
fdofxodwh zkhwkhu d vwdeoh ru xqvwdeoh Krsi elixufdwlrq zloo rffxu1 Wklv zdv
grqh iru wkh erughu lq �jxuh 61< zkhuh 6 ' f�f21 Wkhvh fdofxodwlrqv vkrz
wkdw d vwdeoh Krsi elixufdwlrq zloo rffxu iru wklv sduwlfxodu erughu1 Wklv lq
frpelqdwlrq zlwk wkh h{shulphqwdo pdfklqh zrxog lqglfdwh wkdw d vwdeoh Krsi
elixufdwlrq zloo rffxu zkhq wkh lqwhuqdo gdpslqj dfwlqj rq wkh frpshqvdwlqj
pdvvhv duh orzhuhg1

619 Qxphulfdo h{shulphqwv

Zh kdyh hpsor|hg d orfdo vwdelolw| dqdo|vlv/ l1h1 zh h{dplqhg wkh vwdelolw|
ri wkh olqhdul}hg htxdwlrqv ri prwlrq derxw wkh htxloleulxp srvlwlrq1 Lw lv
wkhuhiruh lqwhuhvwlqj wr h{dplqh zkhwkhu orfdo vwdelolw| zloo lq xhqfh wkh
frpsohwh prwlrq1 Wr vhh wklv zh frxog ghylvh vrph uxohv zklfk ghwhuplqhv
d jrrg shuirupdqfh iurp d srru rqh dqg uxq d vhulhv ri wlph vlpxodwlrqv1
Wkhvh vlpxodwlrqv fdq wkhq eh frpsduhg wr wkh orfdo vwdelolw| dqdo|vlv1 Dv
xvxdo wkh sureohp lv wr ghflgh zkdw vhsdudwhv d jrrg shuirupdqfh iurp
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Iljxuh 6144= Skdvh sruwudlw ri q�c2 zkhq ydu|lqj wkh lqwhuqdo gdpslqj B�1
Shulrg grxeolqj rffxuv dqg dw orz lqwhuqdo gdpslqj fkdrwlf prwlrq lv irxqg1



59 FKDSWHU 61 WKH LVRWURSLF FDVH

Iljxuh 6145= Vkrzlqj wkh furvvlqj ri hljhqydoxhv ri wkh uhdo d{lv zkhq B� lv
ydulhg1 Furvv lqglfdwhv B� ' f�f� dqg ulqj B� ' f�ff�1

d srru rqh1 Wr wkh dxwkruv nqrzohgjh wkhuh grhv qrw h{lvw dq| dffhswhg
shuirupdqfh whvw wr hydoxdwh dxwredodqfhuv1 Wkh iroorzlqj lv sursrvhg dv d
fdqglgdwh iru vxfk fulwhuld1 Lq prvw fdvhv dq dxwredodqfhu lv �wwhg zkhuh
rqh fdq qrw iruhvhh wkh dprxqw ri xqedodqfh dqg lwv srvlwlrq1 Wkhuhiruh wkh
prvw frpprq vlwxdwlrq zloo eh wkdw wkh dxwredodqfhu lv frpshqvdwlqj iru dq
xqedodqfh dqg vxgghqo| wklv dprxqw ri xqedodqfh dqg lwv srvlwlrq fkdqjh1
D fruuhvsrqglqj wlph vlpxodwlrq zloo wkhq kdyh lqlwldo frqglwlrqv> doo vshhgv
duh vhw wr }hur dqg wkh srvlwlrq ri wkh d{lv ri urwdwlrq lv dw wkh jhrphwulfdo
fhqwuh1 Wkh dqjxodu srvlwlrq ri wkh fruuhfwlrq pdvvhv duh fkrvhq udqgrpo|
zklfk fruuhvsrqgv wr d v|vwhp edodqflqj vrph xqedodqfh dw vrph srvlwlrq1
Wkh qhz xqedodqfh vlwxdwhg dw }hur dqjxodu srvlwlrq lv udqgrpo| fkrvhq
dqg zlwklq wkh pd{lpxp edodqflqj fdsdelolw|1 Zh frxog wkhq phdvxuh wkh
wlph ru qxpehu ri uhyroxwlrqv xqwlo wkh dpsolwxgh ri wkh rvfloodwlrqv duh
ehorz vrph vshfl�hg ydoxh1 Wklv ydoxh frxog eh d iudfwlrq ri wkh pd{lpxp
dpsolwxgh lq wkh vlpxodwlrq ru vrph ydoxh ghwhuplqhg e| zkdw lv dffhswdeoh
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Wdeoh 615= Sdudphwhuv xvhg iru qxphulfdo frpsdulvrq1

dv dpsolwxgh1 Wr whvw wklv hydoxdwlrq phwkrg 43333 qxphulfdo vlpxodwlrqv
zhuh pdgh rq vrph gl�huhqw fkrlfhv ri sdudphwhuv1 Wkh phdvxuhphqw xvhg
zhuh wkh qxpehu ri uhyroxwlrqv ehiruh wkh dpsolwxgh ehfrphv shupdqhqwo|
vpdoohu wkdq rqh �iwk ri 26�,�*� 1 Wkh dpsolwxgh 26�,�*� fruuhvsrqg
wr wkh dpsolwxgh rqh zrxog kdyh li wkh xqedodqfh 6e htxdov 26�,� dqg wkh
urwdu| vshhg / lv pxfk juhdwhu wkdq wkh qdwxudo iuhtxhqf| ri wkh v|vwhp1 Lq
�jxuh 6146 wkh vwdelolw| ri wkuhh gl�huhqw sdudphwhu fkrlfhv lv sorwwhg / zkhq
wkh ordg lv ydulhg1 Wkh sdudphwhuv xvhg fdq eh irxqg lq wdeoh 6151 Lq wkh ohiw
wdeoh wkh sdudphwhuv wkdw duh frpprq wr doo wkuhh v|vwhp duh irxqg1 Lq �jxuh
6147 wkh rxwfrph lv glvsod|hg dv d klvwrjudp ryhu wkh qxpehu ri uhyroxwlrqv1
Wkh phdq ydoxh dqg vwdqgdug ghyldwlrq lv dovr glvsod|hg1 Wkh �uvw v|vwhp kdv
uhodwlyho| kljk h{whuqdo gdpslqj S� dqg orz lqwhuqdo gdpslqj B� frpsduhg
wr v|vwhp wzr1 V|vwhp rqh kdv vrphzkdw ehwwhu vwdelolw| dw orz ordgv exw
zruvh dw wkh plggoh uhjlrq frpsduhg wr v|vwhp wzr1 V|vwhp rqh dqg wzr
kdyh lghqwlfdo frpshqvdwlqj pdvvhv1 V|vwhp wzr fohduo| ehkdyhv ehwwhu wkdq
v|vwhp rqh/ erwk wkh phdq ydoxh dqg wkh vwdqgdug ghyldwlrq lv orzhu wkdq
lq v|vwhp rqh1 Vlqfh �jxuh 6146 rqo| glvsod|v wkh vwdelolw| ri wkh olqhdul}hg
v|vwhp wkhuh lv qr uhdvrq wr h{shfw wkdw wkh ixoo qrqolqhdu v|vwhp zloo ehkdyh
wkh vdph zd|1 Zh duh qrw hyhq jxdudqwhhg wkdw wkh v|vwhp zloo whqg wr
wkh htxloleulxp srvlwlrq1 Krzhyhu wkhvh wkuhh klvwrjudp glvsod| wkh uhvxow
ri 63333 vlpxodwlrqv dqg qrw rqh kdv qrw uhdfkhg wkh htxloleulxp srvlwlrq1
Wkh lghd lv wkdw zkhq wkh v|vwhp lv uhdfklqj lwv htxloleulxp srvlwlrq lw kdv wr
vshqg vrph wlph lq wkh uhjlrq zkhuh wkh olqhdu prgho dffxudwho| prghov wkh
ehkdylru dqg wkhuhiruh lw vkrxog kdyh vrph fruuhvsrqghqfh zlwk wkh rxwfrph
lq wkh klvwrjudpv1 Lq v|vwhp wkuhh wkh pdvv ri wkh frpshqvdwlqj pdvv lv
lqfuhdvhg �yh wlphv ryhu v|vwhp rqh dqg wzr1 Wkh ohqjwk ,� lv dovr uhgxfhg
wr rqh �iwk ri v|vwhp rqh dqg wzr1 Iroorzlqj wkh uhdvrqlqj lq vhfwlrq 61716
wkh lqwhuqdo gdpslqj B� lv lqfuhdvhg wr frpshqvdwh iru wkh lqhuwldo irufhv gxh
wr d khdylhu pdvv1 Dv vhhq lq �jxuh 6146 wklv v|vwhp vkrz d kljkhu vwdelolw|
wkdq erwk v|vwhp rqh dqg wzr1 Wkh rxwfrph ri wkh qxphulfdo vlpxodwlrqv lv
glvsod|hg lq klvwrjudp wkuhh ri �jxuh 61471 Sdudphwhu vhw wkuhh vkrzv erwk
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Iljxuh 6146= Vwdelolw| zkhq wkh ordg lv ydulhg1 Wkh wkuhh gl�huhqw sorwv
fruuhvsrqg wr wkh sdudphwhuv irxqg lq wdeoh 6141

orzhu phdq ydoxh dqg orzhu vwdqgdug ghyldwlrq wkdq erwk v|vwhp rqh dqg
wzr1 Lw wkhuhiruh vhhpv wkdw rqh vkrxog fkrrvh khdylhu frpshqvdwlqj pdvvhv
forvh wr wkh d{lv ri urwdwlrq ryhu oljkwhu pdvvhv idu iurp wkh d{lv ri urwdwlrq1
Lw dovr vhhpv wkdw wkh orfdo vwdelolw| whoov vrphwklqj derxw wkh g|qdplfv ri
wkh joredo v|vwhp dqg fdq eh xvhg dv d uhdvrqdeoh jxlgh wr rswlpl}h d v|vwhp1
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Iljxuh 6147= Wkh uhodwlyh iuhtxhqf| ri qxpehu ri wxuqv ehiruh wkh dpsol0
wxgh lv ehorz rqh �iwk ri wkh pd{lpxp dpsolwxgh gxh wr d vlpsoh urwdwlqj
xqedodqfh1
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Fkdswhu 7

Dqlvrwurslf fdvh

714 Ghulydwlrq ri htxdwlrqv

Prvw frqvwuxfwlrqv zkhuh dq dxwredodqfhu pljkw �w lq lv fohduo| dqlvrwurslf1
Iru h{dpsoh d frpprq xvh ri dxwredodqfhuv duh lq zdvklqj pdfklqhv1 Zkhq
vslq gu|lqj wkh zdvk lv qrw hyhqo| glvwulexwhg dqg dv uhvxow ri wklv dq xq0
edodqfh h{lvw1 Wkh vxvshqvlrq lq zdvklqj pdfklqhv lv qrw lvrwurslf vlqfh
wkh guxp lv xvxdoo| vwdqglqj rq ru kdqjlqj iurp vsulqjv doprvw yhuwlfdoo|
prxqwhg1 Wklv zloo jlyh d pxfk orzhu qdwxudo iuhtxhqf| lq wkh krul}rqwdo
sodqh wkdq lq wkh yhuwlfdo sodqh1 Lw vkrxog eh qrwhg wkdw xvlqj dxwredodqf0
lqj whfkqltxhv lq zdvklqj pdfklqhv uhtxluhv wzr edodqflqj ulqjv/ vlqfh wkh
orfdwlrq dorqj wkh d{lv ri urwdwlrq ri wkh xqedodqfh lv qrw vwdwlf1 Dovr wkhuh
pljkw h{lvw g|qdplf xqedodqfh lq d zdvklqj pdfklqh1 Xvlqj wzr edodqfh
ulqjv vroyhv erwk wkhvh sureohpv1 Dqrwkhu dqlvrwurslf fdvh rffxuv zkhq d
julqglqj pdfklqh lv rshudwhg1 Zkhq d julqglqj pdfklqh lv rshudwhg wkh vxv0
shqvlrq sdudphwhuv zloo ghshqg rq wkh frq�jxudwlrq dqg zkhwkhu wkh julqghu
lv lq frqwdfw zlwk wkh zrun slhfh ru qrw1

Wkh htxdwlrqv xvhg lq wkh dqlvrwurslf dqdo|vlv duh htxdwlrqv 514/ 515 dqg
516 zlwk wkh vxevwlwxwlrq 6161 Xvlqj vxevwlwxwlrqv 614 dqg 615 zloo uhvxow lq
ohqjwk| htxdwlrqv zklfk duh pruh wlph frqvxplqj wr frpsxwh qxphulfdoo|
wkdq htxdwlrqv 514/ 515 dqg 516 zlwk wkh vxevwlwxwlrq 6161 Vxevwlwxwlrq 616 lv
xvhg vr wkdw wkh vwdwh/ zkhq wkh v|vwhp lv edodqfhg/ zloo eh dw }hur vshhg lq
doo vwdwh yduldeohv1 Xvlqj vxevwlwxwlrq 616 wkh htxdwlrqv ri prwlrq zloo orrn
olnh
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zkhuh � � htxdov E� n 6 n
S?

�'�6��/ dv ehiruh/ dqg lv lqwurgxfhg vlqfh
lw rffxuv iuhtxhqwo|1 Zh zh vwloo xvh wkh dvvxpswlrq wkdw wkh sdudphwhuv
ghvfulelqj wkh frpshqvdwlqj pdvvhv duh htxdo dqg wkdw wkh edodqflqj ghylfh
lv fdsdeoh ri edodqflqj wkh xqedodqfh/ l1h1

6e � 26�,�� +717,

Wkh rqo| htxloleulxp srvlwlrq lq wklv frruglqdwh uhsuhvhqwdwlrq zloo eh

^� ' fc +718,

^2 ' fc +719,

q� ' Z � ULt3�E 6e
26�,�

� c +71:,

q2 ' Z n ULt3�E 6e
26�,�

� � +71;,

715 Olqhdu vwdelolw| dqdo|vlv
Zh qrz kdyh dq h{solflw wlph ghshqghqfh lq wkh htxdwlrqv ri prwlrq1 Wkh
zd| wr jr iru fdofxodwlqj wkh vwdelolw| ri wkh htxloleulxp srvlwlrq lv wr xvh
Srlqfduì pdsv1 Wkh htxdwlrqv ri prwlrqv fdq eh zulwwhq dv

�E%c |� �% ' sE%c |� +71<,

zkhuh % ' d%�c %2c q�c q2c �%�c �%2c �q�c �q2o
A 1 Erwk �E|c %� dqg sE%c |� duh 2Z

/

shulrglf/ dv fdq eh vhhq iurp htxdwlrqv 714 wr 7161 Lw wkhuhiruh vhhpv qdwxudo
wr orrn dw wkh frq�jxudwlrq dw lqwhuydov ri 2Z

/
lq |1 Wkh &*wk lqwhuvhfwlrq ri

wkh Srlqfduì pds zloo wkhq eh zkhq | ' 2Z
/
&1 Wkh Srlqfduì pds lv wkhq

gh�qhg e|
%&n� ' xE%&c 2Z*/� +7143,

zkhuh xE%c |� lv wkh  rz ri vroxwlrqv l1h1 xE%c |� uhsuhvhqwv doo vroxwlrqv wr
71< zlwk lqlwldo frqglwlrqv xE%c f� ' %1 Li zh kdyh d htxloleulxp %f/ fohduo|
%f ' xE%fc 2Z*/�1 Lq wkh jhqhudo fdvh % pd| ydu| zlwk wlph ehwzhhq wkh
lqwhuvhfwlrqv1 Krzhyhu/ lq rxu fdvh wkh htxloleulxp lv jlyhq e| 718 wr 71;
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dqg grhv qrw ydu| lq wlph1 Zkhwhu wklv htxloleulxp lv vwdeoh ru qrw ghshqgv
rq wkh ghulydwlyhv ri xE%fc 2Z*/� zlwk uhvshfw wr %1 Wkh fulwhulrq iru d
htxloleulxp srvlwlrq wr eh vwdeoh lv wkdw wkh hljhqydoxhv ri x%E%fc 2Z*/� kdyh
d pdjqlwxgh wkdw lv ohvv wkdq rqh1 Wr fdofxodwh x%E%fc 2Z*/� zh vwduw zlwk
lqvhuwlqj xE%c |� lqwr 71</ wklv jlyhv

�Exc |�x| ' sExc |�� +7144,

Zh wkhq wdnh wkh lpsolflw ghulydwlyh zlwk uhvshfw wr %/ zklfk uhvxow lq/

�%Exc |�x%x| n�Exc |�x|c% ' s%Exc |�x% +7145,

Lq rxu fdvh xE%fc |� ' %f/ wkxv lw grhv qrw ghshqg rq | dqg lwv ghulydwlyh
zlwk uhvshfw wr | lv wkhuhiruh }hur1 Zh duh wkhq ohiw zlwk

�E%fc |�x|c% ' s%E%fc |�x%� +7146,

Fkdqjlqj wkh rughu ri gl�huhqwldwlrq ri x|c% dqg lqyhuwlqj � jlyhv

x%c| ' �3�E%fc |�s%E%fc |�x%� +7147,

zklfk lv d gl�huhqwldo htxdwlrq iru x%1 Wkh lqlwldo frqglwlrq iru x% frphv
iurp gl�huhqwldwlqj xE%c f� ' % zlwk uhvshfw wr %/ l1h1 x%E%c f� ' U zkhuh U
lv wkh lghqwlw| pdwul{1 Wklv gl�huhqwldo htxdwlrq lv/ lq rxu fdvh/ qxphulfdoo|
lqwhjudwhg wr surgxfh x%E%fc 2Z*/�1

E| orrnlqj pruh fduhixoo| dw htxdwlrqv 714 wr 715 zh vhh wkdw wkhuh h{lvwv
d v|pphwu| xqghu wkh vlpsoh vxevwlwxwlrq

| $ |n
Z

/
c +7148,

%�c2 $ �%�c2c +7149,

q�c2 $ q�c2 +714:,

zklfk zloo jlyh htxdwlrqv 714 wr 715 djdlq1 Wkhuhiruh/ zh rqo| kdyh wr lqwh0
judwh 7147 ryhu wkh lqwhuydo | G " G dfc Z*/o dqg xvlqj wkh v|pphwu| wr fdofxodwh
x%E%fc 2Z*/�1 Wkh v|pphwu| fdq eh zulwwhq dv

x%E%fc 2Z*/� '

5
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Wdeoh 714= Sdudphwhuv xvhg iru wkh dqlvrwurslf vwdelolw| dqdo|vlv1

Vlqfh vwdelolw| lv jryhuqhg e| wkh hljhqydoxhv ri x%E%fc 2Z*/� zh gh�qh

/WW ' 4@ 
�'���2?

m b� m

zkhuh b� duh wkh hljhqydoxhv ri x%E%fc 2Z*/�1 Wkh vwdelolw| /WW lv wkhq sorwwhg
dv d ixqfwlrq ri wkh sdudphwhuv zh duh lqwhuhvwhg lq ydu|lqj dqg zkhq lw lv
ehorz rqh wkh htxloleulxp srlqw lv vwdeoh1 Wkh gl�huhqfh khuh frpsduhg wr
wr wkh lvrwurslf fdvh/ irxqg lq vhfwlrq 616/ lv wkdw /WW zloo qrz vkrz wkh
dpsolwxgh ghfd| shu wxuq frpsduhg wr /W/ lq wkh lvrwurslf fdvh/ zklfk vkrz
wkh h{srqhqwldo ghfd| lq wlph1

716 Sdudphwhu vwxg|

Zh vwduw rxu vwdelolw| h{dplqdwlrq e| ydu|lqj / iru d v|vwhp jlyhq e| sdud0
phwhuv iurp wdeoh 714 ehorz1 Wklv sduwlfxodu fkrlfh ri sdudphwhuv zloo jlyh
d v|vwhp zkhuh wkh qdwxudo iuhtxhqflhv zloo eh txlwh forvh wr hdfk rwkhu dqg
wkhlu udwlr zloo eh htxdo wr

s
21 Lq �jxuh 714 / lv ydulhg iurp }hur wr vhyhq1

Qrwh wkh vlplodulwlhv frpsduhg wr �jxuh 6161 Lq suhylxrv vwdelolw| dqdo|vlv
wkh uhjlrq ehwzhhq wkh ohiwprvw furvv dqg plggoh furvv zdv frqvlghuhg vwdeoh
dqg wkh uhjlrq ehwzhhq wkh plggoh dqg uljkwprvw furvv xqvwdeoh1 Wr wkh uljkw
ri wkh uljkwprvw furvv wkh uhjlrq zdv frqvlghuhg vwdeoh1 E| vhsdudwlqj wkh
qdwxudo iuhtxhqflhv lq wkh krul}rqwdo dqg yhuwlfdo gluhfwlrq zlwk d kljkhu udwlr
wkdq jlyhq e| wkh sdudphwhuv lq wdeoh 714 zh zloo jhw d vwdeoh plggoh uhjlrq1
Lq �jxuh 715 wkh udwlr ri qdwxudo iuhtxhqf| lq wkh krul}rqwdo dqg yhuwlfdo gl0
uhfwlrq lv 431 Wklv h{sodlqv zk| lw lv srvvleoh wr prxqw dq dxwredodqfhu pruh
vwl"| lq rqh gluhfwlrq frpsduhg wr wkh rwkhu dqg uxq lw dw d urwdu| vshhg
ehwzhhq wkh qdwxudo iuhtxhqflhv lq krul}rqwdo dqg yhuwlfdo gluhfwlrq1 Lq wklv
fdvh wkh suhylrxv vwdelolw| uhvxowv suhglfwv wkh plggoh uhjlrq txlwh dffxudwho|
exw idlov wr suhglfw wkh vwdelolw| lq wkh kljk / uhjlrq1 Lq jhqhudo zh zloo kdyh
d vwdeoh plggoh uhjlrq zkhq zh kdyh odujh vhsdudwlrq ri qdwxudo iuhtxhqflhv
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Iljxuh 714= Wkh vwdelolw| dv d ixqfwlrq ri wkh urwdwlrqdo vshhg1 Wkh furvvhv
lqglfdwh wkh qdwxudo iuhtxhqflhv lq wkh yhuwlfdo gluhfwlrq dqg lq wkh wkh krul0
}rqwdo gluhfwlrq1 Wkh plggoh furvv lqglfdwhv wkh upv ri wkh wzr iuhtxhqflhv1
Sdudphwhuv iurp wdeoh 7141

Iljxuh 715= Wkh vwdelolw| dv d ixqfwlrq ri / zkhq wkh vsulqj frqvwdqw lq wkh
krul}rqwdo dqg wkh yhuwlfdo gluhfwlrq gl�huv juhdwo|1 Sdudphwhu ydoxhv iurp
wdeoh 714 h{fhsw iru &2 ' �ff/ S2 ' f�. dqg 6 ' f�f�e1
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Iljxuh 716= Wkh uhvxow ri ydu|lqj wkh xqedodqfh ordg e| fkdqjlqj p1 Wkh
dqjxodu yhorflw| / ' D1 Wkh uhvw ri wkh sdudphwhuv iurp wdeoh 7141

dqg qr vwdeoh plggoh uhjlrq zkhq zh kdyh orz vhsdudwlrq1 Zh fdq dovr lqihu
iurp �jxuh 715 wkdw zh vkrxog uxq dq dxwredodqfhu zlwk wkhvh sdudphwhuv
dw / * ��D li zh zdqw pd{lpxp ghfd| lq dpsolwxgh shu wxuq1 Li lqvwhdg
zh duh lqwhuhvwhg lq pd{lpxp ghfd| lq wlph zh fdq uxq wkh dxwredodqfhu
vrphzkhuh ehwzhhq / * ��D dqg / * S��1

71614 Vwdelolw| zkhq wkh lpedodqfh ordg lv ydulhg

Wkh dqlvrwurslf fdvh zlwk ydu|lqj ordg vkrz wkh vdph ehkdylrxu dv wkh
lvrwurslf fdvh1 Lq �jxuh 716 wkh ordg lv ydulhg lq wkh udqjh zkhuh wkh dx0
wredodqfhu lv fdsdeoh ri edodqflqj1 Wkh �jxuh vkrzv wkh vdph ihdwxuhv dv
wkh �jxuh lq wkh lvrwurslf fdvh1 Wkh orfdo pd{lpd dw 6 * f�f�e lv vwloo
suhvhqw/ fruuhvsrqglqj wr d htxloleulxp srvlwlrq ri wkh frpshqvdwlqj pdvvhv
zkhuh q� � �Z

e
dqg q2 � DZ

e
1 Lw lv srvvleoh e| ghfuhdvlqj wkh ylvfrxv gdpslqj

dfwlqj rq wkh frpshqvdwlqj pdvvhv wr ohw wkh orfdo pd{lpd jurz dqg ehfrph
xqvwdeoh1 Lw lv dovr xvhixo wr h{dplqh wkh fdvh zkhq zh duh uxqqlqj dw d ur0
wdwlrqdo vshhg ehwzhhq wkh wzr qdwxudo iuhtxhqflhv1 Lq �jxuh 717 / / ' D/
zklfk lv ehwzhhq wkh wzr qdwxudo iuhtxhqflhv1 Wkh vwdelolw| sorw lv vlplodu wr
wkh rwkhu vwdelolw| sorwv zkhq 6 lv ydulhg1



7161 SDUDPHWHU VWXG\ 6:

Iljxuh 717= Wkh uhvxow ri ydu|lqj wkh xqedodqfh ordg e| fkdqjlqj p zkhq
uxqqlqj dw d uhyroxwlrqdu| vshhg ehwzhhq wkh wzr qdwxudo iuhtxhqflhv1 Wkh
dqjxodu yhorflw| / ' D1 Sdudphwhuv iurp wdeoh 714 h{fhsw &2 ' �ff dqg
S2 ' f�.1
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Fkdswhu 8

Pxowlsoh fruuhfwlrq pdvvhv

814 Lqwurgxfwlrq
Xvlqj rqo| wzr fruuhfwlrq pdvvhv lv xvxdoo| qrw yroxph h!flhqw vlqfh wkhuh
zloo eh d orw ri xqxvhg vsdfh lq wkh edodqfh ulqjv1 Wklv/ ri frxuvh/ ghshqgv rq
wkh ghvljq ri wkh edodqflqj ulqj/ exw vlqfh prvw edodqfh ulqjv xvh edooehdulqjv
zlwk d udglxv zklfk lv ohvv wkdq wkh udglxv ri wkh edodqfh ulqjv/ pruh wkdq
wzr edoov duh pruh yroxph h!flhqw1 Xvlqj pruh wkdq wzr fruuhfwlrq pdvvhv
uhvxowv lq d v|vwhp fdsdeoh ri fruuhfwlqj iru d kljkhu lpedodqfh ordg1 Wkh
pd{lpxp qxpehu ri fruuhfwlrq pdvvhv wr xvh lv wkh dprxqw zklfk �oov kdoi
wkh ulqj zlwk fruuhfwlrq pdvvhv1

815 Htxloleulxp srvlwlrqv
Dq dvshfw ri xvlqj pruh wkdq wzr fruuhfwlrq pdvvhv lv wkdw zh zloo jhw d
idplo| ri htxloleulxp srvlwlrqv zkhuh wkh frpshqvdwlqj pdvvhv fruuhfw iru wkh
xqedodqfh1 Iru h{dpsoh zkhq zh kdyh wkuhh fruuhfwlrq pdvvhv zh zloo kdyh
d rqh sdudphwhu idplo| ri htxloleulxp srvlwlrqv1 Iljxuh 814 vkrz wkdw wkhuh
zloo eh d frpelqhg fhqwuh ri pdvv ri wkh xqedodqfh dqg wkh wklug fruuhfwlrq
pdvv1 Wkh srvlwlrq ri wkh frpelqhg fhqwuh ri pdvv lv odehohg ( lq �jxuh
8141 Zh fdoo wklv wkh qhz xqedodqfh1 E| ydu|lqj wkh dqjxodu srvlwlrq/ dqjoh
q�/ ri wkh wklug fruuhfwlrq pdvv/ wkh srlqw G zloo wdnh gl�huhqw srvlwlrqv1 Lq
rughu wr fdofxodwh wkh htxloleulxp srvlwlrq ri wkh wzr rwkhu fruuhfwlrq pdvvhv
wkh glvwdqfh iurp wkh jhrphwulfdo fhqwuh wr wkh fhqwuh ri judylw| ri wkh qhz
xqedodqfh lv qhhghg1 Odeholqj wklv glvwdqfh/ lq wkh �jxuh iurp � wr (/ zlwk
e� lw fdq eh h{suhvvhg dv

e� '

t
E6�,� t�? q��

2 n E6e n6�,� ULtq��
2

6n6�

� +814,

6<
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Qrz h{fkdqjlqj e iru e� dqg6 iru6n6� wkh h{suhvvlrqv iru wkh htxloleulxp
srvlwlrqv 61:061; duh ydolg zlwk wkh h{fhswlrq wkdw dq dqjoh k lv dgghg wr
q� dqg q21 Wklv dqjoh frpshqvdwhv iru wkh qhz dqjxodu srvlwlrq ri wkh
xqedodqfh/ vhh �jxuh 8141 Qrwh wkdw k lv wkh dqjoh ehwzhhq �� dqg �( dqg
fdq eh h{suhvvhg dv

k ' @|@?2E6�,� t�? q�c 6e n6�,� ULtq�� +815,

zkhuh @|@?2 lv wkh wzr dujxphqw dufwdqjhqw ixqfwlrq1 Zh fdq qrw fkrrvh
dq| ydoxh iru q� vlqfh wkh odvw wzr fruuhfwlrq pdvvhv pxvw eh deoh wr fruuuhfw
iru wkh qhz xqedodqfh1 Wklv fdq eh vwdwhg dv

E6n6��e
� � 26�,�� +816,

Lqvhuwlqj wkh h{suhvvlrq iru e� dqg htxdwlqj wklv iru q� jlyhv

ULtq� �
�E6�,��

2 � E6e�2

26e6�,�
� +817,

Wklv vkrzv/ dv h{shfwhg/ wkdw li wkh lpedodqfh lv ohvv ru htxdo wr 6�,� zh fdq
iuhho| ydu| q�1 Iru wkh sdudphwhu vwxg| lw lv zruwk revhuylqj wkdw zh rqo|
qhhg wr ydu| q� lq wkh uhjlrq f wr Z vlqfh lw zloo eh v|pphwulf wr wkh uhjlrq
f wr �Z1

Lq wkh dqlvrwurslf fdvh wklv htxloleulxp srvlwlrq zloo eh wkh rqo| rqh lq
wklv frruglqdwh uhsuhvhqwdwlrq1 Krzhyhu/ wkh lvrwurslf fdvh zloo kdyh vrph
pruh htxloleulxp srvlwlrqv1 Wr ghulyh wkhvh htxloleulxp srvlwlrqv zh uhwxuq
wr htxdwlrq 6181 Vhwwlqj doo wlph ghulydwlyhv wr }hur zh jhw

�^� t�? q� n ^2 ULtq� ' fc � ' �c 2c �� +818,

Wkh vroxwlrqv ri wklv/ lq whupv ri q� duh/

q2 ' q� n ?Zc G ? ' fc �c +819,

q� ' q� n &Zc G & ' fc � +81:,

zklfk fruuhvsrqgv wr wzr sk|vlfdo vroxwlrqv vlqfh ? ' fc & ' � lv sk|vlfdoo|
htxdo wr ? ' �c & ' f dqg ? ' � dqg & ' �1 Wkh wzr sk|vlfdo vroxwlrqv duh
wkdw wkh fruuhfwlrq pdvvhv duh dw wkh vdph dqjxodu srvlwrq q� ' q2 ' q� dqg
wkdw rqh ri wkh fruuhfwlrq pdvvhv lv dw wkh rssrvlwh vlgh q� ' q2 ' q� � Z1
Li zh zrxog kdyh irxu fruuhfwlrq pdvvhv zh zrxog dovr kdyh wkh fdvh zkhuh
wkhuh duh wzr fruuhfwlrq pdvvhv wrjhwkhu rq rssrvlwh vlghv1 Wkh vroxwlrqv
iru ^� dqg ^2 fdq hdvlo| eh rewdlqhg iurp wkh htxloleulxp htxdwlrqv jlyhq
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Iljxuh 814= Xvlqj pruh wkdq wzr fruuhfwlrq pdvvhv zloo/ ghshqglqj rq wkh
xqedodqfh ordg/ uhvxow lq d idplo| ri htxloleulxp srvlwlrqv1 Wkh htxloleulxp
srvlwlrqv zloo wkhuhiruh eh lqgl�huhqw1

lq vhfwlrq 6151 Rewdlqlqj wkh �uvw vroxwlrq zkhq q� ' q2 ' q� lv grqh e|
uhsodflqj 26� zlwk �6� lq htxdwlrqv 6146/6147 dqg uhvxowv lq

^� '
E& � /2� ��E6e/2 n �6�,�/

2 ULtq�� n �S/6�,�/
2 t�? q��

EE& � /2� ��2 n ES/�2
c +81;,

^2 '
�E& � /2� ��6�,�/

2 t�?q� � S/E6e/2 n �6�,�/
2 ULtq���

E& � /2� ��2 n ES/�2
� +81<,

Wklv zloo uhvxow lq/ lq whupv ri q�

E& � /2� ��6e t�? q� n S/6e ULtq� n �S/6�,� ' f +8143,

zklfk kdv d uhdo vroxwlrq li

E& � /2� ��2 n ES/�2 � ES/�2
#
�6�,�
6e

$2

� +8144,

Wklv vkrzv wkdw ghshqglqj rq wkh fkrlfh ri sdudphwhu ydoxhv wkhuh pljkw qrw
h{lvw d uhdo vroxwlrq1 Htxdwlrq 8143 kdv wzr urrwv uhvxowlqj lq wzr sk|vlfdoo|
gl�huhqw vroxwlrqv1 Wkh qh{w fdvh/ zkhq q� ' q2 ' q� � Z/ lv vlplodu wr wkh
deryh h{fhsw wkdw �6� kdv wr uhsodfhg e| 6�1 Wkh uhdvrq zk| wklv fdq eh
grqh lv wkdw wkh rssrvlwh vlgh fruuhfwlrq pdvv/ odehohg 6/ zloo frpshqvdwh iru
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wkh fruuhfwlrq pdvv odehohg 5 ohdylqj rqo| fruuhfwlrq pdvv qxpehu 41 Wklv
fdvh zloo dovr uhvxow lq wzr sk|vlfdoo| gl�huhqw vroxwlrqv1 Doo lq doo zh kdyh
�yh sk|vlfdoo| glvwlqjxlvkdeoh vroxwlrqv1 Li zh zhuh wr h{whqg wr xvh juhdwhu
qxpehu ri fruuhfwlrq pdvvhv zh zrxog kdyh iru irxu fruuhfwlrq pdvvhv/ vl{
htxloleulxp srvlwlrqv dqg �yh zrxog jlyh vhyhq dqg vr rq1

Wkhvh vroxwlrqv rqo| h{lvwv zkhq erwk ^� dqg ^2 duh htxdo wr }hur1 Wklv lv
lpsruwdqw vlqfh rqh frxog hovh eholhyh wkdw wkhuh h{lvw vroxwlrqv zkhq q� ' k
dqg q2 ' k n Z1 Krzhyhu wklv lv qrw srvvleoh vlqfh frpshqvdwlqj pdvv 6/
dqjoh q�/ lv qrw uljlgo| frqqhfwhg wr wkh xqedodqfh dqg zrxog lq wklv fdvh
vwduw wr pryh1 Wklv lv wkh fdvh iru wkh rwkhu xqedodqfhg vroxwlrqv dv zhoo1

816 Olqhdu vwdelolw| dqdo|vlv

Wkh vwdelolw| dqdo|vlv lv shuiruphg e| olqhdul}dwlrq ri wkh htxdwlrqv ri prwlrq
jlyhq e| htxdwlrq 617 dqg 6181 Wkh htxdwlrqv ri prwlrq duh sxw lq wkh irup

�E%� �% ' sE%� +8145,

zkhuh % qrz htxdov d^�c ^2c q�c q2c q�c �̂�c �̂2c �q�c �q2c �q�o
A 1 Wkh olqhdu vwdelolw|

lv qrz jryhuqhg e| D/ zklfk htxdov

�E%fc�� ' �3�E%fc��
YsE%fc��

Y%
c G � ' �c ��c D +8146,

zkhuh %fc� duh wkh �yh htxloleulxp srvlwlrqv jlyhq lq wkh suhylrxv vhfwlrq1 �
fdq eh ghulyhg dqdo|wlfdoo| exw wkh hljhqydoxhv dqg hljhqyhfwruv duh fdofx0
odwhg qxphulfdoo|1 Vlqfh wkh �uvw htxloleulxp srvlwlrq/ zkhuh wkh v|vwhp lv
edodqfhg dqg qr yleudwlrqv h{lvwv/ lv lqgl�huhqw/ zh h{shfw wkdw rqh ri wkh
hljhqydoxhv ri �E%fc�� vkrxog eh }hur1 Wkh frqglwlrq iru vwdelolw| lv wkdw wkh
uhvw ri wkh hljhqydoxhv duh ohvv wkdq }hur1 Wkhuhiruh zh gh�qh wkh vwdelolw| dv

/WWW

� ' 4@ 
�'���2?3�

+ib� +8147,

zkhuh b� duh wkh hljhqydoxhv ri �E%fc�� dqg b2? lv wkh }hur hljhqydoxh dqg lv
wkhuhiruh uhpryhg1 Lw lv lpsruwdqw wr fkhfn vwdelolw| iru doo dgplvvleoh ydoxhv
ri q� vlqfh %fc� lv d ixqfwlrq ri q�1 Li wkh vwdelolw| frqglwlrq krogv iru doo
dgplvvleoh ydoxhv ri q� wkh v|vwhp zloo fhuwdlqo| vhoiedodqfh li |rx duh forvh
wr wkh htxloleulxp srvlwlrq1 Lw lv dovr lpsruwdqw wr fkhfn wkh vwdelolw| ri
wkh rwkhu htxloleulxp srvlwlrqv vlqfh zh grq*w zdqw wkhp wr eh vwdeoh lq wkh
rshudwlqj uhjlrq1
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Sdu Ydoxh
� 41333
&� 41333
S� 31:33
&2 31833
S2 31683
6 3 0 3136

Sdu Ydoxh
e 41333
6� 31343
U�*o

2
� 31337

,� 41333
B� 31338
�� 31333

Wdeoh 814= Sdudphwhuv xvhg iru pxowlsoh pdvv vwdelolw| dqdo|vlv1

817 Sdudphwhu vwxg|
Wkh sdudphwhu vwxg| lv frpsolfdwhg e| wkh idfw wkdw zh qrz kdyh wr ydu|
qrw rqo| wkh sdudphwhu zh duh lqwhuhvwhg lq exw dovr wkh htxloleulxp srvlwlrq1
Vwduwlqj zlwk wkh sdudphwhuv irxqg lq wdeoh 814 zkhuh zh ydu| wkh ordg
ehwzhhq 3 dqg 316 zklfk lv wkh pd{lpxp ordg wkh v|vwhp lv fdsdeoh ri
edodqflqj1 Wkh vwdelolw| /WWW

� lv sorwwhg dv d frqwrxu sorw vlqfh wklv frqwurov
wkh dv|pswrwlf ehkdylrxu ri vpdoo glvwxuedqfhv1 Lq �jxuh 815 wkh juh|hg duhd
lq wkh xsshu ohiw fruqhu fruuhvsrqgv wr wkh frqglwlrq irxqg lq 817 iru q�1 Wkh
}hur dw 6 ' f�� dqg q� ' Z lv wkh uhvxow ri dqrwkhu lqgl�huhqw htxloleulxp
srvlwlrq/ qdpho| wkdw wkh edodqflqj pdvv dqg fruuhfwlrq pdvv duh ri htxdo
pdvv1 Vlqfh wkh| duh rq rssrvlwh vlgh wkh wzr rwkhu fruuhfwlrq pdvvhv wkh|
pd| dvvxph dq| srvlwlrq zkhuh wkh| duh rq rssrvlwh vlgh1 Iurp �jxuh 816/
zkhuh wkh vwdelolw| iru wkh �yh rwkhu htxloleulxp srvlwlrqv duh sorwwhg/ zh vhh
wkdw wkh| duh doo xqvwdeoh lq wkh uhjlph zkhuh wkh dxwredodqfhu lv fdsdeoh ri
edodqflqj wkh lpedodqfh1 Zkhq ryhuordghg wkh edodqfhg htxloleulxp fhdvh wr
h{lvw1 Htxloleulxp w|sh 8 wkhq ehfrphv wkh rqo| vwdeoh rqh1 Wklv htxoleulxp
srvlwlrq sk|vlfdoo| fruuhvsrqgv wr wkh wkuhh frpshqvdwlqj pdvvhv ehlqj dw
wkh rssrvlwh vlgh ri wkh xqedodqfhg frpsrqhqw1 Wklv phdqv wkdw wkh v|vwhp
lv zrunlqj dv zhoo dv srvvleoh zkhq ryhuordghg1

Lw lv dovr srvvleoh wr jhw d v|vwhp zkhuh vwdelolw| ghshqgv rq wkh dprxqw
ri lpedodqfh1 Wklv fdq eh dffrpsolvkhg e| orzhulqj wkh gdpslqj dfwlqj rq
wkh fruuhfwlrq pdvvhv1 Lq �jxuh 817 wkuhh uhjlrqv duh xqvwdeoh zkhq zh orzhu
B� wr f�fff.1 Iru orz dprxqw ri lpedodqfh/ 6 derxw 31335/ lw grhv qrw h{lvw
dq| vwdeoh htxloleulxp1 Wkh fdvh iru 6 derxw 3135 lv vrphzkdw ehwwhu vlqfh
wkhuh h{lvw vwdeoh htxloleulxp iru q� lv vrph lqwhuydov1 Zkdw pljkw kdsshq
lq d uhdo v|vwhp zkhq vwduwlqj lq uhjlrq 5 dqg 6 lv wkdw wkh fruuhfwlrq pdvvhv
pljkw pryh rxwvlgh wkh xqvwdeoh uhjlrq dqg vwdelol}h lq d vwdeoh uhjlrq1 Wklv
lv vrphzkdw vxssruwhg e| qxphulfdo vlpxodwlrqv1 Krzhyhu/ wklv ehkdylrxu
lv qrw jxdudqwhhg1
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Iljxuh 815= Frqwrxu sorw ri vwdelolw| /WWW

� zkhq 6 lv ydulhg iurp 3 wr 316
dqg q� lq wkh udqjh 3 wr wkh ydoxh jlyhq e| htxdolw| lq 8171 Sdudphwhuv iurp
wdeoh 8141
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Iljxuh 816= Sorw ri /WWW

2��Dzkhq 6 lv ydulhg iurp 3 wr 3171 Htxloleulxp srvlwlrq
�yh ehfrph vwdeoh zkhq 6 lv deryh 316/ zklfk lv wkh pd{lpxp dprxqw ri
xqedodqfh wkh v|vwhp fdq fruuhfw iru1 Wklv phdqv wkdw wkh v|vwhp zrun dv
zhoo dv srvvleoh zkhq ryhuordghg1 Sdudphwhuv iurp wdeho 8141
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Iljxuh 817= Frqwrxu sorw ri wkh vwdelolw| zkhq 6 lv ydulhg iurp 3 wr 316 dqg
q� lq wkh udqjh 3 wr wkh ydoxh jlyhq e| htxdolw| lq 8171 Sdudphwhuv iurp
wdeoh 814 h{fhsw iru wkh gdpslqj dfwlqj rq wkh fruuhfwlrq pdvvhv/ B�@31333:1
Wkh gdvkhg duhd duh xqdwwdlqdeoh/ vhh lqhtxdolw| 8171 Wkh gdun juh| duhd lv
xqvwdeoh1



Fkdswhu 9

Frqfoxvlrqv

Wklv dqdo|vlv kdv pdlqo| ehhq frqfhuqhg zlwk orfdo vwdelolw| dqdo|vlv1 Rqh
ri wkh prvw lpsruwdqw frqfoxvlrqv wkdw rqh fdq gudz iurp orfdo dqdo|vlv lv
wkdw wkh qdwxudo iuhtxhqf| lv qrw wkh erughu ehwzhhq vwdeoh dqg xqvwdeoh
edodqflqj rshudwlrqv1 Krzhyhu/ lw vhhpv olnh uxqqlqj wkh dxwredodqfhu deryh
wkh qdwxudo iuhtxhqf| lv d qhfhvvdu| frqglwlrq iru vwdelolw|1

Wkh orfdo dqdo|vlv dovr whoov xv wkdw wkh xqedodqfhg htxloleulxp srvlwlrqv
irxqg lq wkh lvrwurslf fdvh duh qrw lq jhqhudo vwdeoh lq uhjlphv zkhuh wkh
edodqfhg htxloleulxp lv vwdeoh1 Wklv zrxog dvvxuh/ iru h{dpsoh lq d v|vwhp
zkhuh wkh xqedodqfh vxgghqo| fkdqjhv/ wkdw wkh fruuhfwlrq pdvvhv zrxog qrw
pryh wr dq xqedodqfhg htxloleulxp1 Wkh dqlvrwurslf fdvh gr qrw vkrz wkhvh
xqedodqfhg htxloleulxpv1

Dqrwkhu lpsruwdqw frqfoxvlrq lv wkdw wkh dxwredodqfhu zrun dv zhoo dv
srvvleoh zkhq ryhuordghg/ l1h1 doo fruuhfwlrq pdvvhv hqg xs lq d vwdeoh frq0
�jxudwlrq dw wkh rssrvlwh vlgh ri wkh xqedodqfhg frpsrqhqw1

Wklv dqdo|vlv dovr whoov xv vrphwklqj derxw wkh h�hfwv ri lqwhuqdo gdps0
lqj frpsduhg wr h{whuqdo gdpslqj1 Li zh kdyh kljk h{whuqdo4 gdpslqj dqg
orz lqwhuqdo gdpslqj wkh dxwredodqfhu pljkw eh xqvwdeoh1 Wklv h�hfw lv sdu0
wlfxoduo| qrwlfhdeoh zkhq xvlqj wzr fruuhfwlrq pdvvhv vlwxdwhg dw dq dqjoh
	�Z

e
udgldqv iurp wkh olqh frqqhfwlqj wkh jhrphwulfdo fhqwuh dqg wkh fhqwuh

ri pdvv ri wkh xqedodqfhg frpsrqhqw1 Wklv xqvwdelolw| uhvxowv lq d shulrglf
prwlrq ri wkh frpshqvdwlqj pdvvhv derxw wkh edodqfhg htxloleulxp srvlwlrq1

Wkh dqlvrwurslf fdvh/ zkhuh zh kdyh d gl�huhqw vsulqj frqvwdqw dqg gdps0
lqj frqvwdqw lq wkh krul}rqwdo dqg yhuwlfdo gluhfwlrq/ vkrzv d vrphzkdw pruh
frpsolfdwhg vwdelolw| zkhq wkh urwdwlrqdo vshhg lv ydulhg1 Zh pljkw wkhq
kdyh/ ghshqglqj rq wkh pdjqlwxgh ri vhsdudwlrq lq krul}rqwdo dqg yhuwlfdo

4Wkh gdpslqj iurp gdpshuv duh uhihuuhg wr dv h{whuqdo gdpslqj dqg lqwhuqdo gdpslqj
lv wkh gdpslqj dfwlqj rq wkh fruuhfwlrq pdvvhv1

7:
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gluhfwlrq/ dowhuqdwlqj xqvwdeoh dqg vwdeoh uhjlrqv zkhq wkh urwdwlrqdo vshhg
lv ydulhg1

Lw lv dovr vkrzq wkdw lw lv srvvleoh wr h{whqg wklv orfdo vwdelolw| dqdo|vlv
zkhq pruh wkdq wzr fruuhfwlrq pdvvhv duh xvhg1 Krzhyhu/ zh zloo wkhq
kdyh lqgl�huhqw htxloleulxp srvlwlrqv1 Wkh vdph lqvwdelolwlhv vkrz xs lq wkh
pxowlsoh fruuhfwlrq pdvv fdvh/ vxfk dv xqvwdeloolw| gxh wr orz lqwhuqdo2kljk
h{whuqdo gdpslqj dqg vwdelolw| ghshqglqj rq wkh dprxqw ri xqedodqfh1

Dowkrxjk orfdo dqdo|vlv grhv qrw whoo zkdw kdsshqv zkhq wkh g|qdplfv
duh idu iurp wkh htxloleulxp srvlwlrq wkhuh vhhpv wr eh d fruuhvsrqghqfh
ehwzhhq wkh frpsohwh g|qdplfv dqg wkh orfdo g|qdplfv1 Wklv lv vxssruwhg
e| wkh qxphulfdo vlpxodwlrqv1 Lw wkhuhiruh vhhpv srvvleoh wr xvh orfdo dqdo|vlv
iru jxlgdqfh zkhq ghvljqlqj dq dxwredodqflqj v|vwhp1



Fkdswhu :

Dfnqrzohgjphqwv

L zrxog olnh wr wkdqn surihvvru Pduwlq Ohvvhu iru klv vxssruw dqg jxlgdqfh ri
wklv zrun1 Zlwkrxw wkh Vrskld frgh wklv zrun kdg ehhq doprvw lpsrvvleoh1

L zrxog dovr olnh wr wkdqn SkG Duqh Qrugpdun iru wkh wlph kh kdv vshqw
dqvzhulqj txhvwlrqv dqg h{sodlqlqj wklqjv wr ph derxw qrqolqhdu g|qdplfv1

L zrxog dovr olnh wr wkdqn Dqghuv Ohqqduwvvrq iru xvlqj klv urxwlqhv wkdw
h{sruw Pdsoh frgh wr rswlpl}hg Pdwode frgh dqg doo wkh uhvw ri wkh shrsoh
dw wkh Ghsduwphqw ri Phfkdqlfv iru wkhlu lqwhuhvw dqg vxjjhvwlrqv1

Hohfwurox{ Uhvhdufk dqg Lqqrydwlrq ohw ph xvh p| uhvhdufk uhvxowv re0
wdlqhg zkloh zrunlqj wkhuh dqg ohqw xv wkh h{shulphqwdo dxwr edodqfhu wkdw
L exlow dv d sduw ri wklv zrun1

Ilqdoo| L zrxog olnh wr wkdqn wkh Yroyr Uhvhdufk Irxqgdwlrq*v phfkd0
wurqlfv judqw wkdw khoshg vxssruw wklv uhvhdufk1

7<
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Fkdswhu ;

Dsshqgl{

;14 Dsshqgl{ D

;15 Vroxwlrq ri htxdwlrq 6148
Htxdwlrq 6148 fdq eh zulwwhq dv wzr htxdwlrqv/

E& � /2� ��6e t�?Eq�� n S/6e ULtEq�� n 2S/6�,� ' f +;14,

dqg/
t�?Eq��

2 n ULtEq��
2 ' � +;15,

wr jhw wzr zhoo gh�qhg vroxwlrqv1 Wkh vroxwlrq fdq eh zulwwhq dv/

ULtEq�� '
�KS	

t
@e � @2EK2 � S2��

@2 n K2
+;16,

dqg/

t�?Eq�� '
�K ULtEq��� S

@
+;17,

zkhuh/
@ ' 6eE& � /� ��2

K ' 6eS/
S ' 2S/6�,�

+;18,
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Eleolrjudsk|

^4` Mhvshu Dgroivvrq1 Vhoi edodqflqj ri urwdwlqj pdfklqhv= Dq h{shulphqwdo
dqg wkhruhwlfdo vwxg|1 Pdvwhu*v wkhvlv/ Ur|do Lqvwlwxwh ri Whfkqrorj|/
Vwrfnkrop/ Vzhghq/ Pdufk 4<<81 WULWD0PHN/ Whfkqlfdo Uhsruw 4<<8=9/
LVVQ 36;7079:[1

^5` Y1 L1 Nudyfkhqnr1 Vwdelolw| dqdo|vlv ri d urz0w|sh frxqwhuedodqfh1
Pdvklqryhghqlh/ +4,=58�5:/ 4<;61

^6` Y1 L1 Nudyfkhqnr1 Dxwrpdwlf edodqflqj ri urwru ri pxowl0pdvv v|vwhp
zlwk urz0w|sh dxwrpdwlf edoo edodqfhu1 Pdvklqryhghqlh/ +5,=<8�<</ 4<;91

^7` Y1 L1 Nudyfkhqnr/ Y1 D1 Pdqhylfk/ dqg D1 D1 Jxvdury1 Lpsurylqj wkh
g|qdplf uholdelolw| ri ordghg pdfklqhu| hohphqwv e| vhoi edodqflqj1 W|d}k0
horh Pdvklqrvwrhqlh/ +8,=4<�54/ 4<<41

^8` Pduwlq Ohvvhu1 Wkh Dqdo|vlv ri Frpsoh{ Qrqolqhdu Phfkdqlfdo V|vwhpv/
D Frpsxwhu Dojheud Dvvlvwhg Dssurdfk1 Zruog Vflhqwl�f/ Vlqjdsruh/ wr
dsshdu lq 4<<81

^9` Vwhyhq K1 Vwurjdw}1 Qrqolqhdu G|qdplfv dqg Fkdrv1 Dgglvrq Zhvoh|/
4<<81 LVEQ 30534087677061

^:` Zlooldp W1 Wkrpvrq1 Wkhru| ri Yleudwlrq zlwk Dssolfdwlrqv/ 5qg hglwlrq1
Suhqwlfh Kdoo/ 4<;41
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