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Frqyhqwlrqdo rqh0srlqw wxuexohqfh forvxuhv kdyh ehhq h{whqghg zlwk dq dggl0
wlrqdo wudqvsruwhg vfdodu iru prgholqj ri pdjqhwrk|gurg|qdplf +PKG, wxu0
exohqfh1 Wkh qhz vfdodu/ �/ fdswxuhv wkh ohqjwk vfdoh dqlvrwurs| dqg whqghqf|
wrzdugv wzr0glphqvlrqdolw|/ zklfk lv d fkdudfwhulvwlf ihdwxuh ri PKG wxuexohqfh/
dqg doorzv dffxudwh prgholqj ri wkh Mrxoh glvvlsdwlrq ri wxuexohqfh1 Wkh frq0
fhsw kdv ehhq xvhg iru erwk d ixoo Uh|qrogv vwuhvv forvxuh/ dqg d wkuhh0htxdwlrq
N0%0� prgho1 Dq h{dfw wudqvsruw htxdwlrq iru � zdv ghulyhg iurp wkh jryhuqlqj
htxdwlrqv1 Doo whupv lq wkh htxdwlrq uhtxluh prgholqj/ krzhyhu1 Wkh sursrvhg
prgho wudqvsruw htxdwlrq iru � lqfoxghv whupv iru pdjqhwlf glvvlsdwlrq/ qrq0
olqhdu hqhuj| wudqvihu/ dqg h�hfwv ri phdq vkhdu dqg vwudlq1 Prgholqj ri wkh
pdjqhwlf dqg vwudlq0uhodwhg whupv zdv edvhg rq udslg glvwruwlrq dqdo|vlv ri wkh
olqhdul}hg htxdwlrqv/ zkloh prgholqj ri qrqolqhdu h�hfwv lv skhqrphqrorjlfdo lq
qdwxuh1 Iru krprjhqhrxv wxuexohqfh/ wkh prgho zdv frpsduhg zlwk olqhdu wkh0
ru|/ gluhfw qxphulfdo vlpxodwlrqv dqg h{shulphqwv1 Iru wxuexohqfh vxemhfwhg wr
d vwurqj pdjqhwlf �hog/ wkh prgho uhsurgxfhv wkh hqhuj| dqg ohqjwk vfdoh hyr0
oxwlrq suhglfwhg e| olqhdu wkhru|1 Zkhq qrqolqhdu h�hfwv duh ri lpsruwdqfh/ lw
suhglfwv hqhuj| ghfd| dqg ohqjwk vfdoh hyroxwlrq lq djuhhphqw zlwk h{shulphqwv1
Wkh hgg| ylvfrvlw| dqg Uh|qrogv vwuhvv yhuvlrqv ri wkh prgho frlqflgh zlwk wkh
uhvshfwlyh frqyhqwlrqdo prghov lq wkh devhqfh ri d pdjqhwlf �hog1 Wkh remhfwlyh
ri wklv surmhfw kdv ehhq wr ghyhors h�flhqw PKG wxuexohqfh prghov iru hqjl0
qhhulqj dssolfdwlrqv/ hvshfldoo| iru prgholqj ri frqwlqxrxv vwhho fdvwlqj1 Wkh
qryho PKG wxuexohqfh prghov dsshdu wr eh qxphulfdoo| urexvw/ dqg wkh| kdyh
ehhq lpsohphqwhg lq d frpphufldo �rz vroyhu/ wrjhwkhu zlwk hohfwurpdjqhwlf
htxdwlrqv iru wkh Oruhqw} irufhv lq wkh phdq prphqwxp htxdwlrqv1

Ghvfulswruv= Wxuexohqfh prgho/ pdjqhwrk|gurg|qdplfv/ PKG/ pdjqhwrk|0
gurg|qdplf wxuexohqfh/ frpsxwdwlrqdo �xlg g|qdplfv/ frqwlqxrxv fdvwlqj/ gl0
phqvlrqdolw|/ Uh|qrogv vwuhvvhv/ hgg| ylvfrvlw|
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Wklv wkhvlv frqvlghuv wkh prgholqj ri pdjqhwrk|gurg|qdplf +PKG, wxuexohqfh/
e| lqfoxglqj dgglwlrqdo vwuxfwxudo lqirupdwlrq lq frqyhqwlrqdo Uh|qrogv vwuhvv
dqg hgg|0ylvfrvlw| forvxuhv1 Wkh wkhvlv lv edvhg rq dqg frqwdlqv wkh iroorzlqj
sdshuv1

Sdshu 41 �� b�a,�Aae 7� ~B�iB� < 8� Q� �Bi" +4<<;, Ghyhorsphqw ri d
Uh|qrogv vwuhvv forvxuh iru prgholqj ri krprjhqhrxv PKG wxuexohqfh1 Sk|v1
Ioxlgv 43/ 4<;:~4<<91

Sdshu 51 �� b�a,�Aae 7� ~B�iB� < 8� Q� �Bi" +5333, Vwuxfwxuh lqirupd0
wlrq lq udslg glvwruwlrq dqdo|vlv dqg rqh0srlqw prgholqj ri d{lv|pphwulf pdj0
qhwrk|gurg|qdplf wxuexohqfh1 Sk|v1 Ioxlgv 45/ 593<~59531

Sdshu 61 �� b�a,�Aa < D� CB,,O�BW" +5333, Prgholqj ri dqlvrwurslf wxu0
exohqw wudqvsruw lq vlpxodwlrqv ri oltxlg phwdo �rzv lq pdjqhwlf �hogv1 6ug
Lqw1 V|psrvlxp rq Hohfwurpdjqhwlf Surfhvvlqj ri Pdwhuldov/ HSP5333/ Qdjr|d/
Mdsdq/ Dsulo 609/ 53331 LVLM1

Sdshu 71 �� b�a,�Aa +5333, PKG wxuexohqfh prgholqj= H�hfwv ri phdq
vwudlq rq glphqvlrqdolw| dqlvrwurs|1 Wr eh vxeplwwhg1

Sdshu 81 �� b�a,�Aa +5333, Lpsohphqwdwlrq ri PKG prgho htxdwlrqv lq
FI[ 7161 Whfkqlfdo Uhsruw WULWD0PHN 5333=43/ Ghsw1 ri Phfkdqlfv/ NWK/
Vwrfnkrop1

Sdshu 91 �� b�a,�Aa +5333, Prgholqj dqlvrwurslf PKG wxuexohqfh lq vlp0
xodwlrqv ri oltxlg phwdo �rzv1 7wk Lqwhuqdwlrqdo SDPLU Frqihuhqfh/ Suhvtx*a�oh
gh Jlhqv/ Iudqfh/ 4;055 Vhswhpehu/ 53331 SDPLU1

Sdshu :1 �� b�a,�Aa +5333, Qrqolqhdu h�hfwv lq prgholqj ri krprjhqhrxv
PKG wxuexohqfh ~ Frpsdulvrq zlwk h{shulphqw Wr eh vxeplwwhg1

Frpsduhg wr douhdg| sxeolvkhg yhuvlrqv/ wkh sdshuv kdyh khuh ehhq w|shvhw lq d
frqvlvwhqw irupdw/ dqg plqru w|srv kdyh ehhq fruuhfwhg1
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Idudgd| dqg klv frqwhpsrudulhv zhuh douhdg| lq wkh hduo| 4<wk fhqwxu| dzduh
ri wkh lqwhudfwlrq ehwzhhq d pdjqhwlf �hog/ dqg dq remhfw prylqj wkurxjk lw
^46`1 Wkh| nqhz/ wkdw li dq hohfwulfdoo| frqgxfwlqj vrolg remhfw ru d �xlg pryhv
wkurxjk d pdjqhwlf �hog/ dq hohfwulf fxuuhqw lv jhqhudwhg1 Wkh fxuuhqw lqgxfhv
d pdjqhwlf �hog ri lwv rzq/ zklfk glvwruwv wkh ruljlqdo �hog1 Wkh fxuuhqw dovr
lqwhudfwv zlwk wkh pdjqhwlf �hog wr fuhdwh irufhv/ zklfk whqg wr frxqwhudfw wkh
ruljlqdo prwlrq1

Wkh lqwhuhvw iru wkh lqwhudfwlrq ehwzhhq frqgxfwlqj �xlgv dqg pdjqhwlf �hogv
lqfuhdvhg lq wkh hqg ri wkh 4<wk fhqwxu|/ zkhq dvwursk|vlflvwv uhdol}hg wkdw hohf0
wulfdoo| frqgxfwlqj lrql}hg jdvhv +sodvpdv, duh dexqgdqw lq wkh xqlyhuvh/ wrjhwkhu
zlwk vwurqj pdjqhwlf �hogv1 Wkh frqfhqwudwlrq ri jdvhv lv qdwxudoo| yhu| orz/
exw wkh h�hfwv fdq eh gudpdwlf ehfdxvh wkh wlph vfdohv dqg ohqjwk vfdohv duh
h{wuhpho| odujh1 Lq 4<4</ Odupru suhvhqwhg d eulhi frppxqlfdwlrq zlwk wkh wlwoh
_Krz frxog d urwdwlqj erg| vxfk dv wkh Vxq ehfrph d pdjqhwB% ^4<`1 Rqh ri
wkh h{sodqdwlrqv vxjjhvwhg e| Odupru zdv wkdw wkh urwdwlqj prwlrq ri wkh vxq
lqgxfhv hohfwulfdo fxuuhqwv/ zklfk wkhpvhoyhv surgxfh wkh pdjqhwlf �hog qhfhv0
vdu| iru wkhlu fuhdwlrq1 Wkh uhvxow lv d vhoi0h{flwlqj k|gurg|qdplf g|qdpr +vhh/
h1j1/ Pr�dww ^5:`,1 Pxfk odwhu jhrsk|vlflvwv hpeudfhg wkh g|qdpr wkhru| iru
h{sodlqlqj krz wkh urwdwlrq ri wkh hduwk fdxvhv lwv oltxlg fruh wr jhqhudwh wkh
hduwk pdjqhwlf �hog1 Wkh whup _pdjqhwrk|gurg|qdplfv% zdv lqwurgxfhg e| wkh
Vzhglvk dvwursk|vlflvw Kdqqhv Doiy�hq lq 4<75 ^6`/ zkhq kh/ lq d fodvvlfdo sdshu
lq Qdwxuh/ uhsruwhg wkh �uvw pdwkhpdwlfdo ghgxfwlrq ri pdjqhwrk|gurg|qdplf
zdyh prwlrq/ odwhu nqrzq dv Doiy�hq zdyhv1 Dw derxw wklv wlph/ wkh irupdo wkh0
ru| ri pdjqhwrk|gurg|qdplfv +PKG, zdv �qglqj lwv suhvhqw irup +vhh/ h1j1/
Vkhufol� ^68`,1

Wkh �uvw hohfwurpdjqhwlf sxpsv dqg jhqhudwruv zhuh frqfhlyhg durxqg 4<53/
dqg hvshfldoo| vlqfh wkh vhfrqg zruog zdu/ PKG kdv irxqg zlgh0vsuhdg sudfwlfdo
dqg lqgxvwuldo dssolfdwlrq1 Hohfwurpdjqhwlf sxpslqj ri oltxlg phwdo frrodqwv
zdv/ iru h{dpsoh/ vwdqgdug sudfwlfh lq wkh hduo| qxfohdu uhdfwru ghvljqv/ dqg
PKG lv d fruqhuvwrqh lq prghuq uhvhdufk rq frqwuroohg wkhuprqxfohdu ixvlrq1
Lq d ixvlrq uhdfwru/ wkh krw sodvpd lv frq�qhg xvlqj pdjqhwlf �hogv/ dqg olt0
xlg phwdo _eodqnhwv% duh xvhg erwk iru frrolqj dqg prghudwlrq1 Pdjqhwlf �hogv
duh xvhg lq pdwhuldov surfhvvlqj iru khdwlqj/ ohylwdwlrq +wr dyrlg frqwdplqdwlrq,/
vwluulqj/ dqg �rz frqwuro1 Lq wkh pdqxidfwxuh ri vhpl0frqgxfwru vxevwudwhv/ pdj0
qhwlf �hogv duh dssolhg lq wkh fu|vwdo jurzwk surfhvv wr frqwuro wkh ghwulphqwdo
h�hfw ri qdwxudo frqyhfwlrq1 Lq wkh phwdooxujlfdo lqgxvwu|/ pdjqhwlf �hogv duh
frpprqo| xvhg iru vwluulqj dqg eudnlqj ri oltxlg phwdo �rzv1
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5 41 LQWURGXFWLRQ

D surfhvv ri sduwlfxodu uhohydqfh iru wklv wkhvlv lv wkh frqwlqxrxv fdvwlqj
ri vwhho1 Lq wklv surfhvv/ wkh oltxlg vwhho lv frqwlqxrxvo| vxssolhg wr d zdwhu
frrohg frsshu prog wkurxjk d vxephujhg lqohw slsh1 Wkh vwurqj prphqwxp ri
wkh lqmhfwhg oltxlg vwhho fdxvhv uhflufxodwlrq lq wkh prog dqg wklv pd| ohdg wr
lqfoxvlrq ri sduwlfohv dqg lpsxulwlhv/ wkdw zrxog rwkhuzlvh pljudwh wr wkh vodj
od|hu dw wkh vxuidfh1 Wkh �xlg prwlrq lq wkh prog fdq eh gdpshg dqg frqwuroohg
e| dsso|lqj d vwdwlf pdjqhwlf �hog dfurvv wkh prog1 Wkh �hog lv surylghg e| d
vr0fdoohg hohfwurpdjqhwlf eudnh +HPEU,/ d ghylfh riwhq xvhg wr lpsuryh txdolw|
dqg surgxfwlylw| lq frqwlqxrxv fdvwlqj rshudwlrqv1 Wkh sulpdu| h�hfw ri wkh
pdjqhwlf �hog lv khuh wr eudnh wkh phdq �rz> wkh prwlrq ri wkh �xlg wkurxjk
wkh pdjqhwlf �hog lqgxfhv Oruhqw} irufhv/ zklfk whqg wr frxqwhudfw wkh prwlrq
shushqglfxodu wr wkh pdjqhwlf �hog1 Dqrwkhu h�hfw lv pdjqhwlf glvvlsdwlrq ri
wxuexohqfh/ ru Mrxoh glvvlsdwlrq/ zklfk uhgxfhv wkh wxuexohqw wudqvsruw ri khdw
dqg prphqwxp1 Iljxuh 414 looxvwudwhv wkh h�hfw ri d orfdol}hg pdjqhwlf �hog
rq wkh phdq �rz lq wkh prog1 Wkh prphqwxp ri wkh lqohw mhw lv uhgxfhg dqg
uhgluhfwhg1 Wkh shqhwudwlrq ghswk ri wkh mhw lv wkxv frqvlghudeo| uhgxfhg/ dv
lv wkh hqwudsphqw ri r{lgh sduwlfohv dqg jdv exeeohv1 Wkh phqlvfxv/ l1h1/ wkh
qhdu0zdoo lqwhuidfh ehwzhhq oltxlg vwhho dqg wkh vodj od|hu/ zloo eh fdophu dqg wkh
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41 LQWURGXFWLRQ 6

vxuidfh whpshudwxuh kljkhu1 Wkh lqfuhdvhg vwdelolw| ri wkh surfhvv riwhq ohdgv wr
d vxevwdqwldo uhgxfwlrq ri fudfnv lq wkh vxuidfh ri wkh surgxfw1

Pdqxidfwxuhuv ri pdjqhwlf eudnhv xvh qxphulfdo �rz vlpxodwlrqv wr rswl0
pl}h wkhlu ghvljqv dqg yhuli| wkdw wkh| phhw shuirupdqfh vshfl�fdwlrqv +vhh/
h1j1/ Ohkpdq hw do1 ^55`,/ dqg vwhho surgxfhuv xvh vlpxodwlrqv wr rswlpl}h wkhlu
surfhvvhv ^6</ 76`1 Wkh prvw hfrqrplf zd| ri vlpxodwlqj wxuexohqw �rzv lv wr
vroyh htxdwlrqv iru wkh phdq �rz yhorflwlhv/ phdq whpshudwxuhv/ hwf1 Wkh h�hfwv
ri wkh wxuexohqw �xfwxdwlrqv rq wkh phdq �rz duh dffrxqwhg iru e| lqfoxglqj
prgho htxdwlrqv iru vwdwlvwlfdo wxuexohqfh txdqwlwlhv1 Frpprq txdqwlwlhv xvhg
lq wxuexohqfh prghov duh wkh nlqhwlf hqhuj| ri wkh wxuexohqfh +wxuexohqfh lq0
whqvlw|,/ dqg txdqwlwlhv uhodwhg wr ohqjwk vfdohv ru wlph vfdohv ri wkh odujhvw
wxuexohqw hgglhv/ zklfk dffrxqw iru prvw ri wkh wxuexohqw wudqvsruw1 Wkh h{0
whqvlrq ri frpphufldo qxphulfdo �rz vroyhuv wr lqfoxgh wkh h�hfwv d pdjqhwlf
�hog rq wkh phdq �rz lv uhodwlyho| vwudljkwiruzdug/ exw wkh h�hfw ri wkh pdj0
qhwlf �hog rq wxuexohqfh lv pruh gl�fxow wr lqfrusrudwh1 Wkh pdjqhwlf irufhv dfw
suhihuhqwldoo| rq prwlrq shushqglfxodu wr wkh pdjqhwlf �hog1 Rqh frqvhtxhqfh
ri wklv lv wkdw wxuexohqw vwuxfwxuhv duh horqjdwhg lq wkh gluhfwlrq ri wkh pdjqhwlf
�hog1 Wkhvh vwuxfwxudo fkdqjhv duh yhu| lpsruwdqw iru d fruuhfw ghvfulswlrq ri
Mrxoh glvvlsdwlrq ri wxuexohqfh/ exw wkh h�hfwv duh qrw fdswxuhg e| frqyhqwlrqdo
wxuexohqfh prghov1

Li zh orrn dw wkh h�hfwv ri d pdjqhwlf �hog lq pruh ghwdlo/ lw lv xvhixo wr
gh�qh d ihz glphqvlrqohvv qxpehuv1 Wkh lqwhudfwlrq ehwzhhq wkh �xlg �rz dqg
wkh pdjqhwlf �hog lv fkdudfwhul}hg e| wkh pdjqhwlf Uh|qrogv qxpehu1 Iru dq
lqfrpsuhvvleoh Qhzwrqldq �xlg zlwk frqvwdqw ghqvlw| �/ pdjqhwlf shuphdelolw|
� dqg hohfwulf frqgxfwlylw| �/ wkh pdjqhwlf Uh|qrogv qxpehu lv gh�qhg dv

Up � ��XO @
XO

�
> +414,

zkhuh X dqg O duh fkdudfwhulvwlf yhorflw| dqg ohqjwk vfdohv ri wkh �rz/ dqg
� @ 4@+��, lv wkh pdjqhwlf �hog gl�xvlylw|1 Ohkqhuw ^56` zdv wkh �uvw wr irupx0
odwh wkh glphqvlrqohvv qxpehu +414, dqg uhfrjql}h wkh dqdorj| zlwk wkh k|gur0
g|qdplf Uh|qrogv qxpehu Uh @ XO@� +zkhuh � lv wkh nlqhpdwlf ylvfrvlw|,1 Wkh
pdjqhwlf Uh|qrogv qxpehu fdq eh lqwhusuhwhg dv d udwlr ri wkh wlph vfdohv iru
gl�xvlrq ri pdjqhwlf �hog shuwxuedwlrqv/ dqg �rz frqyhfwlrq1 Lq prvw lqgxvwuldo
dqg oderudwru|0vfdoh oltxlg phwdo �rzv/ pdjqhwlf gl�xvlrq grplqdwhv/ dqg wkh
pdjqhwlf Uh|qrogv qxpehu lv yhu| orz/ Up� 41 Wklv phdqv wkdw wkh glvwruwlrq
ri wkh pdjqhwlf �hog gxh wr wkh �rz lv qhjoljleoh/ dqg rxu wkhruhwlfdo wuhdwphqw
ri wkh hohfwurpdjqhwlf htxdwlrqv fdq eh vlpsol�hg frqvlghudeo|1

Uhjduglqj pdjqhwlf h�hfwv rq wkh �rz/ wkh vwuhqjwk ri pdjqhwlf h�hfwv uho0
dwlyh wr lqhuwldo phfkdqlvpv lv phdvxuhg e| wkh pdjqhwlf lqwhudfwlrq sdudphwhu/
gh�qhg dv

Q � �E5

�

O

X
> +415,

zkhuh E lv wkh �x{ ghqvlw| ri wkh pdjqhwlf �hog1 Q lv wkh udwlr ri lqhuwldo irufhv
dqg pdjqhwlf Oruhqw} irufhv/ fkdudfwhul}hg e| wlph vfdohv O@X dqg �@+�E5,/
uhvshfwlyho|1



7 41 LQWURGXFWLRQ

Ohkqhuw ^57` vwxglhg wkh ghfd| ri wxuexohqfh lq dq lpsrvhg pdjqhwlf �hog
Kh frqvlghuhg wkh �qdo shulrg ri ghfd|/ zkhuh erwk pdjqhwlf dqg ylvfrxv irufhv
duh suhvhqw +Uh� 4,/ exw qrqolqhdu h�hfwv duh qhjoljleoh1 Ohkqhuw irupxodwhg
wkh olqhdul}hg lqgxfwlrq dqg prphqwxp htxdwlrqv/ dqg ghulyhg d odz ri ghfd|
iru wkh vshfwudo hqhuj| whqvru +vhh Vhf1 61416,1 Kh qrwhg wkdw wkh dv|pswrwlf
vwdwh ri ghfd| lv wzr0glphqvlrqdo zlwk uhvshfw wr wkh pdjqhwlf �hog/ vr wkdw
vxuylylqj wxuexohqw vwuxfwxuhv duh yhu| orqj wkh gluhfwlrq ri wkh pdjqhwlf �hog1
Pr�dww odwhu frqwlqxhg dorqj wkh vdph olqhv ^59`> Kh xvhg Ohkqhuw*v olqhdul}hg
htxdwlrqv/ irfxvlqj rq wkh fdvh ri kljk Uh|qrogv qxpehu/ Uh 4/ dqg vwurqj
pdjqhwlf �hogv/ Q  4/ zkhuh dovr ylvfrxv h�hfwv fdq eh qhjohfwhg1 Iru wkh fdvh
ri orz pdjqhwlf Uh|qrogv qxpehu/ Pr�dww irxqg wkdw wxuexohqw nlqhwlf hqhuj|
ghfd|v dv N � +w@�p,�4@5/ zkhuh �p @ �@+�E5, lv wkh pdjqhwlf wlph vfdoh1 Lw
lv lqwhuhvwlqj wr qrwh wkdw wklv riwhq flwhg uhvxow iroorzv douhdg| iurp lqwhjudwlrq
ri Ohkqhuw*v ghfd| odz iru wkh vshfwudo hqhuj|1 Pr�dww ixuwkhu vkrzhg wkdw/
dowkrxjk wkh �qdo vwdwh ri ghfd| lv wzr0glphqvlrqdo +qr yduldwlrq lq wkh gluhfwlrq
ri wkh �hog,/ olqhdu wkhru| suhglfwv wkdw wkh uhpdlqlqj wxuexohqw nlqhwlf hqhuj|
lv sduwlwlrqhg htxdoo| ehwzhhq �xfwxdwlrqv sdudooho zlwk/ dqg shushqglfxodu wr
wkh pdjqhwlf �hog1

Vrpphuld dqg Pruhdx ^6:`/ dqg Gdylgvrq ^44` xvhg glphqvlrqdo dujxphqwv
wr hvwlpdwh wkh ghyhorsphqw ri ohqjwk vfdoh dqlvrwurs| gxulqj wkh olqhdu skdvh
ri ghfd|1 Li oB dqg on/ uhvshfwlyho|/ duh ohqjwk vfdohv lq wkh shushqglfxodu dqg

sdudooho gluhfwlrqv uhodwlyh wr wkh pdjqhwlf �hog/ wkh| irxqg wkdw on � +w@�p,4@5/
li oB lv dvvxphg wr fkdqjh rqo| vorzo|1 Gdylgvrq dujxhg wkdw wkh �hog0sdudooho
frpsrqhqw ri dqjxodu prphqwxp lv frqvhuyhg gxulqj ghfd| lq d pdjqhwlf �hog/
dqg wklv ohdg wr wkh hqhuj| ghfd| udwh irxqg hduolhu e| Ohkqhuw dqg Pr�dww1

D vfdoh hvwlpdwh ri wkh pdjqhwlf whup lq wkh olqhdul}hg htxdwlrqv vkrzv wkdw
wkh pdjqhwlf Mrxoh glvvlsdwlrq/ �/ ri wxuexohqw nlqhwlf hqhuj|/ N/ lv

� � 4

�p

�
oB
on

�5
N

+vhh/ h1j1/ Gdylgvrq ^44`,1 Hyhq li Mrxoh glvvlsdwlrq grplqdwhv lqlwldoo|/ lw zloo
glplqlvk zlwk jurzlqj dqlvrwurs| ri wkh ohqjwk vfdohv/ dqg zh zloo hyhqwxdoo|
uhdfk d srlqw zkhuh qrqolqhdu lqhuwldo h�hfwv duh qr orqjhu qhjoljleoh1 Li wkh
lqlwldo lqwhudfwlrq sdudphwhu lv Q3/ Dohpdq| hw do1 ^5`/ dqg Vuhhqlydvdq dqg
Doerxvvl�huh ^6;` kdyh hvwlpdwhg wkdw wkh gxudwlrq ri wkh olqhdu skdvh ri ghfd| lv

wolq � �pQ
7@6
3 1 Wkh uroh ri qrqolqhdu lqhuwldo phfkdqlvpv lq PKG wxuexohqfh lv

vwloo qrw zhoo xqghuvwrrg/ exw wkh| duh h{shfwhg wr lqfuhdvh wkh Mrxoh glvvlsdwlrq
udwh/ e| wudqvihuulqj hqhuj| wr uhjlrqv ri vshfwudo vsdfh zkhuh Mrxoh glvvlsdwlrq
lv vwurqj +vhh/ h1j1/ Pruhdx ^5;`,1

Prvw ri wkh PKG h{shulphqwv uhsruwhg rq lq wkh olwhudwxuh duh vwxglhv ri
slsh dqg fkdqqho �rzv/ erwk odplqdu dqg wxuexohqw1 Pdjqhwlf �hogv duh jhqhudoo|
irxqg wr uhgxfh wkh ohyho ri wxuexohqfh/ dqg ghod| wudqvlwlrq iurp odplqdu wr
wxuexohqw �rz1 Wkh prqrjudsk e| Eudqryhu rq PKG gxfw �rzv ^8`/ dqg wkh
uhylhz e| Olhodxvlv ^58` surylgh jrrg ryhuylhzv ri h{shulphqwdo uhvxowv1 Wkh
wkhvlv ri Exuu ^9` lv dq h{dpsoh ri pruh uhfhqw zrun1
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Wkh h{shulphqwdo vhwxs xvhg e| Dohpdq| hw do1 ^5`/ dqg odwhu Fdshudq dqg
Dohpdq| ^;`/ lv xqltxh dv lw lv suredeo| wkh rqo| rqh zkhuh zdoo h�hfwv duh
qhjoljleoh1 Wkh| vwxglhg wkh ghfd| ri krprjhqhrxv julg jhqhudwhg wxuexohqfh lq d
pdjqhwlf �hog1 Wkh lqlwldo lqwhudfwlrq sdudphwhu zdv ri rughu xqlw|/ vr qrqolqhdu
h�hfwv vkrxog eh lpsruwdqw1 Wkh| irxqg wkh hqhuj| ghfd| udwh N � w�4=:/ zklfk
lv vljql�fdqwo| idvwhu wkdq wkh wkhruhwlfdo uhvxowv iru wkh olqhdu fdvh phqwlrqhg
hduolhu1

Wkh prvw dffxudwh dssurdfk wr qxphulfdo prgholqj lv gluhfw qxphulfdo vlp0
xodwlrqv +GQV,/ zkhuh rqh uhvroyhv doo wxuexohqw �xfwxdwlrqv lq wlph dqg vsdfh1
Douhdg| lq 4<:9/ Vfkxpdqq xvhg GQV wr vwxg| wkh ghfd| ri krprjhqhrxv wxu0
exohqfh lq d pdjqhwlf �hog ^67`1 Lq d pruh uhfhqw vwxg|/ ]lndqry dqg Wkhvv
^77` dssolhg dq duwl�fldo iruflqj wr vwxg| wkh ghyhorsphqw ri wzr0glphqvlrqdo
wxuexohqfh1 Qrjxfkl hw do1 ^63/ 4:` kdyh shuiruphg GQV ri d sodqh fkdqqho �rz
lq d zhdn pdjqhwlf �hog +Q � 4,1 Krprjhqhrxv PKG wxuexohqfh kdv dovr
ehhq vwxglhg xvlqj vshfwudo prghov/ olnh wkh hgg|0gdpshg txdvl0qrupdo Pdunry0
ldq +HGTQP, dssur{lpdwlrq/ dqg wkh gluhfw0lqwhudfwlrq dssur{lpdwlrq +GLD,1
Vhh Qdndxfkl hw do1 ^5<` dqg Vklprpxud ^69` iru dssolfdwlrqv ri HGTQP dqg d
wzr0vfdoh yhuvlrq ri GLD/ uhvshfwlyho|1

Wkh wxuexohqfh prghov jhqhudoo| xvhg iru frpsxwdwlrq ri frpsoh{ �rzv lq
lqgxvwuldo dssolfdwlrqv uho| rq vwdwlvwlfdo txdqwlwlhv iru prgholqj ri wxuexohqw
wudqvsruw1 Rqh ri wkh prvw srsxodu prghov/ wkh N0% prgho/ lqfoxgh wudqvsruw
htxdwlrqv iru wkh wxuexohqw nlqhwlf hqhuj|/ N/ dqg wkh ylvfrxv glvvlsdwlrq udwh/ %1
Wxuexohqw wudqvsruw lq wkh phdq htxdwlrqv lv wkhq prghohg e| gh�qlqj d wxuex0
ohqw ylvfrvlw| dv d ixqfwlrq ri wkh yduldeohv N dqg %1 Lq pruh dgydqfhg prghov/
wudqvsruw htxdwlrqv duh lqwurgxfhg iru wkh Uh|qrogv vwuhvvhv dsshdulqj lq wkh
phdq prphqwxp htxdwlrqv1 Wkh Uh|qrogv vwuhvvhv duh vwdwlvwlfdo vhfrqg pr0
phqwv ri yhorflw| �xfwxdwlrqv lq doo gluhfwlrqv1 Frqyhqwlrqdo wxuexohqfh forvxuhv
fduu| qr lqirupdwlrq derxw ohqjwk vfdoh dqlvrwurslhv/ krzhyhu/ dqg wklv pdnhv lw
gl�fxow wr lqfrusrudwh PKG h�hfwv lq d sk|vlfdoo| uhdolvwlf zd|1 Ml dqg Jdug0
qhu ^49` sursrvhg d prgl�fdwlrq ri d orz0Uh N0% prgho iru prgholqj ri PKG
slsh �rzv1 Wkh| xvhg dq h{srqhqwldo gdpslqj ixqfwlrq wr prgho d ghfuhdvh ri
wkh Mrxoh glvvlsdwlrq zlwk lqfuhdvlqj pdjqhwlf �hog vwuhqjwk +dv phdvxuhg e| d
exon lqwhudfwlrq sdudphwhu,1 Pruh uhfhqwo|/ Nhqmhuh�v dqg Kdqmdol�f ^4;` vxjjhvwhg
vljql�fdqw lpsuryhphqwv ri wklv prgho1

Wkh remhfwlyh ri wkh zrun suhvhqwhg lq wklv wkhvlv kdv ehhq wr ghyhors dq
h�hfwlyh dqg qxphulfdoo| urexvw hqjlqhhulqj wxuexohqfh forvxuh iru lqgxvwuldo
PKG dssolfdwlrqv1 Wkh forvxuh ghyhorshg khuh gl�hu iurp hduolhu zrun e| lqwur0
gxflqj dq dgglwlrqdo wudqvsruwhg vfdodu yduldeoh iru wkh ohqjwk vfdoh dqlvrwurs|
lqirupdwlrq zh qhhg iru prgholqj ri wkh Mrxoh glvvlsdwlrq1 Wkh gh�qlwlrq ri wkh
qhz glphqvlrqdolw| dqlvrwurs| yduldeoh � lv vxfk wkdw wkh Mrxoh glvvlsdwlrq ri
krprjhqhrxv wxuexohqfh fdq eh h{suhvvhg h{dfwo| dv

� @
5�E5

�
�N=

D wudqvsruw htxdwlrq iru wkh yduldeoh � fdq eh ghulyhg iurp wkh jryhuqlqj htxd0
wlrqv/ exw doo whupv uhtxluh prgholqj1 Wkh uhvxowlqj prgho htxdwlrq iru � lq0
foxghv h�hfwv ri phdq vwudlq/ qrqolqhdu hqhuj| wudqvihu/ dqg pdjqhwlf glvvlsdwlrq1
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Wkh pdjqhwlf whupv lq wkh % dqg Uh|qrogv vwuhvv htxdwlrqv fdq dovr eh prghohg
lq whupv ri �1 Wkh vfdodu � dqg lwv wudqvsruw htxdwlrq fdq wkxv eh xvhg iru
dq PKG h{whqvlrq ri frqyhqwlrqdo wxuexohqfh forvxuhv/ iru h{dpsoh lq d wkuhh0
htxdwlrq _N0%0�% prgho/ ru dq hljkw0htxdwlrq _Uh|qrogv vwuhvv~�% prgho1
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5141 Jryhuqlqj htxdwlrqv

Zlwk vsdwldo frruglqdwhv { dqg wlph w/ wkh Qdylhu~Vwrnhv dqg frqwlqxlw|
htxdwlrqv iru wkh lqvwdqwdqhrxv yhorflw| �hog xl+{> w, ri dq lqfrpsuhvvleoh �xlg
duh

Cxl
Cw

. xm
Cxl
C{m

@ �4

�

Cs

C{l
. �

C5xl
C{mC{m

. il> +514,

Cxl
C{l

@ 3> +515,

zkhuh s+{> w, lv wkh suhvvxuh �hog/ � lv frqvwdqw �xlg ghqvlw|/ � lv wkh nlqhpdwlf
ylvfrvlw|/ dqg il lv wkh pdjqhwlf Oruhqw} irufh/ dv jryhuqhg e| wkh Pd{zhoo
htxdwlrqv1 Xvlqj orzhu0fdvh ohwwhuv wr ghqrwh lqvwdqwdqhrxv ydoxhv/ zh kdyh

il @
4

�
�lnqmneq= +516,

Wkh hohfwulf fxuuhqw ghqvlw| ml lv jlyhq e| Rkp*v odz/

ml @ �+hl . �lnqxneq,> +517,

zkhuh hl lv wkh hohfwulf �hog dqg el wkh pdjqhwlf �x{ ghqvlw|1 Wkh vfdodu hohfwur0
vwdwlf srwhqwldo ! lv gh�qhg e|

hl @ � C!

C{l
= +518,

Lq wkh devhqfh ri iuhh fkdujhv/ wkh hohfwulf fxuuhqw ghqvlw| lv glyhujhqfh iuhh1 Li
wkh frqgxfwlylw| � lv frqvwdqw/ wkh glyhujhqfh ri Rkp*v odz +517,/ wrjhwkhu zlwk
+518,/ wkhuhiru |lhogv

C5!

C{lC{l
@ �lmn

C

C{l
+xmen,= +519,

5151 Uh|qrogv ghfrpsrvlwlrq

Wkh lqvwdqwdqhrxv yduldeohv deryh fdq eh vsolw lqwr phdq dqg �xfwxdwlqj
sduwv/ xvlqj wkh vr0fdoohg Uh|qrogv ghfrpsrvlwlrq1 Zh gh�qh wkh phdq ri d
txdqwlw| y dv wkh hqvhpeoh dyhudjh ryhu dq lq�qlwh qxpehu ri uhdol}dwlrqv/

kyl @ olp
Q$4

4

Q

Q[
q@4

yq= +51:,

:



; 51 EDVLF FRQFHSWV

Iru wkh txdqwlwlhv lq wkh Qdylhu~Vwrnhv htxdwlrqv/ wkh Uh|qrogv ghfrpsrvlwlrq
lv gh�qhg e|

xl+{> w, � kxl+{> w,l. x3l+{> w, @ Xl+{> w, . x3l+{> w,>

s+{> w, � ks+{> w,l. s3+{> w, @ S +{> w, . s3+{> w,> +51;,

il+{> w, � kil+{> w,l. i 3l+{> w, @ Il+{> w, . i 3l+{> w,>

zkhuh zh kdyh xvhg fdslwdo ohwwhuv wr ghqrwh wkh phdq txdqwlwlhv/ dqg sulphv wr
ghqrwh wkh �xfwxdwlqj sduwv1 Uh|qrogv ghfrpsrvlwlrqv iru wkh hohfwurpdjqhwlf
txdqwlwlhv duh gh�qhg lq wkh vdph zd|/ h{fhsw iru wkh pdjqhwlf �x{ ghqvlw|= wkh
phdq pdjqhwlf �x{ ghqvlw| lv wkh vxp ri wkh lqgxfhg phdq �x{ ghqvlw| EL +gxh
wr wkh phdq �rz,/ dqg wkh dssolhg h{whuqdo pdjqhwlf �hog E3/

el+{> w, � kel+{> w,l. e3l+{> w, @ El+{> w, . e3l+{> w,> +51<,

zkhuh

El+{> w, @ ELl+{> w, .E3l+{,= +5143,

Wkh h{whuqdo pdjqhwlf �hog E3 lv khuh dvvxphg vwhdg|/ exw qrw qhfhvvdulo| kr0
prjhqhrxv1 Iru hohfwulf fxuuhqw/ hohfwulf srwhqwldo/ dqg hohfwulf �hog/ zh kdyh

ml+{> w, � Ml+{> w, . m3l+{> w,>

!+{> w, � �+{> w, . !3+{> w,> +5144,

hl+{> w, � Hl+{> w, . h3l+{> w,=

515141 Phdq htxdwlrqv1 Wkh hqvhpeoh dyhudjhg Qdylhu~Vwrnhv dqg frq0
wlqxlw| htxdwlrqv/ riwhq fdoohg wkh Uh|qrogv htxdwlrqv/ duh

CXl
Cw

. Xm
CXl
C{m

@ �4

�

CS

C{l
.

C

C{m

�
�
CXl
C{m
� kx3lx3ml

�
. Il> +5145,

CXl
C{l

@ 3= +5146,

Zh vhh wkdw wkh vwdwlvwlfdo vhfrqg prphqwv ri wkh yhorflw| �xfwxdwlrqv dsshdu rq
wkh uljkw0kdqg vlgh ri wkh phdq prphqwxp htxdwlrqv> wkh txdqwlwlhv ��kx3lx3ml
duh wkh Uh|qrogv vwuhvvhv1

Wkh lqwhudfwlrq ehwzhhq wkh yhorflw| �hog dqg wkh pdjqhwlf �hog lv fkdu0
dfwhul}hg e| wkh pdjqhwlf Uh|qrogv qxpehu1 Iru dq lqfrpsuhvvleoh Qhzwrqldq
�xlg zlwk pdjqhwlf shuphdelolw| � dqg hohfwulfdo frqgxfwlylw| �/ wkh pdjqhwlf
Uh|qrogv qxpehu lv gh�qhg dv/

Up � ��XO> +5147,

zkhuh X lv d fkdudfwhulvwlf yhorflw| vfdoh/ dqg O lv wkh lqwhjudo ohqjwk vfdoh1
Wkh pdjqhwlf Uh|qrogv qxpehu fdq eh lqwhusuhwhg dv wkh udwlr ehwzhhq wkh
gl�xvlrq wlph vfdoh ri wkh pdjqhwlf �hog/ dqg wkh wlph vfdoh ri wkh yhorflw| �hog1
Lq prvw lqgxvwuldo dqg oderudwru|0vfdoh �rzv/ wkh pdjqhwlf Uh|qrogv qxpehu
lv yhu| orz/ Up � 41 Wklv phdqv wkdw wkh glvwruwlrq ri wkh pdjqhwlf �hog
gxh wr wkh �rz lv qhjoljleoh1 Wkh wuhdwphqw ri wkh hohfwurpdjqhwlf htxdwlrqv
fdq wkhq eh vlpsol�hg frqvlghudeo| e| dsso|lqj wkh lqgxfwlrqohvv/ ru txdvlvwdwlf
dssur{lpdwlrq/ lq zklfk zh fdq qhjohfw wkh �rz0lqgxfhg pdjqhwlf �x{ ghqvlwlhv
EL dqg e ehvlgh wkh h{whuqdo �hog E31 Zh xvh wkh txdvlvwdwlf dssur{lpdwlrq
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khuh zlwkrxw ixuwkhu prwlydwlrq/ dqg uhihu wr Vhf1 518 iru d glvfxvvlrq derxw wkh
xqghuo|lqj vfdoh dujxphqwv lq wkh frqwh{w ri Uh|qrogv dyhudjlqj1

Zh lqwurgxfh wkh Uh|qrogv ghfrpsrvhg txdqwlwlhv lqwr Htv1 +516, wkurxjk
+519,1 Hqvhpeoh dyhudjlqj |lhogv wkh iroorzlqj htxdwlrqv iru wkh phdq hohfwur0
pdjqhwlf txdqwlwlhv/

u5� @ u � +X�E. kx3 � e3l, � u � +X�E3,> +5148,

H @ �u�> +5149,

M @ �+H.X�E. kx3 � e3l, � �+H.X�E3,> +514:,

I @
4

�
+M�E. km3 � e3l, � 4

�
M�E3> +514;,

zkhuh wkh uhodwlyh huuruv ri wkh dssur{lpdwlrq duh ri rughu Up/ ru vpdoohu1
Prvw frpphufldo frghv iru wxuexohqw �rz vlpxodwlrqv vroyh wkh Uh|qrogv dy0

hudjhg htxdwlrqv/ +5145, dqg +5146,/ zlwk dgglwlrqdo wxuexohqfh prgho htxdwlrqv
iru suhglfwlqj wkh Uh|qrogv vwuhvvhv kx3lx3ml1 Rqh zd| wr lqfoxgh wkh Oruhqw} irufh
lq wkh phdq prphqwxp htxdwlrq lv wr vroyh dovr Ht1 +5148, iru wkh phdq hohfwulf
srwhqwldo htxdwlrq/ zlwk dssursuldwh erxqgdu| frqglwlrqv> wkh Oruhqw} irufh fdq
wkhq eh frpsxwhg iurp Htv1 +5149, wkurxjk +514;,/ zlwk gxh dwwhqwlrq jlyhq wr
wkh frqvhuydwlrq ri hohfwulf fxuuhqw1

515151 Ioxfwxdwlrq htxdwlrqv1 Li zh vxewudfw wkh phdq Uh|qrogv htxd0
wlrqv iurp wkh lqvwdqwdqhrxv Qdylhu~Vwrnhv dqg frqwlqxlw| htxdwlrqv/ zh duh ohiw
zlwk wkh htxdwlrqv iru wkh �xfwxdwlqj yhorflw| dqg suhvvxuh �hogv/

Cx3l
Cw

. Xm
Cx3l
C{m

@ �x3m
CXl
C{m
� 4

�

Cs3

C{l
. �

C5x3l
C{mC{m

.
C

C{m
+kx3lx3ml � x3lx

3
m, . i 3l >

+514<,

Cx3l
C{l

@ 3= +5153,

Zh xvh wkh vdph surfhgxuh wr rewdlq htxdwlrqv iru wkh �xfwxdwlqj hohfwur0
pdjqhwlf txdqwlwlhv/ dqg djdlq dsso| wkh txdvlvwdwlf dssur{lpdwlrq/

u5!3 @ u � +X� e3 . x3 �E. x3 � e3 � kx3 � e3l,
� u � +x3 �E3,>

+5154,

h3 @ �u!3> +5155,

m3 @ �+h3 .X� e3 . x3 �E. x3 � e3 � kx3 � e3l,
� �+h3 . x3 �E3,>

+5156,

i 3 @
4

�
+M� e3 . m3 �E. m3 � e3 � km3 � e3l,

� 4

�
m3 �E3=

+5157,
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5161 Uh|qrogv vwuhvvhv dqg wxuexohqw nlqhwlf hqhuj|

Wkh yhorflw| �xfwxdwlrqv hqwhu wkh phdq htxdwlrqv +5145, dv wkh d sulrul
xqnqrzq Uh|qrogv vwuhvvhv ��kx3lx3ml1

D wudqvsruw htxdwlrq iru wkh Uh|qrogv vwuhvv whqvru Ulm � kx3lx3ml fdq eh
ghulyhg e| pxowlso|lqj wkh Qdylhu~Vwrnhv htxdwlrqv +514, e| xn/ hqvhpeoh dyhu0
djlqj/ dqg vxewudfwlqj wkh phdq sduw +wkh odwwhu lv Ht1 +5145, pxowlsolhg e| Xn,1
Wklv |lhogv +vhh/ h1j1/ Kdooe�dfn hw do1 ^48`/ Vhf1 617,

CUlm

Cw
. Xm

CUlm

C{m
@ Slm .�lm � %lm � C

C{p

�
Mlmp � �

CUlm

C{p

�
. kx3li 3ml. kx3mi 3ll>

+5158,

zkhuh

Slm � �Ulp
CXm
C{p

�Ump
CXl
C{p

> +5159,

�lm � 5

�
ks3v3lml> zlwk v3lm �

4

5

�
Cx3l
C{m

.
Cx3m
C{l

�
> +515:,

%lm � 5�

�
Cx3l
C{p

Cx3m
C{p

 
> +515;,

Mlmp � kx3lx3mx3pl.
4

�

�kx3ms3l�lp . kx3ls3l�mp
�
= +515<,

Lq +515:,/ v3lm lv wkh �xfwxdwlqj vwudlq udwh whqvru1 %lm lv wkh ylvfrxv glvvlsdwlrq
whqvru1 Rqo| wkh surgxfwlrq whup Slm dqg sduw ri wkh wudqvsruw whup lq +5158,
duh h{solflw lq wkh Uh|qrogv vwuhvv whqvru Ulm1 Doo rwkhu whupv uhtxluh prgholqj1

Wkh suhvvxuh whupv lq wkh Uh|qrogv vwuhvv wudqvsruw +UVW, htxdwlrq kdyh
ehhq vsolw lqwr wzr sduwv1 Wkh suhvvxuh~vwudlq udwh fruuhodwlrq �lm lv wudfhohvv
dqg uhsuhvhqwv lqwhufrpsrqhqw hqhuj| wudqvihu> lw wkxv kdv qr frxqwhusduw lq wkh
wudqvsruw htxdwlrq iru wkh wxuexohqw nlqhwlf hqhuj| N � Ull@51 Wkh suhvvxuh
whup lq Mlmp uhsuhvhqwv suhvvxuh0judglhqw zrun +Whqqhnhv ) Oxpoh| ^74`,> lw kdv
khuh ehhq oxpshg zlwk wkh wulsoh fruuhodwlrq uhvsrqvleoh iru wxuexohqw wudqvsruw/
vr wkdw Mlmp uhsuhvhqwv vsdwldo uhglvwulexwlrq1

Wkhuh lv d sureohp zlwk forvxuh ri wkh UVW htxdwlrqv iru wzr uhdvrqv/ dv
qrwhg e| Uh|qrogv ) Ndvvlqrv ^65`1 Iluvw wkhuh lv wkh qrq0olqhdulw| ri wkh Qdylhu~
Vwrnhv htxdwlrqv> d irupdoo| ghulyhg htxdwlrq iru d kljkhu0rughu prphqw zloo
frqwdlq whupv ri wkh qh{w kljkhu rughu1 Vhfrqg/ wkh whupv lqyroylqj wkh �xfwx0
dwlqj suhvvxuh uhsuhvhqw qrq0orfdo lqwhudfwlrqv1

Wkh wudglwlrqdo wkhruhwlfdo wuhdwphqw ri wkh suhvvxuh~vwudlq udwh fruuhodwlrq
+515:, lv edvhg rq wkh irupdo vroxwlrq ri d Srlvvrq htxdwlrq iru wkh �xfwxdwlqj
suhvvxuh �hog1 Wkh glyhujhqfh ri +514<,/ wrjhwkhu zlwk +5153,/ |lhogv

�4

�
u5s3 @ 5

CXl
C{m

Cx3m
C{l

.
C5

C{lC{m

�
x3lx

3
m � kx3lx3ml

�� Ci 3l
C{l

= +5163,

Wkh lqwhjudwlrq ri wkh Srlvvrq htxdwlrq lv xvxdoo| vxemhfw wr d qxpehu ri orfdo
krprjhqhlw| dvvxpswlrqv +vhh/ h1j1/ Fkrx ^<`,1 Rqh ri wkhvh lv wkdw wkh phdq
yhorflw| judglhqwv duh dvvxphg krprjhqhrxv/ vr wkdw wkh| fdq eh h{wudfwhg iurp
wkh lqwhjudov1 Iru wkh PKG sureohp dw kdqg/ zh vsolw wkh suhvvxuh~vwudlq whup
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lqwr wkuhh wudfhohvv sduwv/ uhsuhvhqwlqj wkh frqwulexwlrqv iurp wkh uhvshfwlyh
whupv lq wkh suhvvxuh Srlvvrq htxdwlrq +5163,/

�lm @ �
+u,
lm .�

+v,
lm .�

+p,
lm = +5164,

Wkh udslg sduw �
+u,
lm khuh uhsuhvhqwv lqwhudfwlrq ri wxuexohqfh zlwk wkh phdq

yhorflw| �hog1 Wkh vorz whup �
+v,
lm uhsuhvhqwv qrq0olqhdu wxuexohqfh~wxuexohqfh

lqwhudfwlrqv/ jhqhudoo| dfwlqj wr uhvwruh d wxuexohqfh �hog wr lvrwurs|1 Wkh pdj0

qhwlf sduw �
+p,
lm uhsuhvhqwv lqwhudfwlrq ehwzhhq wxuexohqfh dqg Oruhqw} irufhv1

Lq wklv wkhvlv/ zh wuhdw wkh pdjqhwlf sduw ri wkh wudfhohvv suhvvxuh~vwudlq
whup wrjhwkhu zlwk wkh h{solflw erg|0irufh whupv lq +5158,1 Doo h�hfwv ri wkh
pdjqhwlf �hog duh wkxv lqfrusrudwhg lqwr d Mrxoh glvvlsdwlrq whqvru/ gh�qhg dv

�lm � �kx3li 3ml � kx3mi 3ll ��
+p,
lm = +5165,

+Wkh glvvlsdwlyh qdwxuh ri �lm zloo eh ghprqvwudwhg lq Vhf1 6141,
Dq htxdwlrq iru wxuexohqw nlqhwlf hqhuj| N � Ull@5 lv rewdlqhg e| wdnlqj

wkh wudfh ri +5158,/

CN

Cw
. Xm

CN

C{m
@ SN � %� C

C{p

�
Mp � �

CN

C{p

�
� �> +5166,

zkhuh

SN � �kx3lx3pl
CXl
C{p

> +5167,

% � �

�
Cx3l
C{p

Cx3l
C{p

 
> +5168,

Mp � 4

5
kx3lx3lx3pl.

4

�
kx3ps3l> +5169,

� � 4

5
�ll @ �kx3li 3ll= +516:,

Khuh SN dqg % duh wkh wxuexohqfh surgxfwlrq dqg ylvfrxv glvvlsdwlrq/ uhvshf0
wlyho|/ zkloh Mp uhsuhvhqwv wxuexohqw wudqvsruw/ dqg � lv wkh vfdodu Mrxoh glvvl0
sdwlrq ri wxuexohqw nlqhwlf hqhuj|1

Lq wkh iroorzlqj vhfwlrq zh eulh�| glvfxvv frqyhqwlrqdo wxuexohqfh forvxuhv/
zklfk gr qrw frqvlghu h�hfwv ri wkh Oruhqw} irufh1 Prgholqj ri wkh Mrxoh glvvl0
sdwlrq whupv �lm dqg � lv glvfxvvhg lq Fkdswhu 61

5171 Frqyhqwlrqdo wxuexohqfh forvxuhv

Wkh phdq prphqwxp htxdwlrq +5145, pxvw eh forvhg e| surylglqj d prgho
iru wkh Uh|qrogv vwuhvvhv ��kx3lx3ml/ ru e| gh�qlqj forvhg prgho wudqvsruw htxd0
wlrqv iru wkhp1 Lq sudfwlfdo dssolfdwlrqv zh riwhq zdqw wr suhglfw dovr wkh wudqv0
sruw ri d vfdodu/ iru h{dpsoh whpshudwxuh +ru hqwkdos|,/ ru wkh frqfhqwudwlrq
ri d fkhplfdo vshflhv1 Frqvlghu d vfdodu t/ iru zklfk d Uh|qrogv ghfrpsrvlwlrq
gh�qhv phdq dqg �xfwxdwlqj sduwv T dqg t3/ uhvshfwlyho|1 Wkh phdq wudqvsruw
htxdwlrq fdq eh zulwwhq

CT

Cw
. Xm

CT

C{m
@

C

C{m

�
�T
�

CT

C{m
. kx3lt3l

�
. VT> +516;,
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zkhuh �VT lv d yroxph vrxufh ri wkh vfdodu1 Wxuexohqw �xfwxdwlrqv frqwulexwh
wr wkh wudqvsruw ri wkh phdq txdqwlw| wkurxjk wkh wxuexohqw Uh|qrogv �x{
�� kx3lt3l/ zklfk pxvw dovr eh txdqwl�hg e| vrph nlqg ri wxuexohqfh prgho1

Li zh frqvlghu wkh fdvh zlwkrxw h{whuqdo erg| irufhv/ frqyhqwlrqdo wxuexohqfh
prghov fdq eh sxw lqwr wzr eurdg fodvvhv> hgg| ylvfrvlw| prghov/ dqg Uh|qrogv
vwuhvv wudqvsruw +UVW, prghov1 Wkh prvw frpprq hgg| ylvfrvlw| prgho lv wkh
N0% prgho1

517141 Uh|qrogv vwuhvv wudqvsruw prghov1 D ixoo Uh|qrogv vwuhvv forvxuh
ihdwxuhv wudqvsruw htxdwlrqv iru hdfk ri wkh vl{ lqghshqghqw frpsrqhqwv ri wkh
Uh|qrogv vwuhvv whqvru Ulm �



x3lx

3
m

�
/ frpsohphqwhg e| d wudqvsruw htxdwlrq iru

vfdodu ylvfrxv glvvlsdwlrq/ %1 Wkh wxuexohqw wudqvsruw lq wkh phdq prphqwxp
htxdwlrq +5145, lv wkxv dffrxqwhg iru zlwkrxw ixuwkhu prgholqj1

Wkh Uh|qrogv �x{ whup lq wkh vfdodu htxdwlrq lv xvxdoo| prghohg dv

�kx3lt3l @
Fv

�T

N

%
Ulm

CT

C{m
> +516<,

zkhuh Fv lv d prgho frqvwdqw/ dqg �T lv wkh wxuexohqw Sudqgwo qxpehu iru wkh
vfdodu +Gdo| ) Kduorz/ ^43`,1 Wkh xvh ri wkh Uh|qrogv vwuhvvhv lq wklv prgho
pdnhv wkh wxuexohqw gl�xvlrq dqlvrwurslf/ dqg jryhuqhg e| wkh yhorflw| �xfwxd0
wlrqv lq gl�huhqw gluhfwlrqv1

Lq wkh Uh|qrogv vwuhvv htxdwlrq +5158,/ rqo| wkh surgxfwlrq whup Slm lv h{dfw/
dqg doo rwkhu whupv uhtxluh prgholqj1 Zlwk wkh prvw frpprq prgho +Odxqghu/
Uhhfh ) Urgl ^53`,/ zh kdyh

Slm � �Uln
CXm
C{n
�Umn

CXl
C{n

>

�
+v,
lm @ �F4 %

N

�
Ulm � 5

6
N�lm

�
>

�
+u,
lm @ ��

�
Slm � 5

6
Snn�lm

�
>

%lm @
5

6
%�lm>

Mlmp @ � Fv

�UV

N

%
Upo

CUlm

C{o
=

Khuh N � Ull@5/ zkloh wkh vfdodu ylvfrxv glvvlsdwlrq % lv jlyhq e| d prgho
wudqvsruw htxdwlrq +qhjohfwlqj prohfxodu wudqvsruw,/

C%

Cw
. Xm

C%

C{m
@ F%4

%

N
Sll@5�F%5

%5

N
.

C

C{m

�
Fv

�%

N

%
Umn

C%

C{n

�
=

Wklv sduwlfxodu Uh|qrogv vwuhvv prgho kdv qrqglphqvlrqdo prgho frqvwdqwv F%4/
F%5/ F4/ �/ Fv/ �UV/ dqg �%1

Zdoo erxqgdu| frqglwlrqv iru wkh glvfuhwl}hg htxdwlrqv duh jhqhudoo| dssolhg
xvlqj zdoo ixqfwlrqv1 Wkh phdq yhorflw| dqg wkh ydoxh ri % duh wkhq suhvfulehg
vrph vpdoo glvwdqfh iurp wkh zdoo/ zlwklq wkh orjdulwkplf uhjlrq ri wkh erxqg0
du| od|hu1 Wkh Uh|qrogv vwuhvv htxdwlrqv duh vroyhg dvvxplqj wkh zdoo0qrupdo
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judglhqw lv }hur/ dqg wkh vrxufh whupv duh hydoxdwhg lq d zd| frqvlvwhqw zlwk wkh
orjdulwkplf odz ri wkh zdoo1

517151 Hgg| ylvfrvlw| prghov1 Lq hgg| ylvfrvlw| prghov/ wkh Uh|qrogv
vwuhvvhv duh prghohg xvlqj wkh vr0fdoohg Erxvvlqhvt k|srwkhvlv/ uhodwlqj Uh|qrogv
vwuhvv dqlvrwurs| wr wkh phdq vwudlq whqvru=

� 
x3lx3m� @ �5

6
N�lm . �WVlm> +5173,

zkhuh �W lv wkh wxuexohqw ylvfrvlw|/ N � kx3lx3ll @5 lv wkh wxuexohqw nlqhwlf hqhuj|/
dqg

Vlm � 4

5

�
CXl
C{m

.
CXm
C{l

�
lv wkh phdq vwudlq whqvru1

Wkh zlgho| xvhg wzr0htxdwlrq N~% prgho frqwdlqv wudqvsruw htxdwlrqv iru
wkh wxuexohqw nlqhwlf hqhuj|N/ dqg wkh ylvfrxv glvvlsdwlrq udwh %1 Wkh wxuexohqw
ylvfrvlw| lq +5173, lv jlyhq e| d frqvwlwxwlyh uhodwlrqvkls/

�W @ F�
N5

%
> +5174,

zkhuh F� lv d qrqglphqvlrqdo prgho frqvwdqw1 Li +5173, lv lqvhuwhg lqwr wkh phdq
prphqwxp htxdwlrq/ zh jhw

CXl
Cw

. Xm
CXl
C{m

@ �4

�

CS

C{l
.

C

C{m

�
+� . �W ,

CXl
C{m

�
= +5175,

Lq dqdorj| zlwk +5173, zh kdyh wkh hgg| gl�xvlylw| k|srwkhvlv/ zklfk h{suhvvhv
wkh Uh|qrogv �x{ dv

�kx3lt3l @
�W
�T

CT

C{l
> +5176,

zkhuh �T lv d wxuexohqw Sudqgwo qxpehu1
Wkh prvw frpprq irupxodwlrq ri wkh N~% prgho lv wkdw ri Odxqghu dqg

Vsdoglqj ^54`1 Wkh h{dfw surgxfwlrq whup +5167, lv prghohg xvlqj wkh Erxvvlqhvt
k|srwkhvlv +5173,/ vr wkdw

SN @ 5�WVlmVml= +5177,

Li zh qhjohfw prohfxodu gl�xvlrq/ wkh prgho wudqvsruw htxdwlrqv iru N dqg % duh

CN

Cw
. Xm

CN

C{m
@ SN � %.

C

C{m

�
�W
�N

CN

C{m

�
> +5178,

C%

Cw
. Xm

C%

C{m
@ F%4

%

N
SN �F%5

%5

N
.

C

C{m

�
�W
�%

C%

C{m

�
= +5179,

Khuh F%4/ F%5/ �N dqg �% duh qrqglphqvlrqdo prgho frqvwdqwv1
Lq wkh vwdqgdug kljk0Uh|qrogv qxpehu yhuvlrq ri wkh N~% prgho/ wkh wuhdw0

phqw ri zdoo erxqgdu| frqglwlrqv lv wkh vdph dv ghvfulehg deryh iru wkh Uh|qrogv
vwuhvv prgho1
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5181 Wkh txdvlvwdwlf dssur{lpdwlrq ri pdjqhwlf �x{ ghqvlw|

Lq wkh iroorzlqj zh ghulyh vfdoh hvwlpdwhv iru wkh lqgxfhg phdq dqg �xfwx0
dwlqj pdjqhwlf �x{ ghqvlwlhv1 Edvhg rq wkhvh vfdoh hvwlpdwhv/ zh irupxodwh wkh
txdvlvwdwlf/ ru lqgxfwlrqohvv/ dssur{lpdwlrq ri wkh Uh|qrogv0ghfrpsrvhg hohf0
wurpdjqhwlf htxdwlrqv1

518141 Wkh lqgxfwlrq htxdwlrq1 Zh dvvxph d Uh|qrogv ghfrpsrvlwlrq
ri wkh pdjqhwlf �x{ ghqvlw| lqwr phdq dqg �xfwxdwlqj sduwv/ dv gh�qhg lq +51<,
dqg +5143,/

el � El . e3l>

zkhuh wkh phdq pdjqhwlf �x{ ghqvlw| lv xqghuvwrrg wr eh wkh vxp ri d vwhdg|4

h{whuqdo pdjqhwlf �hogE3 dqg wkh phdq lqgxfhg �hogEL gxh wr wkh �xlg prwlrq/

El @ E3l .ELl=

Dq htxdwlrq iru wkh lqvwdqwdqhrxv pdjqhwlf �hog fdq eh irxqg e| frpelqlqj
Rkp*v odz/ m @ �+h . x � e,/ zlwk Dpshuh*v odz/ u� e @ �3m1 Lq wkh odwwhu/
wkh fxuuhqw ghqvlw| m lv uhodwhg rqo| wr wkh lqgxfhg �hog +qr h{whuqdoo| lpsrvhg
fxuuhqwv,/ dqg u�E3 @ 3 lq wkh �rz grpdlq1 Zh wkhq rewdlq

u� +EL . e3, @ �3�+h. x� e,=

Wdnlqj wkh fxuo ri wklv/ xvlqj Idudgd|*v odz u� h @ �Ce@Cw dqg vrph dojheud/
zh jhw wkh lqgxfwlrq htxdwlrq /

Cel
Cw

. xm
Cel
C{m

@ em
Cxl
C{m

.
4

�3�

C5+ELl . e3l,

C{mC{m
= +517:,

518151 Vfdoh hvwlpdwhv ri lqgxfhg pdjqhwlf �x{ ghqvlw|1 D Uh|qrogv
ghfrpsrvlwlrq ri +517:, |lhogv wkh phdq lqgxfwlrq htxdwlrq/

CEl

Cw
. Xm

CEl

C{m
@ Em

CXl
C{m

.

�
e3m

Cx3l
C{m

 
�
�
x3m

Ce3l
C{m

 
.

4

�3�

C5ELl

C{mC{m
> +517;,

iurp zklfk zh vkrxog eh deoh wr �qg d vfdoh hvwlpdwh EL iru wkh phdq lqgxfhg
pdjqhwlf �x{ ghqvlw|1 Lq rughu wr rewdlq d vfdoh hvwlpdwh e iru �xfwxdwlqj pdj0
qhwlf �x{ ghqvlw|/ zh ghulyh d wudqvsruw htxdwlrq iru ke3le3ll e| wdnlqj wkh vfdodu
surgxfw ri wkh lqvwdqwdqhrxv �x{ ghqvlw| el dqg wkh lqgxfwlrq htxdwlrq +517:,1
Hqvhpeoh dyhudjlqj/ dqg vxewudfwlrq ri dq htxdwlrq iru ElEl +qrw vkrzq khuh,/
|lhogv
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+517<,
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Li wkh pdjqlwxgh ri wkh h{whuqdo �hog lv E3/ zh fdq dvvxph wkdw E3 A EL /
dqg EL � e +wkhvh dvvxpswlrqv fdq eh yhul�hg d srvwhulrul,1 Zh ixuwkhu doorz
wkh phdq yhorflw| �hog dqg wkh wxuexohqw yhorflw| �xfwxdwlrqv wr eh fkdudfwhul}hg
e| vhsdudwh yhorflw| vfdohv X dqg x/ uhvshfwlyho| +lq d krprjhqhrxv vkhdu �rz
zlwkrxw pdjqhwlf h�hfwv/ wkhuh lv rqo| rqh uhohydqw yhorflw| vfdoh vr wkdw X � x,1
Wkh fkdudfwhulvwlf ohqjwk vfdoh ri doo phdq �hog judglhqwv lv O1

Iru d fruuhfw vfdoh hvwlpdwh ri wkh wxuexohqw fruuhodwlrqv/ zh pxvw frqvlghu
wkh vwuhqjwk ri fruuhodwlrq ehwzhhq sdluv ri �xfwxdwlqj txdqwlwlhv/ dqg ghwhuplqh
vhqvleoh ohqjwk0vfdoh hvwlpdwhv iru wkh �xfwxdwlrq judglhqwv Ce3l@C{m dqg Cx3l@C{m 1

Li zh frqvlghu wkh fruuhodwlrq


+Cx3l@C{m,

5
�
+zklfk jryhuqv wkh ylvfrxv glv0

vlsdwlrq ri wxuexohqw nlqhwlf hqhuj|, wkh odujhvw frqwulexwlrq frphv iurp wkh
vpdoohvw vfdohv lq wkh vshfwuxp1 Lw lv xvxdoo| hvwlpdwhg dv-�

Cx3l
C{m

�5.
� x5

�5
>

zkhuh � lv wkh vr0fdoohg Wd|oru plfurvfdoh/ zklfk uhodwhv wr wkh lqwhjudo vfdoh O
wkurxjk

� � Uh�4@5O> +5183,

zkhuh Uh @ xO@� lv wkh k|gurg|qdplf Uh|qrogv qxpehu +vhh/ h1j1/ Whqqhnhv )
Oxpoh| ^74`/ Vhf1 615,1 Iru kljk0Uh|qrogv qxpehu �rzv/ � lv wkxv pxfk vpdoohu
wkdq wkh lqwhjudo vfdoh O ri wkh odujhvw hgglhv1 Orrnlqj dw wkh fruuhvsrqglqj
pdjqhwlf whup



+Ce3l@C{m,

5
�
/ krzhyhu/ zh vkrxog qrwh wkdw wkh pdjqhwlf gl�x0

vlylw| lv vhyhudo rughuv ri pdjqlwxgh odujhu wkdq wkh nlqhpdwlf ylvfrvlw|/ dqg wkh
pdjqhwlf Uh|qrogv qxpehu Up lv suhvxpdeo| vpdoohu wkdq xqlw|1 Wklv phdqv
wkdw doo exw wkh odujhvw0vfdoh pdjqhwlf �xfwxdwlrqv zloo eh h�hfwlyho| vphduhg
rxw e| wkh pdjqhwlf gl�xvlylw|> wkhuh lv lq idfw qr vljql�fdqw vhsdudwlrq ri vfdohv
ehwzhhq wkh hqhuj|0frqwdlqlqj dqg wkh glvvlsdwlqj pdjqhwlf �xfwxdwlrqv1 Wkh
dssursuldwh vfdoh hvwlpdwh iru wkh fruuhodwlrq



+Ce3l@C{m,

5
�
lv wkhuhiru e5@O51 Zh

frqfoxgh wkdw Cx3l@C{m � x@�/ zkloh Ce3l@C{m � e@O1
Lq hvwlpdwlqj wkh fruuhodwlrq ehwzhhq wzr �xfwxdwlqj txdqwlwlhv/ Whqqhnhv

) Oxpoh| ^74` qrwhg wkdw wzr txdqwlwlhv fdqqrw lqwhudfw vwurqjo| xqohvv wkh| duh
_wxqhg wr wkh vdph iuhtxhqf| edqg%1 Wkh| irxqg wkdw wkh fruuhodwlrq frh�flhqw
vfdohv zlwk wkh udwlr +� 4, ri wkh wlph0vfdohv lqyroyhg1 D fruuhodwlrq ehwzhhq x3l
dqg Cx3l@C{m lv wkxv sursruwlrqdo wr erwk wkh udwlr ri wkhlu wlph vfdohv +O@x dqg
�@x/ uhvshfwlyho|, dqg wkhlu lqglylgxdo vfdoh hvwlpdwhv/ vr wkdw�

x3l
Cx3l
C{m

 
� �

x

x

O

x5

�
@ x6@O

Qrwh wkdw iurp +5183, wklv lv vpdoohu e| d idfwru ri Uh4@5 wkdq wkh hvwlpdwh
x6@� zh zrxog jhw li wkh wzr txdqwlwlhv zhuh shuihfwo| fruuhodwhg1 Wkh wlph dqg
ohqjwk vfdohv ri wkh pdjqhwlf �xfwxdwlrqv suhvxpdeo| iroorz wkrvh ri wkh odujh
wxuexohqw hgglhv uhvsrqvleoh iru wkhlu fuhdwlrq/ zlwk ohqjwk vfdoh O dqg wlph vfdoh
O@x +zklfk dssolhv wr erwk e3l dqg Ce3l@C{m,1
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Dvvxplqj wkdw wkh wudqvlhqw whup lq +517<, fdq eh qhjohfwhg +vwhdg|0vwdwh
frqglwlrqv,/ wkh uhpdlqlqj whupv ri wkh ke3le3ll htxdwlrq fdq qrz eh hvwlpdwhg dv

Xm
Cke3le3ll
C{m

� e5X

O
+5184,

5


e3lx

3
m

� CEl

C{m
� eE3x

O
+5185,

C

C{m
ke3le3lx3ml �

e5x

O
+5186,

5Em

�
e3l
Cx3l
C{m

 
� E3

�

O

ex

�
@

eE3x

O
+5187,

5


e3le

3
m

� CXl
C{m
� e5X

O
+5188,

5

�
e3le

3
m

Cx3l
C{m

 
� �

O

e5x

�
@

e5x

O
+5189,

5

�3�

�
Ce3l
C{m

Ce3l
C{m

 
� 4

�3�

e5

O5
@

4

Up

e5X

O
+518:,

4

�3�

C5ke3le3ll
C{mC{m

� 4

�3�

e5

O5
@

4

Up

e5X

O
= +518;,

Iru vpdoo Up/ Ht1 5147/ dqg x � X / wkh whupv +5184,/ +5186,/ +5188,/ dqg +5189,
zloo eh vpdoohu wkdq +518:, dqg +518;,1 Dw ohdvw rqh ri wkh whupv +5185, dqg
+5187,/ frqwdlqlqj E3/ vkrxog suhvxpdeo| eh ri wkh vdph rughu dv +518:, dqg
+518;,/ vr wkdw

4

Up

e5X

O
� eE3x

O
=

Wkh vfdoh hvwlpdwh iru wkh pdjqhwlf �xfwxdwlrqv lv wkxv

e � x

X
UpE3= +518<,

Iru wkh whupv ri wkh phdq lqgxfwlrq htxdwlrq htxdwlrq +517;,/ zh kdyh +xvlqj
+518<, dqg qhjohfwlqj wkh wudqvlhqw whup,

Xm
CEl

C{m
� XE3

O
> +5193,

Em
CXl
C{m
� XE3

O
> +5194,�

e3m
Cx3l
C{m

 
� xe

O
� Up

x

X

xE3

O
> +5195,�

x3m
Ce3l
C{m

 
� xe

O
� Up

x

X

xE3

O
> +5196,

4

�3�

C5ELl

C{mC{m
� 4

�3�

EL

O5
@

4

Up

XEL

O
= +5197,
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Li Up� 4 dqg x � X / wkh whupv +5195, dqg +5196, duh vpdoohu wkdq +5193, dqg
+5194,1 Dw ohdvw rqh ri wkh odwwhu wzr vkrxog edodqfh +5197,/ vr wkdw

XE3

O
� 4

Up

XEL

O
=

Wklv jlyhv wkh vfdoh hvwlpdwh

EL � UpE3= +5198,

Wkh vfdoh uhodwlrqv +518<, dqg +5198, irup wkh edvlv iru wkh txdvlvwdwlf ru lq0
gxfwlrqohvv dssur{lpdwlrq/ lq zklfk wkh lqgxfhg phdq dqg �xfwxdwlqj pdjqhwlf
�hogv fdq eh qhjohfwhg ehvlgh wkh odujhu h{whuqdo �hog E3/ surylghg Up lv orz1

Frpsdulqj wkh vfdoh hvwlpdwhv iru e dqg EL / zh �qdoo| qrwh wkdw e@EL �
x@X > wkh phdq yhorflw| �hog lv uhvsrqvleoh iru wkh lqgxfhg phdq pdjqhwlf �x{
ghqvlw|/ dqg wkh wxuexohqw yhorflw| �xfwxdwlrqv lqgxfh pdjqhwlf �xfwxdwlrqv1

518161 Txdvlvwdwlf dssur{lpdwlrq ri wkh hohfwurpdjqhwlf htxdwlrqv1
Wkh vfdoh hvwlpdwhv iru EL dqg e3 fdq qrz eh xvhg wr prwlydwh wkh dssur{lpd0
wlrqv lq Vhf1 51514 dqg 515151

Wkh phdq hohfwulf srwhqwldo htxdwlrqv lv

u5� @ u � +X�E. kx3 � e3l, � u � +X�E3,= +5199,

Wkh dssur{lpdwlrq lv gxh wr wkh vfdoh hvwlpdwhv

X�E � XE3>

kx3 � e3l � xE3Upx@X>

zklfk vkrz wkdw X�E  kx3 � e3l/ li x � X dqg Up � 41 Wkh htxdwlrq iru
wkh �xfwxdwlqj srwhqwldo lv

u5!3 @ u � +X� e3 . x3 �E. x3 � e3 � kx3 � e3l,= +519:,

Wkh odvw wzr whupv duh ri rughu xe/ dqg ydqlvk ehvlgh wkh vhfrqg whup/ x3�E �
xE31 Wkh �uvw whup lv hvwlpdwhg xvlqj wkh vfdoh uhodwlrq +518<, iru e/ vr wkdw

X� e3 � XUpE3x@X @ UpxE3=

Qrwh wkdw wklv hvwlpdwh lv qrw dowhuhg e| wkh judglhqw rshudwru lq +519:,/ ehfdxvh
wkh ohqjwk vfdoh ri wkh odujhvw hgglhv lv jryhuqhg e| wkh ohqjwk vfdoh ri wkh phdq
yhorflw| judglhqwv1 Wkh vhfrqg whup lq +519:, lv odujhu wkdq wkh rwkhuv e| d idfwru
ri Up�4 vr wkdw

u5!3 � u � +x3 �E3,= +519;,

Wkh ghfrpsrvlwlrq ri wkh hohfwulf �hog |lhogv

H @ �u�> h3 @ �u!3=
Dvvxplqj wkhuh duh qr h{whuqdo hohfwulf �hogv/ Htv1 +519:, dqg +519;, vxjjhvw wkdw
mHm � XE3/ dqg mh3m � xE31
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Li zh djdlq xvh wkh dssur{lpdwlrqv ri wkh furvv0surgxfw whupv iurp +5199,
dqg +519:,/ zh jhw wkh fxuuhqw htxdwlrqv

M @ �+H.X�E. kx3 � e3l, � �+H.X�E3,> +519<,

m3 @ �+h3 .X� e3 . x3 �E. x3 � e3 � kx3 � e3l,
� �+h3 . x3 �E3,=

+51:3,

Wkh phdq Oruhqw} irufh ehfrphv

I @
4

�
+M�E. km3 � e3l, � 4

�
+M�E3,> +51:4,

edvhg rq wkh vfdoh uhodwlrqv M � �XE3 dqg m3 � �xE3/ ghgxfhg iurp Htv1 +519<,
dqg +51:3, +xqghu wkh dvvxpswlrq wkdw mHm � XE3/ dqg mh3m � xE3,1 Vxewudfwlqj
+51:4, iurp wkh lqvwdqwdqhrxv htxdwlrq jlyhv

i 3 @
4

�
+M� e3 . m3 �E. m3 � e3 � km3 � e3l,= +51:5,

Dsso|lqj wkh vfdoh uhodwlrqv iru M dqg m3 vkrzv wkdw wkh whupv lq +51:5, kdyh wkh
vdph uhodwlyh pdjqlwxghv dv wkh whupv ri wkh srwhqwldo htxdwlrq +519:,1 Zlwk
wkh vdph dujxphqwv zh jhw

i 3 � 4

�
m3 �E3=



FKDSWHU 6

�O# |�hM�*i?Ui 4L_i*�?}

Iru wxuexohqfh vxemhfwhg wr d vwhdg| h{whuqdo pdjqhwlf �hog/ E/ wkh prgho
htxdwlrqv iru N/ Ulm/ dqg % glvfxvvhg lq Vhf1 517 pxvw eh frpsohphqwhg zlwk
vlqn whupv wr dffrxqw iru pdjqhwlf +Mrxoh, glvvlsdwlrq1 Li zh ohw � dqg �% eh
wkh Mrxoh vlqn whupv lq wkh N dqg % htxdwlrqv/ uhvshfwlyho|/ glphqvlrqdo dqdo|vlv
|lhogv

� @ g4
�E5

�
N>

�% @ g5
�E5

�
%>

zkhuh �E5@� lv wkh lqyhuvh ri d pdjqhwlf wlph vfdoh/ dqg wkh frh�flhqwv g4 dqg
g5 duh glphqvlrqohvv +vhh/ h1j1/ Eudqryhu ^8`/ Vhf1 506,1

Xqiruwxqdwho|/ wkh frh�flhqwv g4 dqg g5 duh qrw frqvwdqwv/ exw ghshqg rq
wkh vwuxfwxuh dqg ohqjwk vfdoh glvwulexwlrq ri wkh wxuexohqfh1 Rqh h�hfw ri wkh
pdjqhwlf �hog lv wkdw wxuexohqw vwuxfwxuhv whqg wr jurz lq wkh gluhfwlrq ri wkh
pdjqhwlf �hog dqg/ dv d frqvhtxhqfh/ g4 +dqg g5, zloo ghfuhdvh1 Vrpphuld dqg
Pruhdx ^6:` irxqg wkdw

g4 �
�
oB
on

�5
>

zkhuh oB dqg on duh wxuexohqw ohqjwk vfdohv shushqglfxodu wr/ dqg sdudooho zlwk
wkh pdjqhwlf �hog/ uhvshfwlyho|1

Lq d ihz uhfhqw prgho sursrvdov/ wkh yduldwlrq ri g4 dqg g5 lv hvwlpdwhg lq
whupv ri yduldeohv ri d frqyhqwlrqdo wxuexohqfh forvxuh1 Zlwk wkh udwlrqdoh wkdw
wkh ohqjwk vfdoh dqlvrwurs| lq d vwhdg| �rz vkrxog ghshqg rq wkh vwuhqjwk ri
wkh pdjqhwlf �hog/ uhodwlyh wr lqhuwldo h�hfwv/ Ml dqg Jdugqhu ^49` sursrvhg d
prgl�fdwlrq ri d orz0Uh N0% prgho zkhuh wkh| ohw g4 dqg g5 eh sursruwlrqdo wr
dq h{srqhqwldo gdpslqj ixqfwlrq/

h{s+�fQp,>

zkhuh Qp lv wkh phdq0�rz +ru exon, lqwhudfwlrq sdudphwhu/

Qp @
�E5O

�X
=

Iru ohvv reylrxv uhdvrqv/ wkh| lqfoxghg wkh vdph gdpslqj ixqfwlrq lq wkh frqvwl0
wxwlyh uhodwlrqvkls +5174, iru wkh wxuexohqw ylvfrvlw|/ �W 1 Pruh uhfhqwo|/ Nhqmhuh�v
dqg Kdqmdol�f ^4;` vxjjhvwhg vrph vljql�fdqw lpsuryhphqwv ri wklv prgho> wkh|
gursshg wkh gdpslqj ixqfwlrq lq wkh htxdwlrq iru �W / dqg uhsodfhg Qp zlwk d

4<
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wxuexohqw lqwhudfwlrq sdudphwhu Q @ �E5N@+�%,/ edvhg rq wkh orfdo wxuexohqfh
yduldeohv1

Wkh fhqwudo lghd ghyhorshg lq wklv wkhvlv lv wr lqfoxgh lq wkh forvxuh dq
dgglwlrqdo wudqvsruwhg vfdodu yduldeoh iru wkh ohqjwk vfdoh dqlvrwurs| lqirupdwlrq
zh qhhg iru prgholqj ri wkh Mrxoh glvvlsdwlrq1 Wkh gh�qlwlrq ri wkh qhz yduldeoh
� lv vxfk wkdw wkh Mrxoh glvvlsdwlrq ri krprjhqhrxv wxuexohqfh fdq eh h{suhvvhg
h{dfwo| dv

� @
5�E5

�
�N=

6141 Vshfwudo dqdo|vlv ri krprjhqhrxv PKG wxuexohqfh

Vshfwudo dqdo|vlv r�huv vhyhudo lpsruwdqw dgydqwdjhv iru wkh vwxg| ri kr0
prjhqhrxv wxuexohqfh1 Lq wkh vshfwudo grpdlq/ zh ghdo zlwk wzr0srlqw yhorflw|
fruuhodwlrqv> rqh0srlqw txdqwlwlhv olnh wkh Uh|qrogv vwuhvvhv duh iruphg wkurxjk
vskhulfdo lqwhjudwlrq ryhu vshfwudo vsdfh1 Wkh qrq0orfdolw| ri wkh suhvvxuh �xf0
wxdwlrqv lv wudfwdeoh/ dv zh fdq vroyh wkh Srlvvrq htxdwlrqv iru wkh suhvvxuh
�xfwxdwlrqv h{solflwo|/ dqg holplqdwh suhvvxuh iurp wkh Qdylhu~Vwrnhv htxdwlrqv1
Ilqdoo|/ wkh Srlvvrq htxdwlrq iru wkh hohfwurvwdwlf srwhqwldo lv hdv| wr ghdo zlwk/
dqg wkh Oruhqw} irufh dv zhoo dv wkh pdjqhwlf Mrxoh glvvlsdwlrq ri wxuexohqfh fdq
eh zulwwhq lq forvhg irup1 +Vhh dovr Edwfkhoru ^7`/ Ohkqhuw ^57`/ dqg Kdooe�dfn
^47`,1

614141 Irxulhu wudqvirup ri �xfwxdwlrqv1 Zh frqvlghu wkh fdvh ri kr0
prjhqhrxv wxuexohqfh/ doorzlqj iru krprjhqhrxv phdq yhorflw| judglhqwv/

Xl>p+w, @
CXl
C{p

=

Wkh �xfwxdwlqj txdqwlwlhv pd| hdfk eh h{sdqghg lq dq lq�qlwh Irxulhu vhulhv
li zh frqvlghu d �rz grpdlq zklfk lv shulrglf lq doo vsdwldo gluhfwlrqv1 Wkh
glphqvlrqv ri wkh �rz grpdlq pd| ghshqg rq wlph lq d zd| wkdw frqvhuyhv
wkh yroxph ri wkh grpdlq1 Zh gh�qh wkh Irxulhu h{sdqvlrqv iru wkh �xfwxdwlqj
yhorflw| dqg suhvvxuh �hogv dv

x3l+{> w, @
[

axlh
ln�{>

s3+{> w, @
[

ashln�{=

Irxulhu wudqvirupdwlrq ri wkh �xfwxdwlrq htxdwlrqv +514<, dqg +5153, |lhogv

gaxl
gw

@ �Xl>maxm � l
nl
�
as� lnm+gx3lx3m,� �n5axl . ail> +614,

lnlaxl @ 3> +615,

frpsohphqwhg e| dq htxdwlrq iru wkh udwh ri fkdqjh ri wkh zdyh qxpehu/ gxh wr
wkh phdq vwudlq/

gnl
gw

. Xm>lnm @ 3=
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Irxulhu wudqvirupdwlrq ri wkh hohfwurpdjqhwlf �xfwxdwlrq htxdwlrqv +5154,
wkurxjk +5157, |lhogv

ai @
4

�
am�E3> +616,

am @ �+ah. ax�E3,> +617,

ah @ �lna!> +618,

�n5 a! @ ln � +ax�E3,= +619,

Zh fdq �qg dq h{solflw h{suhvvlrq iru wkh wudqviruphg �xfwxdwlqj Oruhqw} irufh
+vhh/ h1j1/ Vfkxpdqq ^67`,1 Iurp +618, dqg +619, zh kdyh

ah @ �n � +ax�E3,

n5
n @ � 4

n5
n� +n� ^ax�E3`,� ax�E3>

zkhuh zh pdgh xvh ri wkh yhfwru lghqwlw| d� +e� f, @ +d � f,e� +d �e,f1 Xvlqj
+616, dqg +617,/ zh jhw

ai @ � �

�n5
^n� +n� +ax�E3,,`�E3=

Lq wkh iroorzlqj zh xvh E zlwkrxw vxevfulsw iru wkh h{whuqdo pdjqhwlf �hog1
Wkh suhvvxuh �hog as fdq eh holplqdwhg iurp wkh wudqviruphg �xfwxdwlrq

htxdwlrqv +614, e| wzlfh wdnlqj wkh furvv0surgxfw zlwk n1 Xvlqj wkh frqwlqxlw|
frqglwlrq +615, dqg vrph dojheud/ zh �qdoo| jhw d frpsohwh vhw ri htxdwlrqv dv

gaxl
gw

@ �Xl>m axm . 5
nlnp
n5

Xp>maxm � lnm+gx3lx3m, . l
nlnpnm

n5
+x̂3px3m,

� �n5axl � �

�

+E � n,5
n5

axl>

+61:,

gnl
gw

@ �Xm>lnm = +61;,

614151 Wkh vshfwudo hqhuj| dqg Uh|qrogv vwuhvv whqvruv1 Wkh vshf0
wudo hqhuj| whqvru lv gh�qhg dv wkh hqvhpeoh dyhudjhg vhfrqg prphqwv ri ax/

a�lm+n> w, @ kaxl+�n> w,axm+n> w,l @ kax�l axml>
zklfk fruuhvsrqg wr wkh wzr0srlqw yhorflw| fruuhodwlrqv lq sk|vlfdo vsdfh1 Khuh
ax�l lv wkh frpsoh{ frqmxjdwh ri axl1 Wkh wlph ghulydwlyh ri a�lm lv

g

gw
kax�l axml @

�
ax�l

gaxm
gw

 
.

�
gax�l
gw

axm

 
=

Wkh g|qdplfdo htxdwlrqv iru a�lm fdq qrz eh ghulyhg e| lqvhuwlqj +61:,1 Zh
ixuwkhu uhzulwh wkh frqyroxwlrq lqwhjudov lq wkh vhfrqg olqh ri Ht1 +61:, dv

_x3px3q+n, @

]
axp+n� n3,axq+n

3,g6n3>

dqg lqwurgxfh wkh wulsoh fruuhodwlrq dqg lwv frpsoh{ frqmxjdwh

aWlmn+n>n
3, � kaxl+n� n3,axm+n

3,axn+�n,l >
aW �lmn+n>n

3, � kaxl+n3 � n,axm+�n3,axn+n,l =
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Wklv |lhogv

g

gw
a�lm+n> w, @ �Xl>p a�pm � Xm>p a�lp

.5
nlnp
n5

Xp>q
a�qm . 5

nmnp
n5

Xp>q
a�lq

.lnp

�
�lq

]
aW �pqm+n>n

3,g6n3 ��mq

]
aWpql+n>n

3,g6n3
�

�5�n5a�lm � 5
�

�

+E � n,5
n5

a�lm>

+61<,

zkhuh �lm � �lm � nlnm
n5 1

Wkh frpsrqhqwv ri wkh Uh|qrogv vwuhvv whqvru uhsuhvhqw wkh hqvhpeoh dyhu0
djhg yhorflw| fruuhodwlrqv lq wkh rqh0srlqw olplw/ Ulm @ kx3lx3ml1 Iru krprjhqhrxv
wxuexohqfh wkh| fdq eh h{suhvvhg lq whupv ri wkh vshfwudo hqhuj| whqvru/

Ulm+w, @

]
a�lm+n> w,g

6n=

Lqwhjudwlrq ri wkh g|qdplfdo htxdwlrqv ri wkh vshfwudo hqhuj| whqvru surgxfhv
wkh vshfwudo uhsuhvhqwdwlrq ri wkh Uh|qrogv vwuhvv wudqvsruw +UVW, htxdwlrqv zh
lqwurgxfhg lq Vhf1 516/

gUlm+w,

gw
@ Slm .�

+u,
lm .�

+v,
lm � %lm � �lm> +6143,

zlwk

Slm @ �Xl>nUnm � Xm>nUnl>

�
+u,
lm @ 5Xp>q

] �
nlnp
n5

a�qm .
nmnp
n5

a�ql

�
g6n>

�
+v,
lm @

]
lnp

�
�lq

]
aW �pqm+n>n

3,g6n3

��mq

]
aWpql+n>n

3,g6n3
�
g6n>

%lm @ 5�

]
n5a�lmg

6n>

�lm @ 5
�

�

]
+E � n,5

n5
a�lmg

6n>

zkhuh Slm lv wkh wxuexohqfh surgxfwlrq/ �
+u,
lm dqg �

+v,
lm duh udslg dqg vorz suhvvxuh~

vwudlq whupv/ uhvshfwlyho|/ dqg %lm lv wkh glvvlsdwlrq udwh whqvru1 Dv phqwlrqhg
lq Vhf1 516/ wkh Mrxoh glvvlsdwlrq �lm lqfoxghv wkh h{solflw erg| irufh whupv/ dv
zhoo dv wkhlu frqwulexwlrq wr wkh uhglvwulexwlyh suhvvxuh~vwudlq lqwhudfwlrq> vhh
Ht1 +5165,1

Ri wkh whupv lq Ht1 +6143,/ rqo| wkh surgxfwlrq whup lv h{solflw lq wkh phdq
yhorflw| judglhqwv dqg wkh Uh|qrogv vwuhvvhv wkhpvhoyhv1 Doo rwkhu whupv pxvw
eh prghohg lq vrph zd|/ dv glvfxvvhg lq Vhf1 51714
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614161 Wkh _dqjxodu% hqhuj| glvwulexwlrq1 Li zh dvvxph pdjqhwlf glv0
vlsdwlrq grplqdwhv lq Ht1 +61<,/ doo rwkhu whupv pd| eh qhjohfwhg1 Wkh uhvxowlqj
olqhdu htxdwlrq lv vlplodu wr wkdw ri Ohkqhuw ^57`/ exw zh khuh qhjohfw dovr wkh
ylvfrxv whup +Uh 4,1

Ohw wkh pdjqhwlf �hog E eh lq wkh n60gluhfwlrq/ dqg lqwurgxfh vskhulfdo
frruglqdwhv/

n @ nivlq � vlq*> vlq � frv*> frv �j>
zkhuh * lv dq d}lpxwkdo dqjoh derxw E/ dqg � lv wkh dqjoh ehwzhhq n dqg
E1 Frqwudfwlrq ri +61<, wkhq |lhogv dq hyroxwlrq htxdwlrq iru vshfwudo hqhuj|
aH � a�ll@5/

g aH+n> w,

gw
@ �a�> +6144,

a� @ aH
�E5

�
frv5 �= +6145,

Khuh a� uhsuhvhqwv d vshfwudo Mrxoh glvvlsdwlrq1 Li zh ohw H3+n, eh dq lvrwurslf
lqlwldo hqhuj| vshfwuxp/ wkh vroxwlrq wr +6144, fdq eh zulwwhq dv d ixqfwlrq ri
wkh dqjoh �/

aH+�> w, @ H3+n, h{s

�
��E5

�
w frv5 �

�
= +6146,

Iljxuh 614 vkrzv d srodu sorw ri aH dqg a� dv ixqfwlrqv ri �/ dv jlyhq e| +6146, dqg
+6145, iru d ihz srlqwv lq wlph1 Mrxoh glvvlsdwlrq dfwv vhohfwlyho| rq hqhuj| orfdwhg
derxw wkh d{lv sdudooho zlwk wkh pdjqhwlf �hog/ dqg wkh uhpdlqlqj hqhuj| whqgv
wr eh frqfhqwudwhg qhdu wkh shushqglfxodu sodqh1 Qrwh dovr wkdw wkh uhodwlyh
pdjqlwxgh ri wkh Mrxoh glvvlsdwlrq ghfuhdvhv udslgo|/ dv wkh hqhuj| qhdu wkh nn0
d{lv lv ghsohwhg1 +Vfkxpdqq ^67` xvhg d vlplodu looxvwudwlrq iru wkh lqglylgxdo

frpsrqhqwv ri a�lm,1
Lq wkh pruh jhqhudo fdvh/ zkhuh dovr ylvfrxv dqg qrqolqhdu lqhuwldo h�hfwv

duh lpsruwdqw/ wkh vlwxdwlrq fdq eh looxvwudwhg dv lq Ilj1 615 +vlplodu wr wkdw ri
Pruhdx ^5;`,1 Mrxoh glvvlsdwlrq lv odujhvw lq d frqh derxw dq d{lv sdudooho zlwk wkh
pdjqhwlf �hog +vkdghg uhjlrq,1 Rxwvlgh wkh grwwhg flufoh/ wkh wxuexohqw vwuxf0
wxuhv d vpdoo hqrxjk iru ylvfrxv glvvlsdwlrq wr eh vljql�fdqw1 Qrqolqhdu lqhuwldo
phfkdqlvpv fdxvh zkdw zh fdq fdoo dqjxodu hqhuj| wudqvihu/ wudqvihuulqj hqhuj|
iurp wkh hqhuj|0frqwdlqlqj uhjlrq qhdu wkh nB0sodqh/ wr wkh uhjlrq zkhuh Mrxoh
glvvlsdwlrq lv vwurqj1 Wkh qrqolqhdu phfkdqlvpv wkxv hqkdqfh Mrxoh glvvlsdwlrq1

6151 Prgholqj ri wkh Mrxoh glvvlsdwlrq

Iru prgholqj sxusrvhv/ wkh udslg suhvvxuh~vwudlq whup �
+u,
lm lv riwhq zulwwhq

dv

�
+u,
lm @ 5Xn>q+Plqnm .Pmqnl,>
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zkhuh zh kdyh lqwurgxfhg wkh irxuwk0udqn whqvru

Plmst �
]

nsnt
n5

a�lm+n> w,g
6n= +6147,

Wkh Mrxoh glvvlsdwlrq whqvru pd| eh h{dfwo| h{suhvvhg lq whupv ri wkh P0whqvru
^75`/

�lm+w, @ 5
�E5

�
QstPlmst> +6148,

zkhuh

Qlm @
4

E5
ElEm @ qlqm >

dqg ql lv wkh gluhfwlrq xqlw yhfwru ri wkh pdjqhwlf �hog1
Lq fodvvlfdo wxuexohqfh prgholqj/ wkh P0whqvru lv jhqhudoo| prghohg lq whupv

ri wkh Uh|qrogv vwuhvv whqvru dorqh/ ru udwkhu lq lwv qrqglphqvlrqdo yhuvlrq/ wkh
dqlvrwurs| whqvru

dlm � Ulm

N
� 5

6
�lm=

Dowkrxjk prghov ri wklv nlqg vhhp wr gr zhoo lq pdq| luurwdwlrqdo phdq �rzv/
wkh| idlo wr suhglfw/ iru h{dpsoh/ wkh frpsoh{ ehkdylru ri wxuexohqfh vxemhfwhg
wr udslg urwdwlrq1 Rqh ri wkh sureohpv zlwk d prgho lq whupv ri U rqo| lv wkdw lw
lqfoxghv rqo| lqirupdwlrq derxw wkh glvwulexwlrq ri wxuexohqw nlqhwlf hqhuj| lqwr
Uh|qrogv vwuhvv frpsrqhqwv/ zkloh wkh ruljlqdo P0whqvru frqwdlqv lqirupdwlrq
dovr derxw wkh glvwulexwlrq ri ohqjwk vfdohv lq gl�huhqw gluhfwlrqv1 Uh|qrogv ^64`
dqg Uh|qrogv ) Ndvvlqrv ^65` wkhuhiruh glvfxvvhg wkh srvvlelolw| wr lqfoxgh rwkhu
whqvruv lq prghov iru udslg urwdwlrq +vhh dovr Fdperq ^:`,1 Iru wklv sxusrvh wkh|
lqwurgxfhg wkh vwuxfwxuh glphqvlrqdolw| whqvru \/ gh�qhg e|

\lm �
]

nlnm
n5

a�qq+n,g
6n @ Pqqlm= +6149,

Iurp wkh gh�qlwlrq iroorzv wkdw \ll @ 5N1
Wkh glphqvlrqdolw| whqvru \ fduulhv ohqjwk vfdoh lqirupdwlrq zklfk vhhpv

wr eh ylwdo iru vxffhvvixo prgholqj ri PKG wxuexohqfh1 Li zh frqwudfw +6148,/
wkh vfdodu Mrxoh glvvlsdwlrq � @ �ll@5 fdq eh h{suhvvhg dv

�+w, @
�E5

�
QlmPqqml

@
�E5

�
Qlm\ml

@
�E5

�
N

�
Qlm|ml .

5

6

�
=

+614:,

Lq wkh odvw htxdolw| zh kdyh lqwurgxfhg wkh qrupdol}hg glphqvlrqdolw| dqlvrwurs|
whqvru/ gh�qhg e|

|lm � \lm
N
� 5

6
�lm=

Lq dqdorj| zlwk wkh Uh|qrogv vwuhvv dqlvrwurs| whqvru/ wklv whqvru lv wudfhohvv dqg
wkh ydoxhv ri lwv gldjrqdo frpsrqhqwv duh olplwhg wr wkh �qlwh lqwhuydo ^�5@6> 7@6`
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+vhh/ h1j1/ Uh|qrogv ^64`,1 D ydoxh ri |44 forvh wr �5@6/ iru h{dpsoh/ lqglfdwhv
wkdw wkh hqhuj|0frqwdlqlqj hgglhv duh uhodwlyho| orqj lq wkh {4 gluhfwlrq/ zkloh d
ydoxh ri 7@6 zrxog lqglfdwh wkdw wkh| duh uhodwlyho| vkruw lq wkh {4 gluhfwlrq1

Lqvsluhg e| Ht1 +614:,/ lw zdv sursrvhg lq Sdshu 4 +Zlgoxqg hw do1 ^75`,/
wkdw d prgho iru PKG wxuexohqfh vkrxog lqfoxgh d prgho wudqvsruw htxdwlrq iru
d qrupdol}hg glphqvlrqdolw| dqlvrwurs| yduldeoh �/ gh�qhg dv

� � Qlm\ml
5N

= +614;,

Wkh yduldeoh � lv wkxv wkh qrupdol}hg frpsrqhqw ri \ zklfk lv lq wkh gluhfwlrq
ri wkh pdjqhwlf �hog1 Lw iroorzv iurp wkh glvfxvvlrq deryh wkdw 3 � � � 4/ dqg
wkdw � @ 4@6 iru lvrwurslf wxuexohqfh1 Lq wkh olplw ri wzr glphqvlrqdo +5G,
wxuexohqfh/ � @ 31

Zlwk wklv qhz wudqvsruwhg vfdodu/ wkh Mrxoh glvvlsdwlrq lq krprjhqhrxv wxu0
exohqfh fdq h{suhvvhg h{dfwo| dv

� @
5�E5

�
N�= +614<,

Zlgoxqg hw do1 sursrvhg d frruglqdwh lqyduldqw whqvru ixqfwlrq iru prgholqj ri
wkh Mrxoh glvvlsdwlrq whqvru �lm lq wkh Uh|qrogv vwuhvv htxdwlrqv=

�lm+w, @ 5
�E5

�
NIlm+dno> qp> �,> +6153,

zkhuh Ilm lv d vhfrqg0udqn v|pphwulf whqvru ixqfwlrq ri wkh irup

Ilm @
J+�> Lqd,

N
Ulm .

K+�,

5N
+qlqnUnm . qmqnUnl,

@ J+�> Lqd,

�
dlm .

5

6
�lm

�
.K+�,

�
4

5
+qlqndnm . qmqndnl, .

5

6
qlqm

�
=

+6154,

J dqg K duh khuh ixqfwlrqv ri � dqg Lqd/ dv lqglfdwhg/ dqg Lqd � qlqndnl lv
wkh rqo| uhohydqw lqyduldqw ri wkh whupv lq Ilm1 D prgho htxdwlrq iru ylvfrxv
glvvlsdwlrq % vkrxog dovr lqfoxgh d pdjqhwlf ghvwuxfwlrqv whup1 Edvhg rq wkh
Mrxoh glvvlsdwlrq whup +614<,/ dqg vlpsoh glphqvlrqdo dujxphqwv/ wkh pdjqhwlf
ghvwuxfwlrq ri % fdq eh prghohg dv

�% @ F%�
5�E5

�
%�= +6155,

Lq Sdshu 4/ Zlgoxqg hw do1 sursrvhg d vlpsoh skhqrphqrorjlfdo wudqvsruw
htxdwlrq iru wkh qhz forvxuh yduldeoh �/

g�

gw
@ �� � ��> +6156,
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zlwk

�� @ F�5
%

N

�
4

6
� �

�
> +6157,

�� @ F�4
5�E5

�
�5= +6158,

Khuh �� uhsuhvhqwv pdjqhwlf ghvwuxfwlrq/ gulylqj wkh wxuexohqfh wrzdugv wkh
wzr glphqvlrqdo +5G, vwdwh +� @ 3,1 Wkh whup �� lv d olqhdu uhwxuq0wr0lvrwurs|
whup ri Urwwd w|sh ^66`1 Lw uhsuhvhqwv qrqolqhdu dqjxodu hqhuj| wudqvihu +vhh
Vhf1 61416,/ dqg surprwhv d uhwxuq wr wkh lvrwurslf vwdwh +� @ 4@6,1

6161 Dq h{dfw htxdwlrq iru �

Wkh pdlq ihdwxuhv ri wkh skhqrphqrorjlfdo wudqvsruw htxdwlrq sursrvhg iru
� lq Sdshu 4 duh frq�uphg lq Sdshu 5 dqg Sdshu 7/ edvhg rq dq htxdwlrq
ghulyhg iru wkh frpsohwh whqvru \1 Zh kdyh

g\lm
gw

@ S\
lm .�\

lm . �\lm � %\lm � �\lm> +6159,

zkhuh

S\
lm @ �5Xs>p

]
nlnm
n5

a�psg
6n

�\
lm @ �Xq>m\ql � Xq>l\qm . 5Xp>q

]
nlnmnpnq

n7
a�ssg

6n

�\lm @

]
lnp

nlnm
n5

] �
aW �pss+n>n

3,� aWpss+n>n
3,
�
g6n3 g6n

%\lm @ 5�

]
nlnm a�qqg

6n

�\lm @ 5
�

�

]
+E � n,5

n5
nlnm
n5

a�qqg
6n=

Olnh wkh Uh|qrogv vwuhvv whqvru U/ wkh glphqvlrqdolw| whqvru kdv wudfh 5N/ vr
wkdw frqwudfwlrq ri htxdwlrq +6159, |lhogv dq htxdwlrq iru wxuexohqw nlqhwlf hq0
huj|1 Wkh gl�huhqw whupv rq wkh uljkw0kdqg vlgh ri +6159, kdyh ehhq jurxshg dqg
odehohg dffruglqj wr wkhlu sk|vlfdo ruljlq/ dqg wkh zd| wkh| frqwulexwh wr wkh
wxuexohqw nlqhwlf hqhuj|1 S\

lm uhsuhvhqwv wxuexohqfh surgxfwlrq/ dv wkh frqwudfwhg
whup htxdov wkh frqwudfwlrq Sll ri surgxfwlrq lq wkh Uh|qrogv vwuhvv htxdwlrqv1
Wkh wudfhohvv whup �\

lm uhsuhvhqwv zkdw zh fdq fdoo phdq ghirupdwlrq hqhuj|
wudqvihu/ dqg fruuhvsrqgv wr wkh udslg suhvvxuh~vwudlq whup lq wkh Uh|qrogv
vwuhvv htxdwlrqv1 Wkh qrq0olqhdu whup �\lm lv dovr wudfhohvv/ fruuhvsrqglqj wr vorz

suhvvxuh~vwudlq lq wkh Uh|qrogv vwuhvv htxdwlrqv1 %\lm dqg �\lm uhsuhvhqw ylvfrxv
dqg Mrxoh glvvlsdwlrq/ uhvshfwlyho|1

Ohw Qlm � qlqm 1 Zh wdnh wkh wlph ghulydwlyh ri wkh gh�qlwlrq +614;,/ dqg
lqvhuw +6159, wr rewdlq dq hyroxwlrq htxdwlrq iru �=

g�

gw
@ S� .�� . �� � %� � ��> +615:,
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zkhuh

S� @
4

5N

�
QlnS

\
nl � 5�SN

�
>

�� @
4

5N
Qln�

\
nl>

�� @
4

5N
Qln�

\
nl>

%� @
4

5N

�
Qln%

\
nl � 5�%

�
>

�� @
4

5N

�
Qln�

\
nl � 5��

�
=

Wkh surshuwlhv ri wkh odvw wzr whupv zhuh h{dplqhg lq Sdshu 5/ xvlqj udslg
glvwruwlrq wkhru| dqg wkh olqhdul}hg yhuvlrq ri Ht1 +61<, +qhjohfwlqj phdq vwudlq
dqg wkh qrqolqhdu whup,1 %� lv h{shfwhg wr eh vpdoo/ dqg fdq eh frqyhqlhqwo|
devruehg lq wkh uhwxuq0wr0lvrwurs| prgho +6157, sursrvhg lq Sdshu 4 iru wkh
qrqolqhdu whup ��1 Zlwk wkh vlpsoh prgho whup +6158, sursrvhg iru ��/ wkh
prgho zdv irxqg wr jlyh wkh ghvluhg dv|pswrwlf ehkdylru/ iru orqj wlphv/ li wkh
frh�flhqw F�4 zdv dgmxvwhg wr jlyh jrrg djuhhphqw zlwk udslg glvwruwlrq uhvxowv
iru vpdoo ydoxhv ri � +vhh Sdshu 5 dqg Sdshu : iru ghwdlov,1

Wkh phdq vwudlq whupv S� dqg �� zhuh dqdo|}hg lq Sdshu 71 Xqiruwxqdwho|
�� ghshqgv rq doo frpsrqhqwv ri\/ qrw rqo| rqQln\nl1 D prgho ri �� lq whupv
ri � zdv irxqg wr eh dssursuldwh rqo| li\ lv uhdvrqdeo| v|pphwulf derxw dq d{lv
sdudooho zlwk wkh pdjqhwlf �hog1 Wklv vkrxog iruwxqdwho| eh wkh fdvh zkhuhyhu
pdjqhwlf h�hfwv duh lpsruwdqw1

Wkh qrqolqhdu lqhuwldo phfkdqlvpv ehklqg wkh whup �� duh fxuuhqwo| qrw zhoo
xqghuvwrrg> vrph surjuhvv lv pdgh lq Sdshu :/ dqg lghdv iru ixwxuh zrun duh
glvfxvvhg eulh�| lq Vhf1 8141

6171 Lqkrprjhqhrxv h�hfwv

Vshfwudo dqdo|vlv lv d srzhuixo wrro iru dqdo|}lqj krprjhqhrxv wxuexohqfh1
Rq wkh rwkhu kdqg/ wkh dvvxpswlrq ri krprjhqhlw| lv ixqgdphqwdo iru wkh dqdo0
|vlv/ dqg lw lv gl�fxow wr vhh krz wkh uhvxowv frxog eh jhqhudol}hg wr dffrxqw iru
h�hfwv ri zdoov dqg phdq0�rz lqkrprjhqhlwlhv1

Dsduw iurp erxqgdu| frqglwlrqv/ lqkrprjhqhlw| h�hfwv dsshdu wkurxjk wkh
Srlvvrq htxdwlrqv iru �xfwxdwlqj suhvvxuh dqg �xfwxdwlqj hohfwulf srwhqwldo1 Wkh
holplqdwlrq ri wkhvh txdqwlwlhv lq wkh vshfwudo dqdo|vlv dffrxqwv rqo| iru wkh vsd0
wldoo| krprjhqhrxv vroxwlrq wr wkh Srlvvrq htxdwlrqv1 Wkh �xfwxdwlqj suhvvxuh
dsshduv pdlqo| lq wkh suhvvxuh~vwudlq udwh whupv/ zkhuh lw dfwv wr uhglvwulexwh
hqhuj| ehwzhhq wkh Uh|qrogv vwuhvv frpsrqhqwv> lw kdv qr qhw h�hfw rq wkh wxu0
exohqw nlqhwlf hqhuj|1 Wkh �xfwxdwlqj hohfwulf srwhqwldo/ krzhyhu/ dsshduv lq wkh
vfdodu Mrxoh glvvlsdwlrq ri wxuexohqw nlqhwlf hqhuj|1 Ehorz zh ghulyh dq h{suhv0
vlrq iru wkh vfdodu Mrxoh glvvlsdwlrq ri krprjhqhrxv wxuexohqfh lq sk|vlfdo vsdfh1
Wklv doorzv xv wr vhh zkhuh dvvxpswlrqv ri krprjhqhlw| hqwhu wkh dqdo|vlv1 Wkh
dqdo|vlv odujho| iroorzv wkdw ri Fkrx/ iru wkh suhvvxuh~vwudlq whupv ^<`1

Zh khuh xvh sodlq orzhu0fdvh ohwwhuv +zlwkrxw sulphv, wr ghqrwh �xfwxdwlqj
txdqwlwlhv1 Li wkh h{whuqdo pdjqhwlf �hogE lv krprjhqhrxv/ wkh Srlvvrq htxdwlrq
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iru �xfwxdwlqj hohfwulf srwhqwldo lv

�u5! @ �En�lmn
Cxm
C{l

= +615;,

Vxffhvvlyh gl�huhqwldwlrqv duh frppxwdwlyh/ vr wkdw wkh judglhqw ri ! dovr vdwlv0
�hv d Srlvvrq htxdwlrq/

�u5 C!
C{l

@ �En�qmn
C5xm
C{q{l

= +615<,

Htv1 +615;, dqg +615<, kdyh lqwhjudo vroxwlrqv

!+{, @ �En�lmn

]
Cx3m
C{3l

J+{>{3,gY 3> +6163,

C!

C{l
+{, @ �En�qmn

]
C5x3m

C{3lC{
3
q

J+{>{3,gY 3> +6164,

zkhuh zh kdyh xvhg sulphg txdqwlwlhv wr ghqrwh yduldeohv ri lqwhjudwlrq/ dqg
J+{>{3, lv wkh Srlvvrq Juhhq ixqfwlrq1 Zh khuh dvvxph wkh odwwhu lv gh�qhg
wr dffrxqw iru erxqgdu| frqglwlrqv/ dqg qrwh wkdw wkh vsdwldoo| krprjhqhrxv
vroxwlrq/ zlwk erxqgdu| frqglwlrqv suhvfulehg lq lq�qlw|/ lv jryhuqhg e| wkh
_krprjhqhrxv% Juhhq ixqfwlrq

Jkrp+{>{3, @
4

7�m{3 � {m = +6165,

Iurp Htv1 +5155, wkurxjk +5157,/ zh kdyh wkh vfdodu Mrxoh glvvlsdwlrq dv

�+{, @ �kilxll

@
�

�

�
En�lmn

�
xl

C!

C{m

 
.E5kxlxll �ElEnkxnxll

�
>

+6166,

zkhuh wkh txdqwlw| kxlxml duh wkh Uh|qrogv vwuhvvhv1 Wkh �uvw whup lq +6166, fdq
eh uhzulwwhq xvlqj +6164,1 Vlqfh { dqg {3 duh lqghshqghqw/ x+{, lv xqd�hfwhg e|
gl�huhqwldwlrq ryhu {3/ dqg vrph dojheud |lhogv

�+{, @
�

�

�
En�nlmEt�tsv

]
C5kxlx3sl
C{3mC{

3
v

J+{>{3,gY 3

.E5kxlxll �ElEnkxnxll
�
=

+6167,

Zh khuh uhfrjql}h kxlx3sl dv wkh wzr0srlqw yhorflw| fruuhodwlrq1
Ohw u eh wkh gl�huhqfh yhfwru ri { dqg {3/ vxfk wkdw

ul @ {3l � {l>

dqg wkh glvwdqfh ehwzhhq wkh srlqwv lv u @ m{3 � {m1 Gl�huhqwldwlrq dqg lqwhjud0
wlrq lqvlgh wkh lqwhjudo lq +6167, lv zlwk uhvshfw wr {3/ nhhslqj { frqvwdqw/ vr d
fkdqjh ri frruglqdwhv iurp {3 dqg {/ wr { dqg u/ |lhogv gY 3 @ gu4gu5gu6/ dqg]

C5kxlx3sl
C{3mC{

3
v

J+{>{3,gY 3 @

]
C5kxlx3sl
CumCuv

J+{>{3,gY 3=



63 61 PKG WXUEXOHQFH PRGHOLQJ

Iroorzlqj Fkrx ^<`/ zh lqwurgxfh wzr frqvhuydwlrq uhodwlrqv iru wkh wzr0srlqw
yhorflw| fruuhodwlrqv1 Gxh wr wkh frqwlqxlw| frqglwlrq/ zh kdyh Cx3q@C{

3
q @ 31

Iru wkh hqvhpeoh dyhudjhg wzr0srlqw fruuhodwlrq wklv |lhogv

Ckxlx3ql
C{3q

@
Ckxlx3ql
Cuq

@ 3> +6168,

dvvxplqj { lv nhsw frqvwdqw gxulqj gl�huhqwldwlrq1 Fkrx dujxhg/ wkdw li zh
duh qrw wrr forvh wr �rz erxqgdulhv/ wklv frqvhuydwlrq uhodwlrq lv dssur{lpdwho|
v|pphwulf zlwk uhvshfw wr srlqwv {3 dqg {/ vr wkdw +vwloo { frqvwdqw,

Ckxqx3ll
Cuq

� 3= +6169,

Ohw xv qrz dvvxph frruglqdwhv rulhqwhg vr wkdw E @ Eh61 Htxdwlrq +6167,
|lhogv

�+{, @
�E5

�

%] �
C5kx4x34l

Cu55
.

C5kx5x35l
Cu54

� C5

Cu4Cu5
+kx4x35l. kx5x34l,

�
J+{>{3,gY 3

.kx4x4l. kx5x5l
&
=

+616:,

Gxh wr wkh �uvw frqvhuydwlrq uhodwlrq +6168,/

Ckx4x35l
Cu5

@ �Ckx4x34l
Cu4

� Ckx4x36l
Cu6

>

Ckx34x5l
Cu4

@ �Ckx5x35l
Cu5

� Ckx5x36l
Cu6

>

vr wkdw wkh odvw whup ri wkh lqwhjudqg lq +616:, lv

C5

Cu4Cu5
+kx4x35l. kx5x34l, @

� C5kx4x34l
Cu54

� C5kx5x35l
Cu55

� C5kx4x36l
Cu4Cu6

� C5kx5x36l
Cu5Cu6

=

+616;,

Wkh vhfrqg frqvhuydwlrq uhodwlrq +6169, jlyhv

Ckx4x36l
Cu4

.
Ckx5x36l
Cu5

� �Ckx6x36l
Cu6

=

Dzd| iurp wkh zdoov/ wkh odvw wzr whupv lq +616;, fdq wkhq eh dssur{lpdwhg e|

�C5kx4x36l
Cu4Cu6

� C5kx5x36l
Cu5Cu6

� �C5kx6x36l
Cu56

= +616<,
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Zh pd| qrz froohfw dqg uhduudqjh wkh whupv ri +616:, dv iroorzv +qrwh wkh
xvh ri lqgh{ qrwdwlrq wr uhsuhvhqw vxppdwlrq,/

� � �E5

�

%
�
]

C5kxqx3ql
Cu56

J+{>{3,gY 3

.

] �
C5kx4x34l
CuqCuq

.
C5kx5x35l
CuqCuq

�
J+{>{3,gY 3 . kx4x4l. kx5x5l

&
=

+6173,

Iru frpsdulvrq zlwk wkh vshfwudo h{suhvvlrq +6147, iru krprjhqhrxv wxuex0
ohqfh/ zh qrwh wkdw wkh gh�qlwlrq ri wkh P whqvru lq sk|vlfdo vsdfh lv +vhh/ h1j1/
^48`/ Vhf1 61;15,

Plmst � �
]

C5kxlx3ml
CusCut

Jkrp+{>{3,gY 3>

dqg wkdw/ iru krprjhqhrxv wxuexohqfh/ frqwudfwlrq ri wkh vhfrqg lqgh{ sdlu |lhogv
wkh Uh|qrogv vwuhvvhv/

Plmqq @ kxlxml=
Vx�flhqwo| idu dzd| iurp �rz erxqgdulhv/ wkh jhqhudo Juhhq ixqfwlrq J+{>{3, lq
Ht1 +6173, fdq eh uhsodfhg e| wkh krprjhqhrxv Jkrp+{>{3,1 Wkh vhfrqg lqwhjudo
lq +6173, wkhq fdqfhov wkh h{solflw Uh|qrogv vwuhvv whupv/ dqg wkh vhfrqg lqwhjudo
fdq eh h{suhvvhg dv

Pqq66 @ \66 @ 5N�>

dffruglqj wr wkh gh�qlwlrqv +6149, dqg +614;,1
Zh h{shfw h�hfwv ri lqkrprjhqhlw| wr eh odujhvw iru zdoov shushqglfxodu wr

wkh pdjqhwlf �hog/ ehfdxvh wxuexohqfh vwuxfwxuhv zloo eh orqjhu lq wkh pdjqhwlf
�hog gluhfwlrq1 Wkhvh zdoov duh fdoohg Kduwpdqq zdoov> wkh| h{klelw yhu| vwhs
yhorflw| judglhqwv/ dqg duh wkhuhiru riwhq uhvsrqvleoh iru d odujh sduw ri wkh zdoo
iulfwlrq dqg khdw wudqvihu lq d PKG fkdqqho �rz1 Wkh zdoo0qrupdo Uh|qrogv
vwuhvv zloo krzhyhu eh vpdoo qhdu d zdoo1 Wkh �uvw krprjhqhlw| dssur{lpdwlrq
zh pdgh lq Ht1 +616<, lqyroyhg wkh whup C5kx6x36l@Cu56/ zklfk vkrxog eh vpdoo
frpsduhg wr wkh rwkhu whupv/ dw ohdvw qhdu wkh Kduwpdqq zdoov1 Dv idu dv
wkh vfdodu Mrxoh glvvlsdwlrq lv frqfhuqhg/ wklv vxjjhvwv wkdw wkh prvw lpsruwdqw
h�hfwv ri lqkrprjhqhlw| dsshdu wkurxjk wkh +vsdwldoo|, lqkrprjhqhrxv sduw ri
wkh Srlvvrq Juhhq ixqfwlrq lq wkh lqwhjudov ri Ht1 +6173,1

D surshu dffrxqw ri wkh h�hfwv ri zdoov dqg lqkrprjhqhlwlhv vkrxog eh d wrs
sulrulw| iru ixwxuh prgholqj h�ruwv> vhh Vhf1 815 iru d eulhi glvfxvvlrq1

6181 Lpsohphqwdwlrq lq d frpphufldo �rz vroyhu

Wkh whfkqlfdo uhsruw lqfoxghg dv Sdshu 8 lq wklv wkhvlv ghvfulehv dq lpsoh0
phqwdwlrq ri wkh PKG prgho htxdwlrqv lq wkh frpphufldo �rz vroyhu FI[ 7161
Iurp wkh h{shulhqfh rewdlqhg vr idu/ wkh PKG wxuexohqfh prghov dsshdu wr eh
qxphulfdoo| urexvw dqg zhoo0ehkdyhg1

Lq lpsohphqwlqj PKG prgho htxdwlrqv lq d frpphufldo �rz vroyhu/ wkh
eljjhvw fkdoohqjh lv wr pdnh d qxphulfdoo| dffxudwh lpsohphqwdwlrq ri wkh phdq
�rz htxdwlrqv/ dqg hvshfldoo| wkh frpsxwdwlrq ri wrwdo fxuuhqw1 Lqfoxglqj wkh



65 61 PKG WXUEXOHQFH PRGHOLQJ

pdjqhwlf vlqn whupv lq wkh wxuexohqfh htxdwlrqv lv udwkhu vwudljkwiruzdug/ dqg
wkh � htxdwlrq fdq xvxdoo| eh gh�qhg dv d wudqvsruwhg vfdodu1 Wkh � htxdwlrq
+615:, lv wkhq frpsohphqwhg zlwk frqyhfwlrq dqg gl�xvlrq whupv1

Dv phqwlrqhg deryh/ qr dwwhpsw kdv vr idu ehhq pdgh wr prgho wkh qhdu0zdoo
h�hfwv1 Iru kljk0Uh|qrogv qxpehu lpsohphqwdwlrqv ri wkh N0% dqg Uh|qrogv
vwuhvv prghov/ wkh zdoo erxqgdu| frqglwlrqv duh dssolhg lq wkh fhqwhu ri wkh �uvw
fhoo qhdu wkh zdoo/ dqg wxuexohqfh zdoo ixqfwlrqv duh xvhg wr dffrxqw iru zkdw
kdsshqv forvhu wr wkh zdoo1 Wkh zdoo ixqfwlrqv iru phdq yhorflw| kdyh qrw |hw
ehhq prgl�hg wr dffrxqw iru wkh h�hfw ri wkh pdjqhwlf �hog +dowkrxjk uhfhqw
uhvxowv e| Doerxvvl�huh dqg Olqjzrrg ^4` pd| eh ri lqwhuhvw,1 Wkh wuhdwphqw
dgrswhg iru zdoo erxqgdu| frqglwlrqv iru wkh � htxdwlrq lv wkh vdph dv iru wkh
N dqg Uh|qrogv vwuhvv htxdwlrqv= zh dvvxph }hur wudqvsruw wr wkh zdoo +l1h1/
C@Cq @ 3,/ dqg vroyh wkh htxdwlrq dv xvxdo +zlwk vrxufh whupv lq wkh �uvw fhoo,1
Wklv surfhgxuh jlyhv d vprrwk ehkdylru ri � qhdu wkh zdoo/ dqg lw lv hdvlo| yhul�hg
wkdw wkh exgjhw ri � qhdu wkh zdoo lv lqghhg grplqdwhg e| wkh vrxufh whupv/ dqg
wkdw wudqvsruw lv qhjoljleoh1
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Lq wklv wkhvlv/ frqyhqwlrqdo wxuexohqfh forvxuhv kdyh ehhq h{whqghg zlwk dq
dgglwlrqdo wudqvsruwhg vfdodu/ �/ iru prgholqj ri PKG wxuexohqfh1 Wkh qhz
vfdodu fdswxuhv wkh dqlvrwurs| ri ohqjwk vfdohv/ zklfk lv d fkdudfwhulvwlf ihdwxuh
ri PKG wxuexohqfh/ dqg doorzv dffxudwh prgholqj ri wkh Mrxoh glvvlsdwlrq1 Wkh
frqfhsw kdv ehhq xvhg iru erwk d wkuhh0htxdwlrq _N0%0�% prgho/ dqg d ixoo
Uh|qrogv vwuhvv ru _UVW0�% prgho1

Ehorz iroorzv d eulhi vxppdu| ri wkh PKG vrxufh whupv dqgprgho htxdwlrqv
glvfxvvhg lq wkh wkhvlv/ dqg �qdoo| d vxppdu| ri wkh dsshqghg sdshuv1

7141 Wkh PKG wxuexohqfh forvxuh

Li ql lv d xqlw yhfwru sdudooho zlwk wkh pdjqhwlf �hog/ wkh sursrvhg Mrxoh
ghvwuxfwlrq whupv lq wkh N/ %/ dqg Uh|qrogv vwuhvv htxdwlrqv duh/ uhvshfwlyho|/

� @
5�E5

�
N�> +714,

�% @ F%�
5�E5

�
%�> +715,

�lm @
5�E5

�

�
J+�> Lqd,Ulm .

K+�,

5
+qlqnUnm . qmqnUnl,
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> +716,

zkhuh

J+�> Lqd, @ �.
5:

53
�5+4� �,

�
Lqd .

5

6

�
> +717,

K+�, @ �5:

43
�5+4� �,> +718,

Lqd � qlqnUnl

N
� 5

6
= +719,

Wkh ghvwuxfwlrq whupv +714, wkurxjk +716, zhuh �uvw gh�qhg lq Sdshu 4/ zkloh
wkh vfdodu ixqfwlrqv +717, dqg +718, vkrzq khuh duh wkrvh sursrvhg lq Sdshu 51

Iru krprjhqhrxv wxuexohqfh/ dq hyroxwlrq htxdwlrq iru � zdv ghyhorshg iurp
wkh jryhuqlqj htxdwlrqv +Sdshu 5 dqg Sdshu 7,1 Doo whupv uhtxluh prgholqj/
krzhyhu1 Wkh sursrvhg prgho wudqvsruw htxdwlrq iru � lv

C�

Cw
. Xn

C�

C{n
�G� @ S� .�� . �� � ��> +71:,

66
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zkhuh G� lv wkh gl�xvlrqv whup +vhh Sdshu 8,

G� @

;AAA?AAA=
C

C{n
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�
+N0%0� prgho,

C

C{n

�
Fv

��

N

%
Unm

C�

C{m

�
+UVW0� prgho,

+71;,

�W lv khuh wkh wxuexohqw ylvfrvlw| +Ht1 ^5174`,/ xvhg lq wkh vwdqgdug N0% prgho
^54`/ dqg �� lv d wxuexohqw Sudqgwo qxpehu iru � +zh kdyh xvhg �� @ 4/ zklfk lv
wkh ydoxh jhqhudoo| xvhg iru wkh rwkhu wxuexohqfh txdqwlwlhv,1 Wkh vrxufh whupv
lq wkh � prgho htxdwlrq duh

S� @ � 4

N
VlpUnl

�
+J. �,�pn .Kqpqn

�
> +71<,

�� @ �+4� �,
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8
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+Dow1 4,

%

N
pd{

�
F3�5� > F�5

�
4
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��
+Dow1 5,

+7144,

�� @ F�4
5�E5

�
�5= +7145,

Wkh vwudlq uhodwhg whupv S� dqg �� zhuh prghohg lq Sdshu 7 +iru wkh N0%
prgho/ Ulm lq S� fdq eh uhsodfhg e| wkh Erxvvlqhvt k|srwkhvlv/ Ht1 ^5173`,1 Wkh
vwudlq whupv zhuh irxqg wr kdyh olwwoh h�hfw rq wkh wxuexohqw nlqhwlf hqhuj| lq d
fkdqqho �rz zlwk d wudqvyhuvh pdjqhwlf �hog/ dqg fdq suredeo| eh qhjohfwhg lq
prvw sudfwlfdo dssolfdwlrqv1 Wkh uhwxuq0wr0lvrwurs| whup �� uhsuhvhqwv qrqolqhdu
dqjxodu hqhuj| wudqvihu1 Wkh ruljlqdo prgho +_Dow1 4%, zdv xvhg lq Sdshu 4/
Sdshu 6/ dqg lq wkh �rz vroyhu lpsohphqwdwlrq uhsruwhg lqSdshu 81 Wkh udwkhu
fuxgh slhfhzlvh olqhdu prgl�fdwlrq/ _Dow1 5%/ zdv xvhg lq Sdshu :1 Lw zdv irxqg
wkdw wkh prgl�hg ehkdylru qhdu wkh 5G olplw +� @ 3, zdv lpsruwdqw iru rewdlqlqj
wkh h{shfwhg qrqolqhdu hqhuj| ghfd| revhuyhg lq h{shulphqwv +Dohpdq| hw do1
^5`,1 Wkh irup ri wkh pdjqhwlf ghvwuxfwlrq whup �� zdv sursrvhg lq Sdshu 4/
dqg vxssruwhg e| wkh olqhdu udslg glvwruwlrq dqdo|vlv lq Sdshu 51

Wklv wkhvlv kdv qrw frqvlghuhg wkh prgholqj ri qhdu0zdoo h�hfwv/ dqg wkh
prghov kdyh vr idu ehhq xvhg wrjhwkhu zlwk frqyhqwlrqdo kljk0Uh|qrogv qxpehu
forvxuhv/ dqg vwdqgdug zdoo ixqfwlrqv1 Wkh zdoo erxqgdu| frqglwlrq xvhg iru wkh
� htxdwlrq +dssolhg lq wkh �uvw qrgh, lv wkh vdph dv wkdw jhqhudoo| xvhg iru N
dqg wkh Uh|qrogv vwuhvvhv= wkh zdoo0qrupdo judglhqw lv vhw wr }hur/ vr wkdw wkh
vroxwlrq lv ghwhuplqhg e| wkh edodqfh ri wkh vrxufh whupv1

Wkh PKG prgho frh�flhqwv kdyh ydulhg dv wkh zrun kdv surjuhvvhg1 Wkh
iroorzlqj ydoxhv duh fxuuhqwo| uhfrpphqghg/ edvhg rq wkh dqdo|vlv lq Sdshu :
+dvvxplqj wkh vwdqgdug ydoxh F%5 @ 4=<5 lq wkh % htxdwlrq,=

i F�4> F3�5> F�5> F%� j @ i 5> 7=:5> 3=7> 4=8 j= +7146,

Iru kljk lqwhudfwlrq qxpehuv +vwurqj �hogv,/ wkh prgho wkhq uhsurgxfhv wkh hq0
huj| dqg ohqjwk vfdoh hyroxwlrq suhglfwhg e| olqhdu wkhru|1 Zkhq qrqolqhdu h�hfwv
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duh ri lpsruwdqfh/ lw suhglfwv hqhuj| ghfd| dqg ohqjwk vfdoh hyroxwlrq lq djuhh0
phqw zlwk h{shulphqwv1 Wkh prghov frlqflgh zlwk wkh uhvshfwlyh frqyhqwlrqdo
prghov lq wkh devhqfh ri d pdjqhwlf �hog1

7151 Vxppdu| ri sdshuv

Sdshu 41 Rod Zlgoxqg/ Vdlg ]dkudl/ dqg Iulw} K1 Edun1 Ghyhorsphqw ri d
Uh|qrogv vwuhvv forvxuh iru prgholqj ri krprjhqhrxv PKG wxuexohqfh1 Sk|vlfv
ri Ioxlgv/ 43+;,=4<;:~4<<9/ 4<<;1

D Uh|qrogv vwuhvv forvxuh lv sursrvhg iru prgholqj ri krprjhqhrxv PKG
wxuexohqfh1 Wkh sdshu lqwurgxfhv wkh glphqvlrqdolw| dqlvrwurs| yduldeoh ��
+fdoohg vlpso| � lq odwhu zrun,/ dqg uhodwhv lw wr wkh Uh|qrogv vwuxfwxuh glphq0
vlrqdolw| whqvru/ \lm ^64`1 Wkh qhz yduldeoh doorzv wkh vfdodu Mrxoh glvvlsdwlrq wr
eh h{suhvvhg dv

�+w, @ 5
�E5

�
��N=

Edvhg rq vfdolqj dujxphqwv/ d skhqrphqrorjlfdo wudqvsruw htxdwlrq lv sursrvhg
iru ��/ lqfoxglqj d Mrxoh ghvwuxfwlrq whup d dqg uhwxuq0wr0lvrwurs| whup ri Urwwd
w|sh iru qrqolqhdu hqhuj| wudqvihu1 Prgho suhglfwlrqv duh frpsduhg zlwk Vfkx0
pdqq*v GQV gdwd ^67`1

Sdshu 51 Rod Zlgoxqg/ Vdlg ]dkudl/ dqg Iulw} K1 Edun1 Vwuxfwxuh lq0
irupdwlrq lq udslg glvwruwlrq dqdo|vlv dqg rqh0srlqw prgholqj ri d{lv|pphwulf
pdjqhwrk|gurg|qdplf wxuexohqfh1 Sk|vlfv ri Ioxlgv/ 45+43,=593<~5953/ 53331

Dq hyroxwlrq htxdwlrq iru wkh glphqvlrqdolw| whqvru \lm lv ghulyhg/ wr uh0
sodfh wkh skhqrphqrorjlfdo htxdwlrq iru � xvhg hduolhu> wkh dqdo|vlv lqfoxghv
krprjhqhrxv phdq yhorflw| judglhqwv/ wr vxssruw d ixwxuh h{whqvlrq wr jhqhudo
lqkrprjhqhrxv �rzv1 Udslg glvwruwlrq wkhru| +UGW, lv dssolhg wr vwxg| wkh eh0
kdylru ri wkh gl�huhqw pdjqhwlf whupv ri wkh glphqvlrqdolw| dqg Uh|qrogv vwuhvv
whqvru htxdwlrqv> d ydulhw| ri gl�huhqw dqlvrwurs| vwdwhv frxog eh h{dplqhg e|
ohwwlqj pdjqhwlf iruflqj dfw rq d qxpehu ri lqlwldo vshfwudo hqhuj| glvwulexwlrqv
rewdlqhg iurp d{lv|pphwulf vwudlq1 Wkh surshuwlhv dqg olplwdwlrqv ri olqhdu ru
elolqhdu lqyduldqw whqvru prghov iru wkh pdjqhwlf whupv duh hydoxdwhg1 Lq wkh
olplw ri odujh lqwhudfwlrq qxpehu/ zkhuh Mrxoh glvvlsdwlrq grplqdwhv +olqhdu gh0
fd|,/ wkh uhvxowlqj prgho htxdwlrqv kdyh dqdo|wlf vroxwlrqv1 Dssursuldwh fkrlfh
ri rqh prgho frh�flhqw surgxfhv wkh dv|pswrwlf hqhuj| ghfd| N � w�4@5 suh0
glfwhg hduolhu e| olqhdu wkhru| +Ohkqhuw ^57`/ Pr�dww ^59`,1

Sdshu 61 Rod Zlgoxqg dqg J�rwh Wdooe�dfn1 Prgholqj ri dqlvrwurslf wxu0
exohqw wudqvsruw lq vlpxodwlrqv ri oltxlg phwdo �rzv lq pdjqhwlf �hogv1 6ug
Lqw1 V|psrvlxp rq Hohfwurpdjqhwlf Surfhvvlqj ri Pdwhuldov/ HSP5333/ Qdjr|d/
Mdsdq/ Dsulo 609/ 53331

Wklv frqihuhqfh frqwulexwlrq uhsruwv krz wkh PKG Uh|qrogv vwuhvv prgho/
dqg d vlpsohu wkuhh0htxdwlrq N0%0� prgho/ fdq eh lpsohphqwhg lq d frpphufldo
�rz vroyhu1 Nqrzq olplwdwlrqv ri wkh fxuuhqw prghov duh glvfxvvhg/ hvshfldoo|
frqfhuqlqj qhdu0zdoo h�hfwv1 Wkh lpsohphqwhg htxdwlrq iru � lqfoxghv vwudlq
whupv grfxphqwhg lq Sdshu 71 Wkh ixoo prgho lpsohphqwdwlrq lv grfxphqwhg
lq d whfkqlfdo uhsruw/ dydlodeoh khuh dv Sdshu 81
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Huudwd= Wkh devwudfw surplvhv frpsdulvrq zlwk h{shulphqwdo gdwd/ exw wkh
uhohydqw 6G vlpxodwlrqv zhuh qrw �qlvkhg lq wlph iru wkh surfhhglqjv1 +Wkh rudo
suhvhqwdwlrq lqfoxghg frpsdulvrq zlwk gdwd ri Wdqdqdhy ^73`> vhh Sdshu 8 iru
ghwdlov1,

Sdshu 71 Rod Zlgoxqg1 PKG wxuexohqfh prgholqj= H�hfwv ri phdq vwudlq
rq glphqvlrqdolw| dqlvrwurs|1 +Wr eh vxeplwwhg1,

Wkh hyroxwlrq htxdwlrq iru wkh \lm whqvru ghulyhg lq Sdshu 5 lv xvhg wr
irupxodwh dq htxdwlrq iru �1 Prghov duh sursrvhg iru wzr whupv uhodwhg wr phdq
vwudlq1 Rqh ri wkh whupv fruuhvsrqg wr wkh surgxfwlrq ri wxuexohqw nlqhwlf hqhuj|/
dqg wkh rwkhu lv uhodwhg wr wkh udslg suhvvxuh~vwudlq whup lq wkh Uh|qrogv vwuhvv
htxdwlrqv1 D vlpxodwlrq ri fkdqqho �rz lq d wudqvyhuvh pdjqhwlf �hog vxjjhvwv
wkdw vwudlq h�hfwv lq wkh � htxdwlrq duh vljql�fdqw rqo| lq uhjlrqv zkhuh wkh
pdjqhwlf lqwhudfwlrq sdudphwhu lv vpdoo/ dqg Mrxoh glvvlsdwlrq lv vpdoo frpsduhg
wr ylvfrxv glvvlsdwlrq1 Wkh qhw h�hfw ri wkh � vwudlq whupv rq wxuexohqw nlqhwlf
hqhuj| lv wkhuhiru yhu| vpdoo1 Lq prvw sudfwlfdo PKG dssolfdwlrqv/ lw lv suredeo|
dssursuldwh wr qhjohfw h�hfwv ri vwudlq rq glphqvlrqdolw| dqlvrwurs|/ hvshfldoo|
frqvlghulqj wkh dojheudlf frpsoh{lw| ri wkh sursrvhg prgho whupv1

Sdshu 81 Rod Zlgoxqg1 Lpsohphqwdwlrq ri PKG prgho htxdwlrqv lq FI[
7161 Whfkqlfdo uhsruw WULWD0PHN 5333=43/ Ghsw1 ri Phfkdqlfv/ NWK/ Vwrfn0
krop/ 53331

Wkh uhsruw grfxphqwv dq lpsohphqwdwlrq ri PKG prgho htxdwlrqv lq wkh
frpphufldo �rz vroyhu FI[ 7161 Wkh lpsohphqwdwlrq ri wkh phdq htxdwlrqv lv
dffxudwh dovr iru duelwudu| qrq0ruwkrjrqdo erg|0�wwhg pxowleorfn julgv1 Wkh qhz
PKG wxuexohqfh forvxuh lv lpsohphqwhg dv erwk d ixoo Uh|qrogv vwuhvv prgho/ dqg
d wkuhh0htxdwlrq prgho riN0% w|sh1 Wkh surshuwlhv ri wkh prgho lpsohphqwdwlrq
duh ghprqvwudwhg lq d vlpxodwlrq ri d 6G fkdqqho �rz zlwk _P%0vkdshg yhorflw|
sur�ohv1 Wkh lpsohphqwdwlrq ri wkh qhz PKG wxuexohqfh prghov dsshdu wr
eh zhoo0ehkdyhg dqg qxphulfdoo| urexvw1 Wkh PKG prgho lpsohphqwdwlrq fdq
eh xvhg wrjhwkhu zlwk vwdqgdug FI[ prgholqj rswlrqv/ vxfk dv khdw dqg pdvv
wudqvihu/ pxowlskdvh dqg pxowlfrpsrqhqw �rzv1

Sdshu 91 Rod Zlgoxqg1 Prgholqj dqlvrwurslf PKG wxuexohqfh lq vlpxod0
wlrqv ri oltxlg phwdo �rzv1 7wk Lqwhuqdwlrqdo SDPLU Frqihuhqfh/ Suhvtx*a�oh gh
Jlhqv/ Iudqfh/ 4;055 Vhswhpehu/ 53331

Wkh frqihuhqfh frqwulexwlrq glvfxvvhv wkh dv|pswrwlf surshuwlhv ri wkh sur0
srvhg wxuexohqfh forvxuh/ dqg suhvhqwv d frpsdulvrq zlwk wkh h{shulphqw ri
Dohpdq| hw do1 ^5`1 Wkh sulqflsdo gl�huhqfhv ehwzhhq krprjhqhrxv dqg zdoo0
erxqghg wxuexohqfh duh glvfxvvhg eulh�|1

Sdshu :1 Rod Zlgoxqg1 Qrqolqhdu h�hfwv lq prgholqj ri krprjhqhrxv
PKG wxuexohqfh ~ Frpsdulvrq zlwk h{shulphqw1 +Wr eh vxeplwwhg1,

Wkh sdshu suhvhqwv dq dqdo|vlv ri wkh dv|pswrwlf surshuwlhv ri wkh wxuexohqfh
forvxuh iru odujh wlphv1 Iru wkh fdvh ri lqwhuphgldwh lqwhudfwlrq sdudphwhuv/
wkh dqdo|vlv vxjjhvwv wkdw wkh prgho whup ruljlqdoo| sursrvhg iru wkh qrqolqhdu
hqhuj| wudqvihu lq wkh � htxdwlrq vkrxog eh prgl�hg/ vr wkdw lw ydqlvkhv lq wkh
5G olplw1 D xqltxh vhw ri prgho frh�flhqwv frxog eh ghwhuplqhg/ zklfk pdnhv
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wkh prgho frqvlvwhqw zlwk wkhru| dqg h{shulphqwv iru lqwhudfwlrq sdudphwhuv
Q udqjlqj iurp }hur wr lq�qlw|1 Wkh prgho frlqflghv zlwk wkh vwdqgdug N0
% prgho zkhq wkhuh lv qr pdjqhwlf �hog1 Lq wkh olqhdu uhjlph ri odujh Q / lw
surgxfhv wkh N � w�4@5 hqhuj| ghfd| dqg ohqjwk vfdoh hyroxwlrq suhglfwhg e|
olqhdu wkhru|1 Iru lqwhuphgldwh lqwhudfwlrq qxpehuv +w|slfdoo| Q � 4, zkhuh
qrqolqhdu h�hfwv duh lpsruwdqw/ N � w�4=: dqg On � w3=98/ lq djuhhphqw zlwk wkh
fodvvlfdo h{shulphqwv e| Dohpdq| hw do1 ^5`1
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Zh frqfoxghg zlwk d glvfxvvlrq ri uhpdlqlqj fkdoohqjhv iru prgholqj ri PKG
wxuexohqfh lq hqjlqhhulqj dssolfdwlrqv1

8141 Xqghuvwdqglqj qrqolqhdu lqhuwldo h�hfwv

Wkh pdjqhwlf prgho whupv lq wkh sursrvhg prghov kdyh ehhq vwxglhg xv0
lqj udslg glvwruwlrq wkhru|1 Wkh uhwxuq0wr0lvrwurs| whup lq wkh � htxdwlrq lv
vwloo skhqrphqrorjlfdo lq qdwxuh/ krzhyhu/ dqg zh nqrz yhu| olwwoh derxw wkh
xqghuo|lqj qrqolqhdu lqhuwldo phfkdqlvp1 Qhlwkhu gr zh nqrz pxfk derxw krz
wkh pdjqhwlf �hog d�hfwv wkh qrqolqhdu lqwhufrpsrqhqw hqhuj| wudqvihu lq wkh
Uh|qrogv vwuhvv htxdwlrqv1

Lq Sdshu : lw zdv dujxhg wkdw wkh uhwxuq0wr0lvrwurs| whup �� lq wkh �
htxdwlrq vkrxog eh prgl�hg/ vr wkdw wkh whup ghfuhdvhv olqhduo| wr }hur zkhq zh
dssurdfk wkh 5G olplw +� @ 3,1 Wkh surshuwlhv ri vxfk d prgho zdv hydoxdwhg
xvlqj d fuxgh slhfhzlvh olqhdu prgho h{suhvvlrq/

�� @
%

N
pd{ i F3�5� > F�5+4@6� �, j = +814,

Iru odujh wlphv/ l1h1/ vx�flhqwo| vpdoo �/ wklv whup ehkdyhv dv �� @ F3�5�%@N1
Wkh dqdo|vlv vkrzhg wkdw wklv ehkdylru uh�hfwv wkh h{shfwhg edodqfh ehwzhhq
dqjxodu hqhuj| wudqvihu dqg Mrxoh glvvlsdwlrq1 Wkh suhglfwhg ghfd| ri hqhuj|
dqg ohqjwk vfdoh hyroxwlrq lv wkhq frqvlvwhqw zlwk h{shfwdwlrqv/ dqg wkh prgho
frxog eh dgmxvwhg wr uhsurgxfh wkh h{shulphqwdo uhvxowv ri Dohpdq| hw do1

Wkh dqdo|vlv lq Sdshu : glg qrw frqvlghu wkh h�hfw ri wkh pdjqhwlf �hog
rq wkh wulsoh fruuhodwlrqv uhvsrqvleoh iru qrqolqhdu hqhuj| wudqvihu1 Xvlqj GQV/
Vfkxpdqq irxqg wkdw wkh pdjqhwlf �hog uhgxfhv erwk wkh dqjxodu hqhuj| wudqv0
ihu udwh/ dqg wkh qrqolqhdu vorz suhvvxuh~vwudlq lqwhudfwlrq lq wkh Uh|qrogv vwuhvv
htxdwlrqv ^67`1 Rqh fdq dujxh wkdw dovr ylvfrxv glvvlsdwlrq lv d�hfwhg/ ehfdxvh
qrqolqhdu lqwhudfwlrq lv uhvsrqvleoh iru wkh wudqvihu ri hqhuj| iurp odujhu wr
vpdoohu vfdohv> Vuhhqlydvdq dqg Doerxvvl�huh vkrzhg wkdw wkh n�60vshfwud phd0
vxuhg lq pdq| PKG wxuexohqfh h{shulphqwv lv frqvlvwhqw zlwk uhgxfhg hqhuj|
wudqvihu wr wkh glvvlsdwlyh vfdohv ^6;`1

Dohpdq| hw do1 ^5` kdyh vxjjhvwhg wkdw wkh qrqolqhdu hqhuj| wudqvihu udwh lq
d pdjqhwlf �hog lv uhgxfhg e| d idfwru +4 . Q,/ zkhuh Q @ �E5N@+�%, lv wkh
lqwhudfwlrq sdudphwhu1 Wkh qrqolqhdu hqhuj| wudqvihu udwh lv xvxdoo| hvwlpdwhg
dv %@N1 Xvlqj Dohpdq|*v vxjjhvwlrq/ wkh uhgxfhg wudqvihu udwh lv wkhq iQ%@N/

6;
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zlwk

iQ @
4

4 .Q
= +815,

Wkh dqdo|vlv lq Sdshu : vxssruwv wkh lghd ri Vuhhqlydvdq dqg Doerxvvl�huh/ wkdw
wkh _qrqolqhdu% skdvh ri ghfd| +lq zklfk wkhuh lv edodqfh ri dqjxodu hqhuj|
wudqvihu dqg Mrxoh glvvlsdwlrq, lv fkdudfwhul}hg e| d frqvwdqw ydoxh ri wkh vr0
fdoohg wuxh lqwhudfwlrq sdudphwhu> Lq Sdshu : wklv lv gh�qhg dv Q� @ �Q 1 Lq
wkh qrqolqhdu uhjlph ri ghfd|/ � lv vpdoo dqg suhvxpdeo| Q� � frqvw=/ vr wkdw
Q � 4@�/ dqg iQ � �1 Wklv phdqv wkdw wkh ruljlqdo uhwxuq0wr0lvrwurs| whup
�� jhwv wkh ghvluhg dv|pswrwlf surshuwlhv ri +814,/ li zh xvh wkh prgl�hg hqhuj|
wudqvihu udwh/ l1h1/

�� @ F�5iQ
%

N
+4@6� �,= +816,

Li zh dvvxph wkh vdph uhgxfwlrq lv dssursuldwh iru wkh ylvfrxv glvvlsdwlrq whupv/
wkh ylvfrxv glvvlsdwlrq lq wkh N htxdwlrq zrxog eh uhsodfhg e| d prgho whup
%N @ iQ%/ dqg wkh ghvwuxfwlrq whup lq wkh % htxdwlrq ehfrphv %% @ F%5iQ%5@N1
Qrwh wkdw wkh forvxuh yduldeoh % zrxog qr orqjhu gluhfwo| uhsuhvhqw wkh ylvfrxv
glvvlsdwlrq ri wxuexohqw nlqhwlf/ exw lw zrxog nhhs lwv uroh iru hvwlpdwhv ri wlph
dqg ohqjwk vfdohv ri wkh hqhuj|0frqwdlqlqj hgglhv/ N@% dqg N6@5@%/ uhvshfwlyho|1

Dowkrxjk wklv prgho irupxodwlrq lv udwkhu vshfxodwlyh lq qdwxuh/ zh vkdoo
orrn dw vrph yhu| suholplqdu| qxphulfdo uhvxowv1 Zh vroyh wkh htxdwlrqv iru N/
% dqg � iru d ihz gl�huhqw lqlwldo lqwhudfwlrq sdudphwhuv Q31 Khuh F�5 @ 4 lq
+816,> uhpdlqlqj prgho frh�flhqwv duh wkh vdph dv lq Sdshu :1 Dffruglqj wr
+816,/ �� ghshqg rq Q / zklfk fkdqjhv zlwk wlph> lq Ilj1 814 zh kdyh sorwwhg
��N@% djdlqvw �/ zlwk gdwd iurp wkh vlpxodwlrqv1 Wkh pdjqlwxgh ri �� ghfuhdvhv
zlwk lqfuhdvlqj Q / exw wkh dssurdfk wrzdugv wkh 5G olplw +� @ 3, iroorzv wkh
vdph vwudljkw olqh1 Dq frqvhtxhqfh ri wkh Q ghshqghqfh lv wkdw wkh wlph lw wdnhv
wr uhdfk wkh qrqolqhdu uhjlph +frqvwdqw Q�, ghshqg rq Q3> wklv lv ghprqvwudwhg
lq wkh ohiw sdqh ri Ilj1 8151 Lq wkh uljkw sdqh ri Ilj1 815 wkh gxudwlrq wolq ri
wkh olqhdu skdvh ri ghfd| lv hvwlpdwhg dqg sorwwhg djdlqvw Q31 Wkh gxudwlrq

ri wkh olqhdu skdvh lv ghvfulehg zhoo e| wolq � �Q
7@6
3 / zklfk lv frqvlvwhqw zlwk

wkh hvwlpdwhv ri erwk Dohpdq| hw do1 ^5`/ dqg Vuhhqlydvdq ^6;`1 D suholplqdu|
dqdo|vlv vxjjhvwv wkdw wkh ylvfrxv whupv duh qhjoljleoh iru odujh Q / dqg wkdw wkh
dv|pswrwlf ghfd| ri hqhuj| lv N � w�4@+F%��4,1 Wklv jlyhv N � w�5 li F%� @ 4=8
+vhh Sdshu :,1 Iru F%� @ 4=8< zh jhw N � w�4=: +wkh uhvxow ri Dohpdq| hw do1,1

Vfkxpdqq rewdlqhg yhu| xvhixo uhvxowv iurp gluhfw qxphulfdo vlpxodwlrqv
douhdg| lq 4<:9> zlwk wkh pxfk pruh srzhuixo frpsxwhuv dydlodeoh rq rxu ghvn
wrsv wrgd|/ lw vkrxog eh srvvleoh wr surgxfh yhu| xvhixo gdwd zlwk uhodwlyho|
vlpsoh phdqv1 Lq d qrw wrr glvwdqw ixwxuh/ wklv pd| krshixoo| vkhg vrph oljkw
rq wkh dqjxodu hqhuj| wudqvihu phfkdqlvp/ dqg wkh h�hfw ri wkh pdjqhwlf �hog
rq qrqolqhdu hqhuj| wudqvihu lq jhqhudo1

8151 Lqfoxglqj h�hfwv ri zdoov dqg lqkrprjhqhlwlhv

Dv glvfxvvhg eulh�| lq Sdshu 9/ PKG wxuexohqfh lq zdoo0erxqghg �rzv eh0
kdyh gl�huhqwo| wkdq krprjhqhrxv PKG wxuexohqfh1 Li d �rz grpdlq lv erxqghg
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e| zdoov shushqglfxodu wr wkh pdjqhwlf �hog/ wkh wxuexohqfh whqg wr ehfrph qrw
rqo| wzr0glphqvlrqdo +orqj vwuxfwxuhv lq wkh pdjqhwlf �hog gluhfwlrq,/ exw dovr
wzr0frpsrqhqw +5F,/ l1h1/ zlwk ydqlvklqj hqhuj| lq wkh �hog0sdudooho vwuhvv frpsr0
qhqw1 Wkh fxuuhqw prghov zloo qrw suhglfw wklv sduwlfxodu ihdwxuh ri zdoo0erxqghg
PKG �rzv1

Vrolg erxqgdulhv prgli| wkh vroxwlrq qrw rqo| wkurxjk erxqgdu| frqglwlrqv/
exw dovr wkurxjk wkh �xfwxdwlqj suhvvxuh/ dqg wkh �xfwxdwlqj hohfwulf srwhqwldo1
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Wkh vshfwudo dqdo|vlv ri Vhf1 614 dffrxqwv rqo| iru wkh vsdwldoo| krprjhqhrxv
frqwulexwlrq wr wkh �xfwxdwlqj suhvvxuh dqg hohfwulf srwhqwldo +vhh dovr Vhf1 617,1

Wkh �xfwxdwlqj suhvvxuh hqwhuv wkh Uh|qrogv vwuhvv htxdwlrqv wkurxjk wkh
suhvvxuh~vwudlq whupv1 Wkhvh duh uhvsrqvleoh iru wudqvihu ri hqhuj| ehwzhhq lq0
glylgxdo vwuhvv frpsrqhqwv/ exw kdv qr qhw h�hfw rq wxuexohqw nlqhwlf hqhuj|1
Wkh suhvvxuh~vwudlq whupv duh l1d1 uhvsrqvleoh iru wkh gdpslqj ri zdoo0qrupdo
Uh|qrogv vwuhvvhv qhdu zdoov1 Iru d Uh|qrogv vwuhvv prgho wr suhglfw wkh gh0
yhorsphqw lqwr d wzr0frpsrqhqw vwdwh/ wkh suhvvxuh~vwudlq prgho whupv ^Vhh
Ht1 +5164,` vkrxog eh ghvljqhg wr surprwh gdpslqj ri wkh zdoo0qrupdo vwuhvv
frpsrqhqw +zkhq wkh ohqjwk vfdoh ri wxuexohqfh ehfrphv frpsdudeoh zlwk wkh
zdoo glvwdqfh,1 Ixuwkhupruh/ doo whqvruldo prgho whupv pxvw eh uhdol}deoh +vhh/
h1j1/ ^48`/ Vhf1 61917,/ vr wkdw wkh| zloo qrw surgxfh xqsk|vlfdo uhvxowv +h1j1 qhjd0
wlyh qrupdo vwuhvvhv, lq wkh 5F olplw1 Wklv lqfoxghv qrw rqo| wkh suhvvxuh~vwudlq
whupv/ exw dovr wkh ylvfrxv glvvlsdwlrq whqvru %lm/ dqg wkh qrq0suhvvxuh sduw ri
wkh Mrxoh glvvlsdwlrq whqvru ^vhh Ht1 +5165,`1 Uhdol}delolw| jhqhudoo| uhtxluhv wkh
prgho whqvru ixqfwlrqv wr eh kljk0rughu lq wkh Uh|qrogv vwuhvv whqvru1 Lq dggl0
wlrq/ d uhdolvwlf ghvfulswlrq ri wkh zdoo gdpslqj uhtxluhv wkdw zh lqfoxgh wkh h{wud
ohqjwk vfdoh lqirupdwlrq dydlodeoh wkurxjk � +dqg wkh pdjqhwlf �hog gluhfwlrq
yhfwru q, lq wkh prgholqj1

Dv glvfxvvhg lq Vhf1 617/ wkh �xfwxdwlqj hohfwulf srwhqwldo jlyh ulvh wr qhdu0
zdoo h�hfwv dovr lq wkh vfdodu Mrxoh glvvlsdwlrq ri wxuexohqw nlqhwlf hqhuj|1 Lq
wkh htxdwlrqv iru vfdoduv olnh N/ %/ dqg �/ wkh qhdu0zdoo h�hfwv fdq suredeo|
eh dffrxqwhg iru e| uhodwlyho| vlpsoh gdpslqj ixqfwlrqv1 Wklv pd| doorz wkh
ghyhorsphqw ri d orz0Uh|qrogv qxpehu N0%0� prgho/ zkhuh htxdwlrqv duh lq0
whjudwhg grzq wr wkh zdoo1 Lq d kljk0Uh|qrogv qxpehu prgho/ wkh zdoo h�hfwv
zrxog lqvwhdg eh dffrxqwhg iru e| prgl�fdwlrq ri wkh zdoo ixqfwlrqv +vhh/ h1j1/
uhfhqw zrun e| Doerxvvl�huh dqg Olqjzrrg ^4`,1

Lw dsshduv wr eh yhu| gl�fxow wr ghyhors dq PKG Uh|qrogv vwuhvv prgho/
zklfk wdnhv ixoo dffrxqw ri zdoo h�hfwv/ dqg doorzv wudqvlwlrq wr d wzr0frpsrqhqw
5G vwdwh1 Xqohvv vlpsol�fdwlrqv fdq eh pdgh/ wkh frpsoh{lw| ri wkh uhvxowlqj
prgho whupv/ dqg wkh prgholqj h�ruw lqyroyhg/ lv glvfrxudjlqj1 Lq frpsdul0
vrq/ wkh lqfoxvlrq ri qhdu0zdoo h�hfwv lq d vfdodu N0%0� prgho dsshduv uhodwlyho|
vwudljkw0iruzdug1

H�ruwv wr prgho wkhvh zdoo h�hfwv zrxog ehqh�w juhdwo| iurp gluhfw qxphulfdo
vlpxodwlrqv +GQV, rq fkdqqho �rzv1 Dw ohdvw rqh vxfk surmhfw lv fxuuhqwo| lq
suhsdudwlrq/ zlwklq wkh jurxs ri Suri1 Wkhvv lq Lophqdx/ Jhupdq|1

8161 Prgholqj ri dqlvrwurslf wxuexohqw wudqvsruw

Rqh h{shulphqwdoo| yhul�hg ihdwxuh ri zdoo0erxqghg PKG �rzv lv wkdw wkh
pdjqhwlf �hog zloo uhgxfh wkh wudqvsruw ri d sdvvlyh vfdodu +khdw/ vshflhv frq0
fhqwudwlrq, lq wkh gluhfwlrq ri wkh pdjqhwlf �hog +vhh/ h1j1/ gdwd ri Nrohvqlnry
dqg Wvlqrehu ^58`,1 Wklv h�hfw fdq eh dwwulexwhg wr wkh horqjdwlrq ri ohqjwk
vfdohv lq wkh �hog gluhfwlrq/ dqg wkh vxevhtxhqw gdpslqj ri zdoo0qrupdo yhorflw|
�xfwxdwlrqv1

Wkh delolw| ri d Uh|qrogv vwuhvv forvxuh wr suhglfw wklv h�hfw ghshqgv rq krz
zhoo wkh prgho fdq ghdo zlwk gdpslqj ri wkh �hog0sdudooho vwuhvv frpsrqhqw1 Wkh
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glvfxvvlrq lq wkh suhylrxv vhfwlrq vxjjhvw lw zloo eh udwkhu gl�fxow wr ghyhors d
Uh|qrogv vwuhvv prgho zlwk wkhvh surshuwlhv1 D pruh surplvlqj urxwh pd| eh wr
xvh d wkuhh htxdwlrq N0%0� prgho/ dqg lqvwhdg prgli| wkh Erxvvlqhvt dqg hgg|
gl�xvlylw| k|srwkhvhv wr dffrxqw iru wkh h�hfwv ri wkh pdjqhwlf �hog1

Wkh ruljlqdo Erxvvlqhvt k|srwkhvlv/ Ht1 +5173,/ uhodwhv wkh Uh|qrogv vwuhvv
dqlvrwurs| wr wkh phdq vwudlq udwh whqvru1 D prgl�hg h{suhvvlrq vkrxog suh0
vxpdeo| ghshqg dovr rq � dqg wkh pdjqhwlf �hog gluhfwlrq yhfwru q/ vrphwklqj
olnh

� 
x3lx3m� @ �5

6
N�lm .Elm+Vlm> ql> �>N> %>Q> � � � ,> +817,

zkhuh Elm lv d wudfhohvv v|pphwulf whqvru ixqfwlrq1
Lq rughu wr rewdlq dq dqlvrwurslf hgg| gl�xvlylw|/ wkh ruljlqdo lvrwurslf h{0

suhvvlrq +5176, pd| eh h{fkdqjhg iru

�kx3lt3l @ Jln+ql> �W > �T> �>Q> � � � , CT
C{n

> +818,

zkhuh Jlm lv d v|pphwulf whqvru ixqfwlrq1
Lw vkrxog eh uhphpehuhg wkdw ghyhorsphqw ri odujh dqlvrwurslhv lq PKG

wxuexohqfh lv dffrpsdqlhg e| yhu| vwurqj Mrxoh glvvlsdwlrq ri wxuexohqfh> lq
pdq| sudfwlfdo dssolfdwlrqv/ wxuexohqw wudqvsruw pd| eh vpdoo hqrxjk iru h�hfwv
ri dqlvrwurs| wr eh lqvljql�fdqw1



�U!?L�*i_}4i?|t

L zdqw wr wkdqn p| vxshuylvruv/ Suri1 Iulw} Edun dqg Grf1 Vdlg ]dkudl/
iru wkhlu frqvwuxfwlyh lghdv/ vxssruw dqg hqfrxudjhphqw1 Lq sduwlfxodu L kdyh
hqmr|hg p| qxphurxv glvfxvvlrqv zlwk Vdlg/ riwhq rq vxemhfwv idu uhprwh iurp
rxu frpprq surmhfw1 Wkdqnv dovr wr doo p| froohdjxhv dw wkh Ghsduwphqw ri
Phfkdqlfv dqg wkh Id{�hq Oderudwru|/ iru jrrg frpsdq| dqg iru jhqhurxvo|
vkdulqj |rxu nqrzohgjh1

Wklv surmhfw zdv fduulhg rxw zlwklq wkh Id{�hq Oderudwru| dw wkh Ur|do
Lqvwlwxwh ri Whfkqrorj|> wkh �qdqfldo vxssruw ri wkh Vzhglvk Qdwlrqdo Erdug
iru Lqgxvwuldo dqg Whfkqlfdo Ghyhorsphqw +QXWHN, dqg wkh lqgxvwuldo vsrqvruv
zlwklq DEE lv judwhixoo| dfnqrzohgjhg1 Vshfldo wkdqnv wr J�rwh Wdooe�dfn dqg klv
froohdjxhv dw DEE Dxwrpdwlrq V|vwhpv DE lq Y�dvwhu�dv iru pdq| vwlpxodwlqj
glvfxvvlrqv/ dqg frqwlqxlqj lqwhuhvw lq p| zrun1

Ilqdoo|/ L wkdqn p| prwkhu dqg idwkhu/ p| eurwkhu dqg klv idplo|/ dqg doo
p| ghdu iulhqgv/ qhz dqg rog/ iru oryh dqg vxssruw dw doo wlphv1
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GHYHORSPHQW RI D UH\QROGV VWUHVV FORVXUH IRU

PRGHOLQJ RI KRPRJHQHRXV PKG WXUEXOHQFH
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Gxh wr frs|uljkw uhvwulfwlrqv/ rqo| wkh devwudfw lv dydlodeoh rqolqh1

��M*�t�i_ �? ��)t�Ut Lu 6*��_tc �fEH�c �bbH�
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VWUXFWXUH LQIRUPDWLRQ LQ UDSLG GLVWRUWLRQ

DQDO\VLV DQG RQH0SRLQW PRGHOLQJ RI

D[LV\PPHWULF PDJQHWRK\GURG\QDPLF

WXUEXOHQFH

�*@ `�_*�?_�c 5@�_ ~@�h@�2c @?_ 6h�|3 O� �@h!�

�6@ �i? w@MLh@|Lh)c +L)@* W?t|�|�|i Lu AiU�?L*L})c 5,��ff eec 5|LU!�L*4c 5�i_i?
2��� �LhTLh@|i +iti@hU�c 5,�.2� .Hc V�@t|ihJ@tc 5�i_i?

�Mt|h@U|� W| �@t hiUi?|*) Mii? t�}}it|i_ |�@| _�4i?t�L?@*�|) �?uLh4@|�L?c

@t U@hh�i_ M) |�i +i)?L*_t _�4i?t�L?@*�|) |i?tLhc t�L�*_ Mi �?U*�_i_ �? @?

i |i?_i_ +i)?L*_t t|hitt U*Lt�hi uLh 4L_i*�?} Lu 4@}?i|L�)_hL_)?@4�U

E�O#� |�hM�*i?Ui @| *L� 4@}?i|�U +i)?L*_t ?�4Miht� A��t �L�*_ i?@M*i

4Lhi @UU�h@|i 4L_i*�?} Lu |�i aL�*i _�tt�T@|�L?c @?_ U@T|�hi |�i *i?}|��

tU@*i @?�tL|hLT�it @?_ |i?_i?U�it |L�@h_t |�L�_�4i?t�L?@*�|) U�@h@U|ih�t|�U

Lu �O# |�hM�*i?Ui� W? |�i Thiti?| �Lh!c @? i�L*�|�L? i^�@|�L? uLh |�i

+i)?L*_t _�4i?t�L?@*�|) |i?tLh �t _ih��i_c M@ti_ L? |�i tTiU|h@* uLh4�*@�

|�L? Lu |�i �@��ih�5|L!it i^�@|�L?t� �Lt| Lu |�i |ih4t �? |�i i^�@|�L?

hi^��hi 4L_i*�?}� +@T�_ _�t|Lh|�L? |�iLh) E+#A� �t @TT*�i_ |L t|�_) |�i

Mi�@��Lh Lu |�i _�gihi?| 4@}?i|�U |ih4t Lu |�i _�4i?t�L?@*�|) @?_ +i)?L*_t

t|hitt |i?tLh i^�@|�L?t( @ �@h�i|) Lu _�gihi?| @?�tL|hLT) t|@|it UL�*_ Mi i �

@4�?i_ M) *i||�?} 4@}?i|�U uLhU�?} @U| L? @ ?�4Mih Lu �?�|�@* tTiU|h@* i?�

ih}) _�t|h�M�|�L?t LM|@�?i_ uhL4 @ �t)44i|h�U t|h@�?� A�i ThLTih|�it @?_

*�4�|@|�L?t Lu *�?i@h Lh M�*�?i@h �?�@h�@?| |i?tLh 4L_i*t uLh |�i 4@}?i|�U

|ih4t @hi i�@*�@|i_� W? |�i *�4�| Lu *@h}i �?|ih@U|�L? ?�4Miht E��ihi aL�*i

_�tt�T@|�L? _L4�?@|it�c |�i hit�*|�?} 4L_i* i^�@|�L?t uLh |�i i?ih}) _iU@)

�@�i @?@*)|�U tL*�|�L?t� �) U�LLt�?} L?i 4L_i* UL?t|@?| @TThLTh�@|i*)c

|�iti @hi 4@_i UL?t�t|i?| ��|� |�i @t)4T|L|�U i?ih}) _iU@) g ; |
3�*2

Thi_�U|i_ i@h*�ih M) �Lg@||� A�i *L?}�|ih4 LM�iU|��i Lu |�iti igLh|t �t |�i

_i�i*LT4i?| Lu @? igiU|��i tiUL?_�4L4i?| U*Lt�hi uLh i?}�?iih�?} @TT*��

U@|�L?t�

Gxh wr frs|uljkw uhvwulfwlrqv/ rqo| wkh devwudfw lv dydlodeoh rqolqh1

��M*�t�i_ �? ��)t�Ut Lu 6*��_tc �2E�f�c 2fff�
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PRGHOLQJ RI DQLVRWURSLF WXUEXOHQW WUDQVSRUW

LQ VLPXODWLRQV RI OLTXLG PHWDO IORZV LQ

PDJQHWLF ILHOGV

�*@ `�_*�?_� @?_ B�L|i A@**M�@U!2
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4L_i* �@t �4T*i4i?|i_ �? @ UL44ihU�@* �6# UL_ic @?_ Thi_�U|�L?t �ihi

UL4T@hi_ ��|� i Tih�4i?|@* _@|@� �hLTih|�it @?_ *�4�|@|�L?t Lu |�i 4L_i*

@hi _�tU�tti_c itTiU�@**) �? ��i� Lu |�i i |hi4i @?�tL|hLT�it i?UL�?|ihi_ �?

�O# |�hM�*i?Ui�

Gxh wr frs|uljkw uhvwulfwlrqv/ rqo| wkh devwudfw lv dydlodeoh rqolqh1

�hiti?|i_ @| �h_ W?|ih?@|�L?@* 5)4TLt��4 L? ,*iU|hL4@}?i|�U �hLUitt�?} Lu �@|ih�@*tc

,��2fffc �@}L)@c a@T@?c �Th�* ��Sc 2fff�
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PKG WXUEXOHQFH PRGHOLQJ= HIIHFWV RI PHDQ

VWUDLQ RQ GLPHQVLRQDOLW\ DQLVRWURS\

�*@ `�_*�?_

6@ �i? w@MLh@|Lh)

+L)@* W?t|�|�|i Lu AiU�?L*L})

5,��ff eec 5|LU!�L*4c 5�i_i?

�Mt|h@U|� `�_*�?_ i| @*� �@�i t�}}it|i_ |L �?U*�_i @? i |h@ |h@?tTLh|i_

tU@*@hc kc �? L?i�TL�?| 4L_i*t Lu �O# |�hM�*i?Ui� A�i ?i� tU@*@h �t _i�

�?i_ �? |ih4t Lu L?i t�?}*i UL4TL?i?| E�? |�i |�i _�hiU|�L? Lu |�i 4@}?i|�U

�i*_� Lu |�i +i)?L*_t _�4i?t�L?@*�|) |i?tLh v� W| U@T|�hit |�i *i?}|� tU@*i

@?�tL|hLT) U�@h@U|ih�t|�U Lu �O# |�hM�*i?Uic @?_ @**L�t @UU�h@|i 4L_i*�?}

Lu aL�*i _�tt�T@|�L? Lu |�hM�*i?Ui �? @ 4@}?i|�U �i*_� ,@h*�ih igLh|t �@�i

uLU�tti_ L? 4@}?i|�U @?_ ?L?*�?i@h |ih4t �? |�i k |h@?tTLh| i^�@|�L?( �?

|�i Thiti?| �Lh!c @? @||i4T| �t 4@_i |L �?ULhTLh@|i @*tL igiU|t Lu 4i@?

t�i@h @?_ t|h@�?� �?i Lu |�i ?i� |ih4t �?�L*�it hiuihi?Uit |L L|�ih UL4�

TL?i?|t Lu |�i u�** |i?tLh vc ���U� UL�*_ L?*) Mi hitL*�i_ M) @tt�4�?}

|�@| v �t @ �t)44i|h�U @ML�| |�i _�hiU|�L? Lu |�i 4@}?i|�U �i*_� � t�4�

�*@|�L? Lu U�@??i* �L� �? @ |h@?t�ihti 4@}?i|�U �i*_ t�}}it|t |�@| t|h@�?

igiU|t �? |�i k i^�@|�L? @hi t�}?��U@?| L?*) �? hi}�L?t ��ihi |�i 4@}?i|�U

�?|ih@U|�L? T@h@4i|ih �t t4@**c @?_ aL�*i _�tt�T@|�L? �t t4@** UL4T@hi_ |L

��tUL�t _�tt�T@|�L?� A�i ?i| igiU| Lu |�i k t|h@�? |ih4t L? |�hM�*i?| !��

?i|�U i?ih}) �t |�ihiuLh �ih) t4@**� W? 4Lt| Th@U|�U@* �O# @TT*�U@|�L?tc

�| �t ThLM@M*) @TThLTh�@|i |L ?i}*iU| igiU|t Lu t|h@�? L? _�4i?t�L?@*�|) @?�

�tL|hLT)c itTiU�@**) UL?t�_ih�?} |�i @*}iMh@�U UL4T*i �|) Lu |�i ThLTLti_

4L_i* |ih4t�

41 Lqwurgxfwlrq

Zlgoxqg hw do1 ^43/ 44` kdyh vxjjhvwhg wkdw dq h{wud wudqvsruwhg yduldeoh/ �/

vkrxog eh lqfoxghg lq Uh|qrogv vwuhvv wudqvsruw +UVW, dqg hgg| ylvfrvlw| for0

vxuhv iru prgholqj ri PKG wxuexohqfh1 Wkh h{wud vfdodu fdswxuhv wkh ohqjwk0

vfdoh dqlvrwurs| dqg whqghqf| wrzdug wzr0glphqvlrqdolw|/ zklfk lv fkdudfwhulvwlf

ri PKG wxuexohqfh/ dqg doorzv dffxudwh prgholqj ri pdjqhwlf h�hfwv rq wxuex0

ohqfh1

Wkh qhz vfdodu lv gh�qhg lq whupv ri wkh qrupdo frpsrqhqw ri wkh Uh|qrogv

glphqvlrqdolw| whqvru \ ^8/ 9` lq wkh gluhfwlrq ri wkh pdjqhwlf �hog1 Li q lv d xqlw

yhfwru sdudooho zlwk wkh pdjqhwlf �hog/ dqg N lv wkh wxuexohqw nlqhwlf hqhuj|/

� � qlqm\ml
5N

= +4,

448



449 HIIHFWV RI PHDQ VWUDLQ RQ GLPHQVLRQDOLW\ DQLVRWURS\

Iru krprjhqhrxv wxuexohqfh/ wkh Mrxoh glvvlsdwlrq ri wxuexohqw nlqhwlf hqhuj|

fdq wkhq eh h{suhvvhg h{dfwo| dv

� @ 5
�E5

�
�N= +5,

Wkh glphqvlrqdolw| whqvru \ fduulhv lqirupdwlrq derxw wkh dqlvrwurs| ri

ohqjwk vfdohv ri wxuexohqfh vwuxfwxuhv/ dqg zdv lqwurgxfhg e| Uh|qrogv dqg fr0

zrunhuv wr lpsuryh wkh prgholqj ri udslgo| urwdwlqj �rzv ^8/ 9`1 Fdperq hw do1

kdyh zrunhg zlwk vlplodu lghdv/ exw xvlqj d voljkwo| gl�huhqw irupxodwlrq ^4`1

Wkh skhqrphqrorjlfdo wudqvsruw htxdwlrq iru � sursrvhg lq ^43` iru krprjh0

qhrxv wxuexohqfh zdv odwhu frq�uphg e| ghulylqj dq hyroxwlrq htxdwlrq iru wkh

ixoo whqvru \ ^44`1 Wkhvh hduolhu h�ruwv irfxvvhg rq wkh pdjqhwlf dqg qrqolqhdu

whupv lq wkh � htxdwlrq1 Lq wkh suhvhqw zrun zh dwwhpsw wr lqfoxgh prgho whupv

zklfk ghvfuleh wkh h�hfwv ri phdq yhorflw| judglhqwv +phdq vkhdu dqg vwudlq, rq

�1

51 Wkhru|

5141 Jryhuqlqj htxdwlrqv1 Zlwk vsdwldo frruglqdwhv { dqg wlph w/ wkh Qdylhu~

Vwrnhv htxdwlrqv iru wkh lqvwdqwdqhrxv yhorflw| �hog xl+{> w, ri dq lqfrpsuhvvleoh

�xlg duh

Cxl
Cw

. xm
Cxl
C{m

@ �4

�

Cs

C{l
. �

C5xl
C{mC{m

. il> +6,

Cxl
C{l

@ 3> +7,

zkhuh s+{> w, lv wkh suhvvxuh �hog/ � wkh �xlg ghqvlw|/ � wkh nlqhpdwlf ylvfrvlw|/

dqg il lv wkh Oruhqw} irufh +shu xqlw pdvv,1

Wkh Oruhqw} irufh il lq +6, lv jryhuqhg e| wkh qrq0uhodwlylvwlf Pd{zhoo htxd0

wlrqv1 Li wkh pdjqhwlf Uh|qrogv qxpehu lv vpdoo +UpO � 4,/ frqyhfwlyh glvwxu0

edqfhv wr wkh pdjqhwlf �hog zloo eh vpdoo frpsduhg wr wkh h{whuqdo �hog E/ dqg

zh fdq xvh wkh vr0fdoohg txdvlvwdwlf dssur{lpdwlrq +vhh ^44` iru ghwdlov,1 Xvlqj

orzhu0fdvh ohwwhuv wr ghqrwh lqvwdqwdqhrxv ydoxhv/ zh kdyh

il � 4

�
�lnqmnEq> +8,

zkhuh wkh lqvwdqwdqhrxv hohfwulf fxuuhqw ghqvlw| ml lv jlyhq e| Rkp*v odz/

ml � �+hl . �lnqxnEq,= +9,

dqg hl lv wkh hohfwulf �hog1 Wkh vfdodu hohfwurvwdwlf srwhqwldo ! lv gh�qhg e|

hl @ � C!

C{l
= +:,

Wkh fxuuhqw �hog lv glyhujhqfh iuhh/ vr lw iroorzv iurp +9, wkdw

C5!

C{lC{l
� �lmn

C

C{l
+xmEn,= +;,
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D Uh|qrogv ghfrpsrvlwlrq fdq eh dssolhg wr vsolw wkh lqvwdqwdqhrxv yduldeohv

lqwr phdq dqg �xfwxdwlqj sduwv ^44`1 Li zh frqvlghu wkh fdvh ri krprjhqhrxv wxu0

exohqfh/ wkh htxdwlrqv iru wkh �xfwxdwlqj txdqwlwlhv fdq eh Irxulhu wudqviruphg/

doorzlqj iru krprjhqhrxv phdq yhorflw| judglhqwv

Xl>p+w, @
CXl
C{p

=

Lq wkh vshfwudo grpdlq zh fdq holplqdwh wkh �xfwxdwlqj suhvvxuh iurp wkh htxd0

wlrqv/ dqg �qg dq h{solflw h{suhvvlrq iru wkh �xfwxdwlqj Oruhqw} irufh +vhh ^44`/

dqg Vfkxpdqq ^:`,1 Wkh Irxulhu frh�flhqwv ri yhorflw| duh wkhq jlyhq e|

gaxl
gw

@ �Xl>maxm . 5
nlnp
n5

Xp>maxm

�lnm+gx3

lx
3

m, . l
nlnpnm

n5
+x̂3

px3

m,� �n5axl � �

�

+E � n,5
n5

axl>

+<,

frpsohphqwhg e| dq htxdwlrq iru wkh udwh ri fkdqjh ri wkh zdyh qxpehu ri d

frpsrqhqw/

gnl
gw

@ �Xm>lnm = +43,

Wkh vshfwudo hqhuj| whqvru lv gh�qhg dv wkh hqvhpeoh dyhudjhg vhfrqg pr0

phqwv ri ax/

a�lm+n> w, @ kaxl+�n> w,axm+n> w,l @ kax�

l axml> +44,

zklfk fruuhvsrqg wr wkh wzr0srlqw yhorflw| fruuhodwlrqv lq sk|vlfdo vsdfh1 Khuh

ax�

l lv wkh frpsoh{ frqmxjdwh ri axl1 Dq hyroxwlrq htxdwlrq iru a�lm fdq eh gh0

ulyhg iurp +<,/ dqg iurp wklv zh fdq irupxodwh htxdwlrqv iru vhyhudo rqh0srlqw

wxuexohqfh txdqwlwlhv ^44`1 Wkh wxuexohqw nlqhwlf hqhuj|/ iru h{dpsoh/ lv

N @
4

5

]
a�qqg

6n> +45,

jlyhq e|

gN

gw
@ SN � %� �> +46,

zkhuh wkh surgxfwlrq dqg glvvlsdwlrq whupv duh

SN @ �Xl>nUnl> +47,

% @ �

]
n5 a�qqg

6n> +48,

� @
�

�

]
+E � n,5

n5
a�qqg

6n= +49,

Wkh Uh|qrogv vwuhvv whqvru fdq eh gh�qhg lq wkh vdph zd|/ dv

Ulm @

]
a�lmg

6n= +4:,
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Lw lv jlyhq e|

gUlm+w,

gw
@ Slm .�

+u,
lm .�

+v,
lm � %lm � �lm> +4;,

zlwk

Slm @ �Xl>nUnm � Xm>nUnl> +4<,

�
+u,
lm @ 5Xp>q

] �
nlnp
n5

a�qm .
nmnp
n5

a�lq

�
g6n> +53,

�
+v,
lm @

]
lnp

�
�lq

]
aW �

pqm+n>n
3,g6n3

��mq

]
aWpql+n>n

3,g6n3

�
g6n>

+54,

%lm @ 5�

]
n5a�lmg

6n> +55,

�lm @ 5
�

�

]
+E � n,5

n5
a�lmg

6n> +56,

zkhuh Slm lv wkh wxuexohqfh surgxfwlrq whqvru/ %lm lv wkh ylvfrxv glvvlsdwlrq udwh

whqvru/ dqg �lm lv wkh Mrxoh glvvlsdwlrq whqvru1 Wkh uhglvwulexwlyh suhvvxuh~vwudlq

udwh lqwhudfwlrq idoov qdwxudoo| lqwr wkuhh sduwv= d udslg sduw �
+u,
lm / uhsuhvhqwlqj

wkh phdq ghirupdwlrq~wxuexohqfh lqwhudfwlrq/ d vorz sduw �
+v,
lm / uhsuhvhqwlqj qrq0

olqhdu wxuexohqfh~wxuexohqfh lqwhudfwlrq/ dqg �qdoo| d pdjqhwlf sduw/ zklfk lv

khuh lqfoxghg lq wkh Mrxoh glvvlsdwlrq whqvru1

Wkh Mrxoh glvvlsdwlrq ri wxuexohqw nlqhwlf hqhuj| lq +49, fdq eh zulwwhq dv

� @
�E5

�
qlqm\ml> +57,

zkhuh q lv d xqlw yhfwru sdudooho zlwk wkh pdjqhwlf �hog/ dqg \ lv wkh vr0fdoohg

glphqvlrqdolw| whqvru lqwurgxfhg e| Uh|qrogv dqg fr0zrunhuv ^8/ 9`/

\lm @

]
nlnm
n5

a�lm+n> w,g
6n= +58,

Uh|qrogv vkrzhg wkdw \ frqwdlqv lqirupdwlrq uhodwhg wr wxuexohqw ohqjwk vfdohv

lq gl�huhqw gluhfwlrqv1 Edvhg rq +57,/ Zlgoxqg hw do1 ^43` sursrvhg d Uh|qrogv

vwuhvv wudqvsruw +UVW, prgho iru PKG wxuexohqfh/ zklfk lqfoxghg dq h{wud

wudqvsruw htxdwlrq iru d glphqvlrqdolw| dqlvrwurs| yduldeoh/ �/ gh�qhg dv

� � qlqm\ml
5N

> +59,

vr wkdw

� @ 5
�E5

�
�N= +5:,

Wklv h{suhvvlrq iru Mrxoh glvvlsdwlrq lv h{dfw iru krprjhqhrxv wxuexohqfh1
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5151 Wudqvsruw htxdwlrq iru �1 Wkh pdlq ihdwxuhv ri wkh skhqrphqrorjlfdo

wudqvsruw htxdwlrq sursrvhg iru � lq ^43` zhuh odwhu frq�uphg/ edvhg rq dq

htxdwlrq ghulyhg iru wkh frpsohwh whqvru \ ^44`1 Zh kdyh

g\lm
gw

@ S\
lm .�\

lm . �\lm � %\lm � �\lm> +5;,

zkhuh

S\
lm @ �5Xs>p

]
nlnm
n5

a�psg
6n +5<,

�\
lm @ �Xq>m\ql � Xq>l\qm . 5Xp>q

]
nlnmnpnq

n7
a�ssg

6n +63,

�\lm @

]
lnp

nlnm
n5

] �
aW �

pss+n>n
3,� aWpss+n>n

3,
�
g6n3 g6n +64,

%\lm @ 5�

]
nlnm a�qqg

6n +65,

�\lm @ 5
�

�

]
+E � n,5

n5
nlnm
n5

a�qqg
6n= +66,

Olnh wkh Uh|qrogv vwuhvv whqvru U/ wkh glphqvlrqdolw| whqvru kdv wudfh 5N/ vr

wkdw frqwudfwlrq ri htxdwlrq +5;, |lhogv dq htxdwlrq iru wxuexohqw nlqhwlf hqhuj|1

Wkh gl�huhqw whupv rq wkh uljkw0kdqg vlgh ri +5;, kdyh ehhq jurxshg dqg odehohg

dffruglqj wr wkhlu sk|vlfdo ruljlq/ dqg wkh zd| wkh| frqwulexwh wr wkh wxuexohqw

nlqhwlf hqhuj|1 S\
lm uhsuhvhqwv wxuexohqfh surgxfwlrq/ dv frqwudfwlrq |lhogv wzr

wlphv wkh surgxfwlrq ri wxuexohqw nlqhwlf hqhuj| +47,1 Wkh wudfhohvv whup �\
lm

uhsuhvhqwv zkdw zh fdq fdoo phdq ghirupdwlrq hqhuj| wudqvihu/ dqg fruuhvsrqgv

wr wkh udslg suhvvxuh~vwudlq whup lq wkh Uh|qrogv vwuhvv htxdwlrqv1 Wkh qrqolqhdu

whup �\lm lv dovr wudfhohvv/ fruuhvsrqglqj wr vorz suhvvxuh~vwudlq lq wkh Uh|qrogv

vwuhvv htxdwlrqv1 %\lm dqg �\lm uhsuhvhqw ylvfrxv dqg Mrxoh glvvlsdwlrq/ uhvshfwlyho|1

Ohw Qlm � qlqm 1 Zh wdnh wkh wlph ghulydwlyh ri wkh gh�qlwlrq +59,/ dqg lqvhuw

+5;, wr rewdlq dq hyroxwlrq htxdwlrq iru �=

g�

gw
@ S� .�� . �� � %� � ��> +67,

zkhuh

S� @
4

5N

�
QlnS

\
nl � 5�SN

�
> +68,

�� @
4

5N
Qln�

\
nl> +69,

�� @
4

5N
Qln�

\
nl> +6:,

%� @
4

5N

�
Qln%

\
nl � 5�%

�
> +6;,

�� @
4

5N

�
Qln�

\
nl � 5��

�
= +6<,
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Hduolhu zrun ^43/ 44` ghvfulehg wkh prgholqj ri wkh odvw wkuhh whupv1 Wkh Mrxoh

ghvwuxfwlrq whup �� zdv prghohg zlwk d vlpsoh olqhdu h{suhvvlrq/ zkloh wkh

ylvfrxv whup %� zdv devruehg lq d _uhwxuq0wr0lvrwurs|% prgho whup/ wrjhwkhu

zlwk wkh qrqolqhdu whup ��1

Lq wkh iroorzlqj zh sursrvh prgho h{suhvvlrqv iru wkh phdq vwudlq uhodwhg

whupv S� dqg ��1

61 Prgholqj

6141 Prgholqj ri S�1 Wkh phdq vwudlq whqvru Vlm � +Xl>m.Xm>l,@5 fdq uhsodfh

Xl>m lq +5<,1 Wkh dqwlv|pphwulf sduw/ wkh phdq urwdwlrq udwh whqvru 
lm � +Xl>m�
Xm>l,@5/ lv fdqfhoohg gxh wr lqgh{ v|pphwulhv ri wkh lqwhjudo1 Wkh surgxfwlrq

whup S� fdq eh uhzulwwhq dv

S� @
4

5N
+�5VlmNIml � 5�SN, > +73,

zkhuh

Ilm @
4

N
Qst

]
nsnt
n5

a�lmg
6n= +74,

Wkh whqvru Ilm dsshduv dovr lq wkh Mrxoh glvvlsdwlrq whqvru +56,/ zklfk fdq eh

h{suhvvhg dv

�lm @ 5
�E5

�
NIlm= +75,

Hduolhu sdshuv ^43/ 44` sursrvhg d elolqhdu whqvru prgho iru Ilm/

Ilm @
4

N

�
JUlm .

K

5
^QlnUnm .QmnUnl`

�
> +76,

zkhuh J dqg K duh vfdodu ixqfwlrqv ri � dqg whqvru lqyduldqwv1 Wkh vdph prgho

fdq eh uhxvhg khuh iru S�/ zlwkrxw ixuwkhu dvvxpswlrqv1 Zh xvh wkh wklug0rughu

ixqfwlrqv sursrvhg lq ^44`/ dv wkhvh ehkdyh zhoo dovr qhdu wkh 4G olplw=

J+�> Lqd, @ �.
5:

53
�5+4� �,

�
Lqd .

5

6

�
> +77,

K+�, @ �5:

43
�5+4� �,> +78,

zkhuh Lqd @ QlnUnl@N � 5@6 lv d whqvru lqyduldqw1 Wkh ehkdylru ri +76, lv

glvfxvvhg lq pruh ghwdlo lq ^44`1

Zh lqvhuw +76, lqwr +73,/ wrjhwkhu zlwk wkh surgxfwlrq ri wxuexohqw nlqhwlf

hqhuj| SN @ �VlnUnl/ wr jhw

S� @
4

5N
+�5JVlnUnl � 5KVlpQpnUnl � 5�VlnUnl,

@ � 4

N
VlpUnl

�
+J. �,�pn .KQpn

�
=

+79,
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6151 Prgholqj ri ��1 Zh vdz deryh wkdw wkh vlqjoh frpsrqhqw ri \ uhs0

uhvhqwhg e| wkh vfdodu � lv hqrxjk wr ghvfuleh wkh h�hfw ri Mrxoh glvvlsdwlrq1

Xqiruwxqdwho| wkh rwkhu frpsrqhqwv ri \ vkrz xs lq wkh uljkw0kdqg vlgh ri wkh

� htxdwlrq +67,/ wkurxjk wkh phdq ghirupdwlrq wudqvihu whup ��1 Wkh odwwhu

fdq eh uhzulwwhq dv

�� @
4

N
+�Xq>n\qlQln . VlqDql, > +7:,

zkhuh zh kdyh lqwurgxfhg wkh v|pphwulf vhfrqg0udqn whqvru

Dlm � Qqt

]
ntnqnlnm

n7
a�ssg

6n= +7;,

Qrwh wkdw Xl>m lq wkh odvw whup ri +7:, kdv ehhq uhsodfhg e| Vlm/ gxh wr wkh lqgh{

v|pphwu| ri D1

Lq wkh iroorzlqj zh zloo dvvxph wkdw \ lv d{lv|pphwulf derxw wkh xqlw gl0

uhfwlrq yhfwru q1 Wklv lv d jrrg dssur{lpdwlrq rqo| zkhq wkh pdjqhwlf h�hfwv

duh grplqdwlqj/ l1h1/ zkhq wkh vwudlq uhodwhg whupv duh uhodwlyho| zhdn1 Wklv

lv fohduo| d zhdnqhvv lq dq dwwhpsw wr prgho wkh vwudlq whupv1 Rq wkh rwkhu

kdqg/ wkh dvvxpswlrq ri d{lv|pphwu| derxw q lv frqvlvwhqw zlwk wkh gh�qlwlrq

ri �/ zklfk dvvxphv wkhuh lv d zhoo0gh�qhg gluhfwlrq q/ suhvxpdeo| jlyhq e| wkh

rulhqwdwlrq ri wkh pdjqhwlf �hog1

Dffruglqj wr lqyduldqw wkhru| +vhh/ h1j1/ ^7`,/ dq| v|pphwulf vhfrqg0udqn whq0

vru Glm zklfk lv d{lv|pphwulf derxw d yhfwru q fdq eh h{suhvvhg dv

Glm @ g4�lm . g5qlqm > +7<,

zkhuh g4 dqg g5 duh vfdodu ixqfwlrqv1 G kdv rqo| wzr lqghshqghqw sulqflsdo

frpsrqhqwv1 Dv iru wkh glphqvlrqdolw| whqvru \/ lwv d{ldo frpsrqhqw lv jlyhq

e| �/ dqg zh nqrz wkh wudfh ri \ lv 5N1 Lw lv hdvlo| yhul�hg wkdw wkh ixoo

d{lv|pphwulf whqvru fdq wkhq eh h{suhvvhg dv

\lm @ N+4� �,�lm .N+6�� 4,Qlm= +83,

Wkh gh�qlwlrq ri D +7;, lv udwkhu vlplodu wr wkdw ri \/ zklfk vxjjhvw wkdw wkh

vshfwudo lqirupdwlrq frqwdlqhg lq wkh wzr whqvruv lv uhodwhg1 Zh wkhuhiru dvvxph

wkdw dovr D lv d{lv|pphwulf derxw q/ dqg wkdw zh fdq prgho D lq whupv ri �1

Wkh wudfh ri D lv

Dll @ \lnQnl @ 5N�= +84,

D glphqvlrqdoo| fruuhfw prgho h{suhvvlrq lv wkhq

Dlm @ 5N
�
i+�,�lm . ^�� 6i+�,`Qlm

�
> +85,

zkhuh i lv d vfdodu ixqfwlrq ri �1
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Zkhq zh lqvhuw +83, dqg +85, lqwr +7:,/ zh jhw

�� @ �+4� �,Xq>n�qlQln � +6�� 4,Xq>nQqlQln +86,

. 5i+�,Vlq�ql . 5+�� 6i+�,,VlqQql

@ �9i+�,VlnQnl

@ j+�,VlnQnl=

Khuh zh kdyh xvhg wkh lghqwlwlhv �lnQnm @ Qlm/ QlnQnm @ Qlm/ dqg Vln�nl @

Vll @ 31 Wkh uhvxowlqj h{suhvvlrq lv d vfdodu ixqfwlrq ri �/ wlphv wkh phdq vwudlq

qrupdo frpsrqhqw lq wkh gluhfwlrq ri q1

Wkh udslg glvwruwlrq dqdo|vlv ghyhorshg lq wkh suhylrxv sdshu ^44` fdq eh

uhxvhg khuh wr vwxg| wkh ehkdylru ri �� lq wkh d{lv|pphwulf fdvh +vhh dsshqgl{

iru d ghvfulswlrq ri wkh UGW htxdwlrqv,1 Zh dvvxph dq lqlwldoo| lvrwurslf vshf0

wuxp +zlwk � @ 4@6,/ dqg ohw d pdjqhwlf iruflqj gulyh wkh vshfwuxp wrzdugv wkh

5G olplw/ iru zklfk � @ 3/ dqg _edfnzdugv% +dowkrxjk qrw sk|vlfdoo| uhdolvwlf,

wrzdugv wkh wkhruhwlfdo 4G olplw/ zkhuh � @ 41 Wklv hqdeohv xv wr vwxg| �� +dqg

j+�,, iru doo shuplvvleoh ydoxhv ri �1 Wkh vrolg olqh lq Ilj1 4 vkrzv wkh UGW

fdofxodwlrq ri ��@VlnQnl @ j+�,1

Zh zrxog olnh d prgho h{suhvvlrq iru �� wr eh dffxudwh iru lvrwurslf wxuex0

ohqfh/ dqg lq wkh 5G olplw/ dqg dv jrrg dv srvvleoh lq ehwzhhq1 Zh dovr zlvk

wkh prgho wr eh fruuhfw lq wkh 4G olplw/ wr dyrlg xqsk|vlfdo ydoxhv ri �1 Wklv

jlyhv xv wkuhh frqglwlrqv iru ghwhuplqlqj d prgho ixqfwlrq j+�,1 Zlwk vx�flhqw

ghjuhhv ri iuhhgrp/ d prgho ixqfwlrq frxog dovr eh uhtxluhg wr kdyh dffxudwh

ghulydwlyhv lq rqh ru wzr srlqwv/ hvshfldoo| lq wkh 5G olplw/ dqg lq wkh lvrwurslf

vwdwh1 Wdeoh 4 vxppdul}hv wkhvh frqglwlrqv rq j+�, dqg lwv ghulydwlyh j3+�,/ zlwk

qxphulfdo ydoxhv rewdlqhg iurp wkh UGW dqdo|vlv1

Wkh iroorzlqj irxuwk0rughu dqvdw} pdnhv j+�, @ 3 lq wkh 5G dqg 4G olplwv=

j+�, @ �+4� �,+f3 . f4�. f5�
5,= +87,

Wkh uhpdlqlqj wkuhh frqglwlrqv lq Wde1 4 fdq eh xvhg wr ghwhuplqh f3/ f4 dqg

f51 D wklug0rughu prgho +f5 @ 3, fdq eh ghvljqhg wr �{ wkh ydoxh ri j lq wkh

lvrwurslf vwdwh/ dqg ixo�oo rqh ri wkh wzr ghulydwlyh frqglwlrqv1 D vhfrqg0rughu

prgho +f4 @ f5 @ 3, lv vx�flhqw wr �{ wkh ydoxh ri j dw lvrwurs|/ exw qrw wr

frqwuro wkh ghulydwlyhv1 Wklv jlyhv irxu dowhuqdwlyh prghov iru j+�,/ ri gl�huhqw

rughu/ doo ri zklfk jlyh fruuhfw ydoxhv ri j lq wkh wkuhh srlqwv lq Wde1 41 Ghwdlov

ri wkh prghov duh olvwhg lq Wde1 51

CBO,j �� #it�hi_ ThLTih|�it Lu |�i u�?U|�L? }Ek�c @?_ �|t _ih��@|i }�Ek��

Vwdwh � j+�, j3+�,

5G 3 3 �47@8
Lvrwurslf 4@6 �5@8 � 3=75;9

4G 4 3 ~
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CBO,j 4� #it�hi_ ThLTih|�it Lu |�i u�?U|�L? }Ek�c @?_ �|t _ih��@|i }�Ek��

Prgho if3> f4> f5j Frpphqw

L i�47@8> 8=5<>�9=9<j 7wk rughu lq �1 Judglhqwv fruuhfw

lq 5G dqg lvrwurslf vwdwhv1

LLd i�47@8>�5:@8> 3j 6ug rughu1 Fruuhfw judglhqw lq

5G olplw1

LLe i�5=39> 3=::> 3j 6ug rughu1 Fruuhfw judglhqw dw

lvrwurs|1

LLL i�<@8> 3> 3j 5qg rughu lq �1 Qr frqwuro ri jud0

glhqwv1
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ki

I   
II a
II b
III 
RDT 

8�}�ij �� A�i uL�h 4L_i*t �? A@M� 2c UL4T@hi_ ��|� +#A hit�*|t�

Wkh irxu prghov duh frpsduhg zlwk UGW uhvxowv lq Ilj1 41 Wkh 5qg0rughu

prgho suredeo| jlyhv wkh ehvw ryhudoo shuirupdqfh1 Rqo| wkh 7wk0rughu prgho lv

vljql�fdqwo| ehwwhu wkdq wkh 5qg0rughu ehwzhhq wkh 5G dqg lvrwurslf vwdwhv/ exw

dw wkh frvw ri srru �w durxqg � @ 3=:1

Wkh 5qg dqg 6ug rughu prghov fdq doo eh sdudphwhul}hg lq f3/ zklfk htxdov

wkh ghulydwh lq wkh 5G olplw/ f3 @ j3+3,1 Zh kdyh

�� @ �+4� �,

�
f3+4� 6�,� 5:

8
�

�
VlnQnl= +88,
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71 Uhvxowv

Zh zloo looxvwudwh wkh h�hfw ri wkh � vwudlq whupv lq wzr vlpsoh fkdqqho �rz

h{dpsohv1 Lq erwk fdvhv zh kdyh xvhg d vwdqgdug UVW prgho ^6`/ dqg dq lpsoh0

phqwdwlrq ri wkh PKG prgho htxdwlrqv lq wkh frpphufldo �rz vroyhu FI[ 716

+vhh Zlgoxqg ^<`,1

7141 Ixoo| ghyhorshg fkdqqho �rz/ zlwkrxw pdjqhwlf �hog1 Zh frqvlghu

wkh h�hfw ri wkh vwudlq whupv lq d txdgudwlf fkdqqho zlwk ixoo| ghyhorshg �rz

+Uh � 438,/ exw zlwkrxw d pdjqhwlf �hog1 Wkh �rz lv lq wkh {0gluhfwlrq/ dqg zh

ohw q eh lq wkh wudqvyhuvh |0gluhfwlrq1 Vlqfh wkhuh lv qr pdjqhwlf �hog/ wkhuh lv qr

sk|vlfdo uhdvrq iru wkh glphqvlrqdo fkdqjhv wr eh doljqhg zlwk q1 Wkh sxusrvh

ri wkh whvw lv wr fkhfn wkh ehkdylru ri wkh prgho lq uhjlrqv ri �rz zkhuh wkh

pdjqhwlf �hog lv zhdn/ ru hyhq devhqw> dowkrxjk wkh ydoxh ri � grhv qrw d�hfw

wkh rwkhu htxdwlrqv lq wklv fdvh/ zh vkrxog vwloo uhtxluh wkdw wkh prgho grhv qrw

surgxfh xqsk|vlfdo uhvxowv/ ru fdxvh d vlpxodwlrq wr fudvk1

Iljxuh 5 vkrzv suhglfwhg sur�ohv ri � +wrs, dqg lwv vrxufh whupv +erwwrp, lq

wkh fhqwhu ri wkh fkdqqho1 Wkh surgxfwlrq whup lv srvlwlyh qhdu zdoov zklfk duh

sdudooho zlwk q +]@k @ 3,/ dqg qhjdwlyh qhdu zdoov shushqglfxodu wr q +\@k @ 3,1

Wkh surgxfwlrq whup S� lv edodqfhg e| wkh uhwxuq whup ��/ dqg wkh uhvxowlqj

ydoxh ri � wkxv ghshqgv rq wkh frh�flhqw F�5 lq wkh uhwxuq whup1 Iru wkh

suhglfwlrqv lq Ilj1 5 zh xvhg F�5 @ 4=3/ zklfk jlyhv � � 3=8 lq wkh fhqwhu ri wkh

fkdqqho1 Li lqvwhdg F�5 @ 3=5/ � � 3=< lq wkh fkdqqho fhqwhu1

Wkh wudqvyhuvh +dqg vwuhdpzlvh, phdq vwudlq qrupdo frpsrqhqwv duh }hur lq

d ixoo| ghyhorshg fkdqqho �rz/ vr wkdw wkh prghohg �� lv }hur zkhq q lv lq

rqh ri wkhvh gluhfwlrqv1 Lq wkh devhqfh ri d pdjqhwlf �hog/ wkh rulhqwdwlrq ri

wkh sulqflsdo d{hv ri wkh ixoo whqvru \ zrxog udwkhu eh ghwhuplqhg e| wkh phdq

yhorflw| judglhqwv/ dqg wkh _suhvvxuh~vwudlq% uhodwhg whup �\
lm frxog eh h{shfwhg

wr sod| dq lpsruwdqw uroh/ mxvw dv lwv frxqwhusduw lq wkh Uh|qrogv vwuhvv htxdwlrqv1

7151 Fkdqqho �rz zlwk P0vkdshg yhorflw| sur�oh1 Frqvlghu d 4 p orqj

fkdqqho zlwk �rz lq wkh { gluhfwlrq +vhh looxvwudwlrq lq wrs0ohiw sdqh ri Ilj1 6,1

Wkh furvv0vhfwlrq lv 7� 6 fp +lq | dqg } gluhfwlrqv/ uhvshfwlyho|,1 D wudqvyhuvh

pdjqhwlf �hog lv dssolhg lq wkh } gluhfwlrq/ kdoi0zd| dorqj wkh fkdqqho1 Wkh

ohqjwk ri wkh pdjqhw lv dssur{lpdwho| 3=6 p1 Edvhg rq fkdqqho kdoi0zlgwk

k @ 3=35 p/ wkh �rz Uh|qrogv qxpehu lv Uh @ 5 � 438/ dqg wkh Kduwpdqq

qxpehu lv Kd @ :331 Wkh uhvxowlqj exon lqwhudfwlrq sdudphwhu lv Q @ 5=781

Wklv sduwlfxodu fdvh kdv ehhq vwxglhg h{shulphqwdoo| e| Wdqdqdhy ^;`/ dqg kdv

ehhq vxemhfw wr qxphulfdo vlpxodwlrqv e| Nhqmhuh�v ) Kdqmdol�f ^5`1

Iljxuh 6 vkrzv yduldeoh sur�ohv ri vwuhdpzlvh yhorflw|/ �/ dqg exgjhw ri �

vrxufh whupv1 Wkh vwudlq whupv kdyh dq h�hfw rqo| qhdu wkh zdoo1 Wkh fkdqjh

ri �/ dqg wkxv ri wkh Mrxoh glvvlsdwlrq/ lv derxw 43� 48(1 Lq wkh vdph uhjlrq/

krzhyhu/ wkh orfdo lqwhudfwlrq sdudphwhu fdq eh vkrzq wr eh zhoo ehorz rqh/
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8�}�ij 4� 6�**) _i�i*LTi_ ^�@_h@|�U U�@??i* �L�c ��|�L�| 4@}?i|�U

�i*_ E+i E ������ ��@??i* �@*u���_|� �c @?_ 4i@? �i*LU�|) L � A�i

�?�| _�hiU|�L? �iU|Lh ? �? |�i _i�?�|�L? Lu k �t �? |�i |h@?t�ihti +

_�hiU|�L?� A�i T*L| @| |�i |LT t�L�t Thi_�U|i_ ThL�*it Lu k �? |�i

|h@?t�ihti _�hiU|�L?tc @?_ T*L|t Mi*L� t�L� |�i M�_}i| Lu k tL�hUi

|ih4t�

dqg wkh ylvfrxv glvvlsdwlrq lv 8� 43 wlphv odujhu wkdq wkh Mrxoh glvvlsdwlrq +qrw

vkrzq khuh> vhh ^<` iru ghwdlov,1 Wkh qhw h�hfw ri wkh � vwudlq whupv rq wxuexohqw

nlqhwlf hqhuj| lv wkhuhiru yhu| vpdoo1

Dv qrwhg hduolhu/ wkh prghohg suhvvxuh~vwudlq whup +khuh prgho LLd ri Wde1 5,

lv vpdoo lq d ghyhorshg fkdqqho �rz/ ehfdxvh wkh wudqvyhuvh qrupdo frpsrqhqw

ri phdq vwudlq lv vpdoo1 Wkh PKG prgho frh�flhqwv lq wkh vlpxodwlrq zhuh

iF�4> F�5> F%�j @ i3=;9> 3=5> 3=8j1

81 Glvfxvvlrq dqg frqfoxvlrqv

Wkh PKG wxuexohqfh prghov sursrvhg e| Zlgoxqg hw do1 ^43/ 44` lqfoxgh d

wudqvsruw htxdwlrq iru d glphqvlrqdolw| dqlvrwurs| yduldeoh/ �1 Dsduw iurp wkh

pdjqhwlf dqg qrqolqhdu h�hfwv glvfxvvhg lq hduolhu zrun/ wkh � htxdwlrq frq0

wdlqv whupv zklfk ghvfuleh wkh lqwhudfwlrq zlwk phdq yhorflw| judglhqwv1 Wkh

whupv duh uhodwhg wr wkh surgxfwlrq ri wxuexohqw nlqhwlf hqhuj|/ dqg wr wkh udslg

suhvvxuh~vwudlq udwh fruuhodwlrq1 Iru wkh fdvh ri krprjhqhrxv wxuexohqfh/ wkhvh
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h�}�| T*L| t�L�t |�i ��t�@Ti_ �i*LU�|) ThL�*i� A�i *L�ih�*iu| T*L|

t�L�t Thi_�U|i_ �@*�it Lu kc ��|� @?_ ��|�L�| |�i t|h@�? |ih4t �k
@?_ �kc @?_ |�i *L�ih�h�}�| t�L�t @ M�_}i| Lu k tL�hUi |ih4t �? |�i

t@4i UhLtt�tiU|�L?�

whupv frxog eh irupxodwhg edvhg rq wkh hyroxwlrq htxdwlrqv ghulyhg iru wkh ixoo

glphqvlrqdolw| whqvru/ \ ^44`1

Iru prgholqj ri wkh surgxfwlrq whup S�/ zh frxog uhxvh wkh prgho whqvru

ixqfwlrq ghyhorshg lq ^43/ 44` iru prgholqj ri wkh Mrxoh glvvlsdwlrq whqvru1 Qr

ixuwkhu dvvxpswlrqv zhuh uhtxluhg1

Wkh udslg suhvvxuh~vwudlq whup �� frqwdlqv uhihuhqfhv wr doo frpsrqhqwv ri wkh

ixoo \ whqvru/ dv zhoo dv wr frpsrqhqwv ri dqrwkhu vhfrqg0udqn whqvru lqwhjudo

D zlwk vlplodu vwuxfwxudo lqirupdwlrq +suhvxpdeo| uhodwhg wr wkdw lq \,1 E|

dvvxplqj wkdw erwk whqvruv duh d{lv|pphwulf derxw wkh xqlw gluhfwlrq yhfwru q

lq wkh gh�qlwlrq ri �/ wkh suhvvxuh~vwudlq whup frxog eh prghohg lq whupv ri � dqg

wkh d{ldo frpsrqhqw ri wkh phdq vwudlq whqvru1 Wkh dvvxpswlrq ri d{lv|pphwu|

derxw q lv d idlu dssur{lpdwlrq zkhq wkh h�hfw ri wkh pdjqhwlf �hog grplqdwhv
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ryhu phdq vwudlq h�hfwv1 Wkh d{lv|pphwulf udslg glvwruwlrq htxdwlrqv ghvfulehg

lq ^44` zhuh xvhg wr vwxg| wkh surshuwlhv ri wkh h{dfw whup1

D frqvhtxhqfh ri wkh d{lv|pphwu| dvvxpswlrq lv wkdw rqo| wkh d{ldo phdq

vwudlq qrupdo frpsrqhqw Vlmqmql hqwhuv wkh uhvxowlqj prgho h{suhvvlrq iru wkh

suhvvxuh~vwudlq whup ��1 Wklv frpsrqhqw jhqhudoo| vd|v yhu| olwwoh derxw wkh

phdq yhorflw| judglhqwv1 Lq d fkdqqho �rz zlwk d wudqvyhuvh pdjqhwlf �hog/ iru

h{dpsoh/ Vlmqmql lv vpdoo/ dqg zh vdz wkdw wkh prghohg �� lv qhjoljleoh1 Wkh

sduw ri \ wkdw zrxog uhdoo| lqwhudfw zlwk wkh phdq yhorflw| judglhqwv lq wklv

vlwxdwlrq/ dqg frqwulexwh wr ��/ lv wkh sduw zklfk lv qrw d{lv|pphwulf derxw q1

Wkh sursrvhg �� prgho whup zrxog eh qrq0}hur lq h{sdqglqj/ ru frqwudfwlqj

�rzv1 Rqh h{dpsoh lv wkh mhwv ri oltxlg vwhho iurp wkh vxephujhg lqohw slsh

lq d frqwlqxrxv fdvwlqj pdfklqh> zlwk d wudqvyhuvh pdjqhwlf �hog/ �� zrxog

suhvxpdeo| eh qhjdwlyh1 Li zh zhuh wr frqvlghu wkh sxuho| k|gurg|qdplf sureohp

ri d{lv|pphwulf �rz h{sdqvlrq ru frqwudfwlrq/ h1j1 lq d zlqg wxqqho frqwudfwlrq/

dqg ohw q eh lq wkh vwuhdpzlvh gluhfwlrq/ wkh sursrvhg prgho htxdwlrq iru �

zrxog suredeo| suhglfw wkh glphqvlrqdo fkdqjhv ri wkh wxuexohqfh uhdvrqdeo|

zhoo1

D vlpxodwlrq ri d fkdqqho �rz zlwk d wudqvyhuvh pdjqhwlf �hog vkrzhg wkdw

wkh vwudlq whupv kdyh dq h�hfw rqo| qhdu wkh zdoo1 Wkh fkdqjh ri �/ dqg wkxv ri

wkh Mrxoh glvvlsdwlrq/ lv derxw 43048(1 Wkh Mrxoh glvvlsdwlrq lv krzhyhu pxfk

vpdoohu wkdq wkh ylvfrxv glvvlsdwlrq lq wklv uhjlrq/ dqg wkh qhw h�hfw rq wxuexohqw

nlqhwlf hqhuj| lv wkhuhiru qhjoljleoh1

Wr frqfoxgh/ vwudlq h�hfwv lq wkh � htxdwlrq dsshdu wr eh vljql�fdqw rqo|

lq uhjlrqv zkhuh wkh lqwhudfwlrq sdudphwhu lv vpdoo/ dqg Mrxoh glvvlsdwlrq lv

vpdoo frpsduhg wr ylvfrxv glvvlsdwlrq1 Lq prvw sudfwlfdo PKG dssolfdwlrqv/ lw

lv suredeo| dssursuldwh wr qhjohfw h�hfwv ri vwudlq rq glphqvlrqdolw| dqlvrwurs|/

hvshfldoo| frqvlghulqj wkh dojheudlf frpsoh{lw| ri wkh sursrvhg prgho whupv1

Dsshqgl{= Udslg glvwruwlrq htxdwlrqv

Iru d ghwdlohg glvfxvvlrq/ vhh Zlgoxqg hw do1 ^44`/ ru Vfkxpdqq ^:`1

Dvvxph wkdw wkh pdjqhwlf lqwhudfwlrq qxpehu lv odujh +Q  4,/ dqg wkdw

yhorflw| judglhqwv duh vpdoo/ vr wkdw wkh qrq0olqhdu whup dqg doo whupv frqwdlqlqj

Xl>m fdq eh qhjohfwhg ehvlgh wkh pdjqhwlf dqg ylvfrxv whupv1 Zh ixuwkhu dvvxph

wkdw wkh pdjqhwlf �hog lv rulhqwhg lq wkh {60gluhfwlrq/ vr wkdw wkh sureohp lv

d{lv|pphwulf derxw wkh } d{lv1 Wkh hyroxwlrq ri wkh vshfwudo hqhuj| whqvru lv

wkhq ghvfulehg e|

g

gw
a�lm+n> w, @ �5�n5a�lm � 5P

n56
n5

a�lm> +89,

zkhuh P @ �E5@� +wkh lqyhuvh ri wkh pdjqhwlf wlph vfdoh,1 Wklv lv d olqhdu v|v0

whp ri xqfrxsohg ruglqdu| gl�huhqwldo htxdwlrqv/ zklfk kdv wkh dqdo|wlf vroxwlrq

a�lm+n> w, @ a�3lm+n, h{s

�
�5w

�
P

n56
n5

. �n5
��

= +8:,
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Zh khuh dvvxph wkh lqlwldo vshfwuxp a�3lm+n, lv lvrwurslf/

a�3lm+n, @
H+n,

7�n5

�
�lm � nlnm

n5

�
= +8;,

Lqwurgxflqj vskhulfdo frruglqdwhv/ n @ n+vlq � frv!> vlq � vlq!> frv �,/ doo uhohydqw

rqh0srlqw vwdwlvwlfv dqg htxdwlrq whupv pd| qrz eh rewdlqhg e| vskhulfdo lq0

whjudwlrq1 Lw lv frqyhqlhqw wr vhsdudwh rxw wkh udgldo lqwhjudwlrq ryhu n> zlwk

d{lv|pphwu| derxw {6/ wklv ohdyhv rqo| jhrphwulf whqvru ixqfwlrqv lq � wr eh

hydoxdwhg1

Wkh remhfwlyh ri wkh dqdo|vlv lv khuh wr h{dplqh wkh ehkdylru ri fhuwdlq whqvru

lqwhjudov iru gl�huhqw vkdshv ri wkh vshfwudo hqhuj| glvwulexwlrq ixqfwlrq/ dv fkdu0

dfwhul}hg e| � @ \66@5N1 Uhjdugohvv ri lqlwldo hqhuj| glvwulexwlrq/ wkh pdjqhwlf

whup lq +89, zloo hyhqwxdoo| gulyh wkh vroxwlrq wr d 5G vwdwh/ iru zklfk wkh d{ldo

gldjrqdo frpsrqhqw \66 @ 3/ vr wkdw � @ 31 Zh zloo khuh duwl�fldoo| h{whqg wkh

udqjh ri wkh dqdo|vlv e| doorzlqj wkh pdjqhwlf ghirupdwlrq0udwh sdudphwhu P

lq +89, wr wdnh qhjdwlyh ydoxhv1 Wklv fruuhvsrqgv wr dq duwl�fldo iruflqj zlwk wkh

vdph vwuxfwxuh dv wkh pdjqhwlf irufh/ exw zlwk rssrvlwh vljq> wkh hqhuj| zrxog

jurz h{srqhqwldoo|/ iruflqj wkh �hog wr d 4G vwdwh zlwk hqhuj| frqfhqwudwhg rq

wkh {6 d{lv dqg \66 $ 5N +� @ 4,1

Wkh dvvxpswlrq wkdw yhorflw| judglhqwv duh vpdoo dqg fdq eh h{foxghg iurp

+89, pd| vhhp wr eh lq frq�lfw zlwk wkh remhfwlyhv ri wkh sdshu1 Htxdwlrq 8:

lv krzhyhu xvhg rqo| wr rewdlq d{lv|pphwulf vshfwudo glvwulexwlrqv zlwk ydu|lqj

ydoxhv ri �1 Gl�huhqw glvwruwlrq phfkdqlvpv pd| zhoo jlyh hqhuj| vshfwud zlwk

wkh vdph �/ exw rwkhuzlvh gl�huhqw surshuwlhv1 Wklv lv krzhyhu qrw dq lvvxh khuh/

vlqfh � lv wkh rqo| lqghshqghqw yduldeoh lq wkh sursrvhg prgho ixqfwlrqv1

Uhihuhqfhv

^4` F1 Fdperq/ O1 Mdftxlq/ dqg M1 O1 Oxeudqr1 Wrzdug d qhz Uh|qrogv vwuhvv

prgho iru urwdwlqj wxuexohqfh1 Sk|vlfv ri Ioxlgv D/ 7+7,=;45~;57/ 4<<51

^5` V1 Nhqmhuh�v dqg N1 Kdqmdol�f1 Rq wkh lpsohphqwdwlrq ri h�hfwv ri Oruhqw}

irufh lq wxuexohqfh forvxuh prghov1 Lqw1 Mrxuqdo ri Khdw dqg Ioxlg Iorz/

54+6,=65<~66:/ Mxqh 53331

^6` E1 H1 Odxqghu/ J1 M1 Uhhfh/ dqg Z1 Urgl1 Surjuhvv lq wkh ghyhorsphqw ri d

Uh|qrogv0vwuhvv wxuexohqfh forvxuh1 Mrxuqdo ri Ioxlg Phfkdqlfv/ 9;=86:~899/

4<:81

^7` M1 O1 Oxpoh|1 Vwrfkdvwlf Wrrov lq Wxuexohqfh1 Dfdghplf Suhvv/ Qhz \run/

4<:31

^8` Zlooldp F1 Uh|qrogv1 H�hfwv ri urwdwlrq rq krprjhqhrxv wxuexohqfh1 Lq

Surf1 43wk Dxvwudodvldq Ioxlg Phfkdqlfv Frqihuhqfh/ Phoerxuqh/ Dxvwudold/

4<;<1 Xqlyhuvlw| ri Phoerxuqh1

^9` Zlooldp F1 Uh|qrogv dqg V1 F1 Ndvvlqrv1 Rqh0srlqw prghoolqj ri udslgo|

ghiruphg krprjhqhrxv wxuexohqfh1 Surfhhglqjv ri wkh Ur|do Vrflhw| ri Orq0

grq/ Vhulhv D/ 784+4<74,=;:~437/ Rfw 4<<81
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^:` X1 Vfkxpdqq1 Qxphulfdo vlpxodwlrq ri wudqvlwlrq iurp wkuhh0 wr wzr0

glphqvlrqdo wxuexohqfh xqghu d xqlirup pdjqhwlf �hog1 Mrxuqdo ri Ioxlg

Phfkdqlfv/ :7=64~8;/ 4<:91

^;` D1 E1 Wdqdqdhy1 PKG Gxfw Iorzv1 Dwrpl}gdw/ 4<:<1

^<` R1 Zlgoxqg1 Lpsohphqwdwlrq ri PKG prgho htxdwlrqv lq FI[ 7161

Whfkqlfdo Uhsruw WULWD0PHN 5333=43/ Ghsw1 ri Phfkdqlfv/ Ur|do Lq0

vwlwxwh ri Whfkqrorj|/ Vwrfnkrop/ Vzhghq/ 53331 LVVQ 367;079:[/ LVUQ

NWK2PHN2WU~33243~VH1

^43` R1 Zlgoxqg/ V1 ]dkudl/ dqg I1 K1 Edun1 Ghyhorsphqw ri d Uh|qrogv vwuhvv

forvxuh iru prgholqj ri krprjhqhrxv PKG wxuexohqfh1 Sk|vlfv ri Ioxlgv/

43+;,=4<;:~4<<9/ 4<<;1

^44` R1 Zlgoxqg/ V1 ]dkudl/ dqg I1 K1 Edun1 Vwuxfwxuh lqirupdwlrq lq udslg

glvwruwlrq dqdo|vlv dqg rqh0srlqw prgholqj ri d{lv|pphwulf pdjqhwrk|gur0

g|qdplf wxuexohqfh1 Sk|vlfv ri Ioxlgv/ 45+43,=593<~5953/ 53331
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LPSOHPHQWDWLRQ RI PKG PRGHO

HTXDWLRQV LQ FI[ 716
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4L_i* Lu g�0 |)Ti @hi @�@�*@M*i� �L44ihU�@* t)4ML*�U 4@|�i4@|�Ut tLu|�

�@hi �@t �ti_ |L @�|L4@|i *�?i@h�3@|�L?c LT|�4�3@|�L? @?_ UL_i }i?ih@|�L?

uLh |�i Lu|i? UL4T*i tL�hUi |ih4t �? |�i |�hM�*i?Ui 4L_i* i^�@|�L?t� A�i

ThLTih|�it Lu |�i 4L_i* �4T*i4i?|@|�L? @hi _i4L?t|h@|i_ �? @ t�4�*@|�L?

Lu @ �# U�@??i* �L� ��|� R���t�@Ti_ �i*LU�|) ThL�*it� A�i �4T*i4i?|@�

|�L? Lu |�i ?i� �O# |�hM�*i?Ui 4L_i*t @TTi@h |L Mi �i**�Mi�@�i_ @?_

?�4ih�U@**) hLM�t|� A�i �O# 4L_i* �4T*i4i?|@|�L? U@? Mi �ti_ |L}i|�ih
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|�T�@ti @?_ 4�*|�UL4TL?i?| �L�t�

41 Lqwurgxfwlrq

Wklv uhsruw grfxphqwv wkh lpsohphqwdwlrq ri phdq hohfwurpdjqhwlf htxdwlrqv

dqg pdjqhwrk|gurg|qdplf +PKG, wxuexohqfh prghov lq wkh frpphufldo �rz

vroyhu FI[ 7161

Wkh ihdwxuhg PKG wxuexohqfh prghov zkhuh ghyhorshg e| Zlgoxqg hw do1

^;/ :/ <` iru prgholqj ri Mrxoh glvvlsdwlrq lq vlpxodwlrqv ri frqwlqxrxv vwhho

fdvwlqj dssolfdwlrqv1 Wkh prgholqj dssurdfk lv edvhg rq wkh irupxodwlrq ri

d wudqvsruw htxdwlrq iru d ohqjwk vfdoh dqlvrwurs| yduldeoh/ �1 Wkh qryho prgho

fdq irupxodwhg hlwkhu dv d ixoo Uh|qrogv vwuhvv wudqvsruw +UVW, prgho/ ru dv d

wkuhh0htxdwlrq N0%0� prgho1

Dv iru wkh phdq htxdwlrqv/ wkh h{whuqdo pdjqhwlf �hog lv dvvxphg wr eh vwhdg|/

vr wkdw zh qhhg wr vroyh rqo| iru wkh phdq vfdodu hohfwurvwdwlf srwhqwldo1 Zh

ixuwkhu dvvxph wkh pdjqhwlf Uh|qrogv qxpehu lv orz/ vr wkdw wkh vr0fdoohg txd0

vlvwdwlf/ ru lqgxfwlrqohvv dssur{lpdwlrq lv ydolg1

�*tL T�M*�t�i_ @t AiU�?�U@* +iTLh| A+WA���,k 2fffG�f EkAOc 5|LU!�L*4c 2fff��
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Wkhuh duh vhyhudo prwlyhv iru wklv FI[ lpsohphqwdwlrq1 Iluvw ri doo/ zh zdqw

wr ghprqvwudwh wkdw wkh qhz PKG wxuexohqfh prghov fdq eh lpsohphqwhg lq d

frpphufldo �rz vroyhu/ dqg wkdw wkh prghov duh qxphulfdoo| urexvw dqg h�flhqw

hqrxjk wr eh xvhixo iru hqjlqhhulqj PKG dssolfdwlrqv1 Vhfrqg/ d frpsohwh 6G

vroyhu iru frpsoh{ jhrphwulhv zloo eh yhu| xvhixo lq wkh zrun zlwk ydolgdwlrq

ri wkh qhz wxuexohqfh prghov1 Ilqdoo|/ wklv zrun vkrzv krz h{lvwlqj lq0krxvh

lpsohphqwdwlrqv ri wkh phdq htxdwlrqv lq roghu yhuvlrqv ri wkh frgh fdq eh

xsgdwhg wr zrun zlwk frpsoh{ pxowl0eorfn qrq0ruwkrjrqdo julgv lq FI[ 7161

Wkh iroorzlqj olvw vxppdul}hv wkh ihdwxuhv ri wkh PKGprgho lpsohphqwdwlrq=

� Xvhu vfdodu htxdwlrqv iru phdq hohfwurvwdwlf srwhqwldo HSRW +�,/ dqg wxu0

exohqfh glphqvlrqdolw| dqlvrwurs| DOSKD +�,1

� Mrxoh glvvlsdwlrq whupv lq erwk Uh|qrogv vwuhvv/ N/ dqg % htxdwlrqv/ vr

wkdw hlwkhu wkh ixoo UVW PKG forvxuh ru wkh uhgxfhg wkuhh0htxdwlrq N0%0

� forvxuh fdq eh xvhg1 Dxwrpdwlf ghwhfwlrq ri prgho w|sh lq xvhu iruwudq1

� Wkh phdq vwudlq whupv lq wkh � htxdwlrq fdq eh glvdeohg1

� Phdq hohfwurvwdwlf srwhqwldo dqg wrwdo hohfwulf fxuuhqw ghqvlwlhv duh frp0

sxwhg dffxudwho| hyhq rq pxowleorfn qrq0ruwkrjrqdo julgv1

� Wkh h{whuqdo pdjqhwlf �hog fdq eh vshfl�hg dv frqvwdqw dqg xqlirup lq wkh

frppdqg �oh/ uhdg iurp d vhsdudwh wh{w �oh/ ru vshfl�hg lq xvhu iruwudq1

� Wrwdo fxuuhqw ghqvlw| dqg Oruhqw} irufh frpsrqhqwv duh vwruhg lq xvhu

vfdoduv iru srvw0surfhvvlqj1

� Xqghu0uhod{dwlrq ri Oruhqw} irufhv lq wkh phdq prphqwxp htxdwlrqv +vxs0

sruwhg e| vwdqgdug frppdqg �oh rswlrqv lq FI[ 716,1

� Zdoov fdq eh hlwkhu qrq0frqgxfwlqj/ ru jlyhq d �{hg hohfwulf srwhqwldo1

� Wkh hohfwulfdo erxqgdu| frqglwlrqv lq �rz lqohwv dqg rxwohwv fdq eh prgl0

�hg zlwk rswlrqv lq wkh frppdqg �oh1

� Wkh orfdwlrq ri d }hur uhihuhqfh srlqw iru hohfwulf srwhqwldo fdq eh vshfl�hg

lq wkh frppdqg �oh1

� D qxpehu ri PKG prgho rswlrqv dqg prgho sdudphwhuv duh uhdg iurp wkh

hqg ri wkh FI[ frppdqg �oh zkhq d vlpxodwlrq lv vwduwhg1 Wklv uhgxfhv

wkh qhhg iru uhfrpslodwlrq ri wkh iruwudq vrxufh frgh1

Wkh uhsruw lv vwuxfwxuhg dv iroorzv= Vhfwlrq 5 lqwurgxfhv wkh jryhuqlqj htxd0

wlrqv/ dqg wkh prgho htxdwlrqv1 Vhfwlrq 6 ghvfulehv krz wkh prgho htxdwlrqv duh

glvfuhwl}hg dqg lpsohphqwhg lq wkh frgh1 Vrph ri wkh uhvxowv rewdlqhg zlwk wkh

frgh vr idu duh ghvfulehg lq Vhfwlrq 71 Vhfwlrq 8 frqwdlqv glvfxvvlrq dqg frqfox0

vlrqv1 Dsshqgl{ D ghvfulehv wkh ydulrxv FI[ dqg vshfl�f PKG prgho rswlrqv

vshfl�hg lq wkh FI[ frppdqg �oh/ zkloh Dsshqgl{ E surylghv ghwdlov derxw

wkh iruwudq urxwlqhv xvhg lq wkh lpsohphqwdwlrq1 Dsshqgl{ F olvwv d PDSOH

vfulsw iru olqhdul}dwlrq dqg frglqj ri vrxufh whupv/ dqg Dss1 G lv d olvwlqj ri d

vdpsoh frppdqg �oh1
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51 Wkhru| dqg prgho htxdwlrqv

5141 Jryhuqlqj htxdwlrqv1 Zlwk vsdwldo frruglqdwhv { dqg wlph w/ wkh Qdylhu~

Vwrnhv htxdwlrqv iru wkh lqvwdqwdqhrxv yhorflw| �hog xl+{> w, ri dq lqfrpsuhvvleoh

�xlg duh

C�xl
Cw

. xm
C�xl
C{m

@ � Cs

C{l
.

C

C{m

�
�
Cxl
C{m

�
. il> +4,

Cxl
C{l

@ 3> +5,

zkhuh s+{> w, lv wkh suhvvxuh �hog/ � lv wkh +prohfxodu, g|qdplf ylvfrvlw| 4/ dqg

il lv d erg| irufh +shu xqlw yroxph,1 Lq wkh PKG sureohp dw kdqg/ wkh erg|

irufh il lq +4, fruuhvsrqgv wr wkh pdjqhwlf Oruhqw} irufh1

Wkh �xlg lv vxemhfwhg wr dq h{whuqdo pdjqhwlf �hog/ zlwk pdjqhwlf �x{ ghqvlw|

E +khuh lq yhfwru qrwdwlrq,1 Wkh �xlg �rz zloo lqgxfh hohfwulfdo fxuuhqwv lq

wkh �xlg/ dqg wkhvh lq wxuq jlyh ulvh wr dq lqgxfhg pdjqhwlf �hog/ zklfk fdq

eh uhjdughg dv d shuwxuedwlrq ri wkh h{whuqdo �hog1 Wkh uhodwlyh vl}h ri wklv

shuwxuedwlrq lv jryhuqhg e| wkh glphqvlrqohvv pdjqhwlf Uh|qrogv qxpehu

UpO � ��xO> +6,

zkhuh � lv pdjqhwlf shuphdelolw|/ � hohfwulfdo frqgxfwlylw|/ dqg x dqg O duh

fkdudfwhulvwlf yhorflw| dqg ohqjwk vfdohv/ uhvshfwlyho|1 Lq prvw lqgxvwuldo dqg

oderudwru| �rzv/ wkh pdjqhwlf Uh|qrogv qxpehu lv yhu| orz/ UpO � 41 Wkh

�rz0lqgxfhg pdjqhwlf �hog shuwxuedwlrqv duh wkhq qhjoljleoh ehvlgh wkh h{whuqdo

�hog1 Xvlqj wklv vr0fdoohg txdvlvwdwlf dssur{lpdwlrq/ wkh qrq0uhodwlylvwlf Pd{zhoo

htxdwlrqv |lhog

i � m�E= +7,

Wkh lqvwdqwdqhrxv hohfwulf fxuuhqw m lv jlyhq e| Rkp*v odz/

m � �+h. x�E,> +8,

zkhuh h lv wkh hohfwulf �hog1 Wkh vfdodu hohfwurvwdwlf srwhqwldo ! lv gh�qhg e|

h @ �u!= +9,

Lq wkh devhqfh ri iuhh fkdujhv/ wkh fxuuhqw �hog lv glyhujhqfh iuhh1 Li wkh frqgxf0

wlylw| � lv dvvxphg frqvwdqw/ wkh glyhujhqfh ri Rkp*v odz +8,/ wrjhwkhu zlwk +9,/

wkhuhiruh |lhogv

u5! � u � +x�E,= +:,

��L| |L Mi UL?u�ti_ ��|� |�i aL�*i _�tt�T@|�L? > �?|hL_�Ui_ *@|ih
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5151 Uh|qrogv dyhudjhg htxdwlrqv1 D Uh|qrogv ghfrpsrvlwlrq lv dssolhg wr

vsolw wkh lqvwdqwdqhrxv yduldeohv lqwr phdq dqg �xfwxdwlqj sduwv1 Wkh phdq ri

d txdqwlw| y lv khuh gh�qhg dv wkh hqvhpeoh dyhudjh ryhu dq lq�qlwh qxpehu ri

uhdol}dwlrqv yq/

kyl @ olp
Q$4

4

Q

Q[
q@4

yq= +;,

Zh xvh fdslwdo ohwwhuv iru phdq ydoxhv/ dqg sulphv wr ghqrwh �xfwxdwlqj sduwv1

Wkh yhorflw| lv/ iru h{dpsoh/ h{suhvvhg dv wkh vxp Xl.x3l/ zkhuh Xl lv wkh phdq

yhorflw|/ dqg x3l lv wkh yhorflw| �xfwxdwlrqv1 E| gh�qlwlrq wkh phdq ydoxh ri wkh

�xfwxdwlrq lv }hur1

Hqvhpeoh dyhudjlqj ri +4, dqg +5, jlyhv wkh Uh|qrogv dyhudjhg Qdylhu~Vwrnhv

+UDQV, htxdwlrqv/ ru wkh phdq prphqwxp htxdwlrqv/

C�Xl
Cw

. Xm
C�Xl
C{m

@ � CS

C{l
.

C

C{m

�
�
CXl
C{m

. �


x3lx

3

m

��
. Il> +<,

CXl
C{l

@ 3= +43,

Khuh Il lv wkh phdq Oruhqw} irufh> vhh Vhf1 516 ehorz1

Diwhu Uh|qrogv dyhudjlqj/ wkh wudqvsruw htxdwlrq iru wkh phdq T ri d sdvvlyh

vfdodu t @ T. t3 lv

C�T

Cw
. Xm

C�T

C{m
@

C

C{m

�
�T

CT

C{m
. � kx3lt3l

�
. VT> +44,

zkhuh VT lv d yroxph vrxufh ri wkh vfdodu/ dqg �T lv wkh prohfxodu gl�xvlylw| ri

wkh vfdodu1

Wxuexohqw yhorflw| �xfwxdwlrqv frqwulexwh wr wkh wudqvsruw ri wkh phdq txdq0

wlwlhv wkurxjk wkh wxuexohqw Uh|qrogv vwuhvvhv �


x3lx

3

m

�
lq +<,/ dqg wkh wxuexohqw

Uh|qrogv �x{ � kx3lt3l lq +44,/ uhvshfwlyho|1 Wkhvh wxuexohqw fruuhodwlrqv pxvw

eh surylghg e| d wxuexohqfh prgho ri vrph nlqg +vhh Vhf1 517,1

5161 Phdq hohfwurpdjqhwlf htxdwlrqv1 Zh shuirup d Uh|qrogv ghfrpsrvl0

wlrq dovr ri wkh Pd{zhoo htxdwlrqv +7, wkurxjk +:,1 Wkh phdq Oruhqw} irufh Il
lq +<, lv wkxv jlyhq e|

I @ M�E= +45,

Wkh phdq hohfwulf fxuuhqw ghqvlw| lv

M @ �+�u�.X�E,= +46,

Wkh glyhujhqfh ri +46,/ wrjhwkhu zlwk wkh frqwlqxlw| frqglwlrq u � M @ 3/ |lhogv

u � +�u�, @ u � +�X�E, = +47,

Iru frqvwdqw frqgxfwlylw| �/ wklv uhgxfhv wr wkh idploldu Srlvvrq htxdwlrq

u5� @ u � +X�E,= +48,
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Wkh Oruhqw} irufh I fdq eh frpsxwhg/ li zh �uvw vroyh +47, zlwk dssursuldwh

erxqgdu| frqglwlrqv1 Li q lv dq lqzdug xqlw qrupdo dw wkh erxqgdu|/ +46, |lhogv

wkh Qhxpdqq erxqgdu| frqglwlrq

C�

Cq
@ �Mq

�
. q � +X�E,> +49,

zkhuh Mq @ M �q lv wkh fxuuhqw lqwr wkh grpdlq1 D qrq0frqgxfwlqj zdoo kdv }hur

qrupdo fxuuhqw dw wkh zdoo/ Mq @ 31 Iru d vwdwlrqdu| zdoo zlwk qr0vols yhorflw|

erxqgdu| frqglwlrqv/ wkh erxqgdu| frqglwlrq iru � lv wkhq vlpso|

C�

Cq
@ 3= +4:,

Wkh irupdo vroxwlrq wr +47, zlwk rqo| Qhxpdqq erxqgdu| frqglwlrqv frqwdlqv dq

xqghwhuplqhg frqvwdqw whup1 Wkh hohfwulf srwhqwldo pxvw wkhuhiru eh vshfl�hg

h{solflwo| lq dw ohdvw rqh srlqw lq wkh grpdlq1 Dowhuqdwlyho|/ d �{hg hohfwulf

srwhqwldo fdq eh vshfl�hg dw rqh ru pruh zdoov1

5171 Frqyhqwlrqdo wxuexohqfh prghov1 Wkh frpsohwh vhw ri wudqvsruw htxd0

wlrqv pxvw eh forvhg e| surylglqj prghov iru wkh Uh|qrogv vwuhvv dqg �x{ whupv

�


x3lx

3

m

�
dqg � kx3lt3l dsshdulqj lq wkh phdq prphqwxp dqg vfdodu htxdwlrqv +<,

dqg +44,1 Frpprq prghov fdq eh sxw lqwr wzr eurdg fodvvhv> hgg| ylvfrvlw|

prghov/ dqg Uh|qrogv vwuhvv wudqvsruw +UVW, prghov1 Wkh prvw frpprq hgg|

ylvfrvlw| prgho lv wkh N0% prgho1

517141 Vhfrqg prphqw UVW prgho1 D ixoo Uh|qrogv vwuhvv forvxuh ihdwxuhv wudqv0

sruw htxdwlrqv iru hdfk ri wkh vl{ lqghshqghqw frpsrqhqwv ri wkh Uh|qrogv vwuhvv

whqvru Ulm � 

x3lx

3

m

�
/ frpsohphqwhg e| d wudqvsruw htxdwlrq iru vfdodu ylvfrxv

glvvlsdwlrq/ %1 Wkh wxuexohqw wudqvsruw lq wkh phdq prphqwxp htxdwlrq +<, lv

wkxv dffrxqwhg iru zlwkrxw ixuwkhu prgholqj1

Wkh Uh|qrogv �x{ whup lq wkh vfdodu htxdwlrq lv xvxdoo| prghohg dv

�kx3lt3l @
Fv
�T

N

%
Ulm

CT

C{m
> +4;,

zkhuh Fv lv d prgho frqvwdqw/ dqg �T lv wkh wxuexohqw Sudqgwo qxpehu iru wkh

vfdodu ^4`1 Wkh xvh ri wkh Uh|qrogv vwuhvvhv lq wklv prgho pdnhv wkh wxuexohqw

gl�xvlrq dqlvrwurslf1 Wkh wudqvsruw htxdwlrq +44, iru wkh phdq T ri d sdvvlyh

vfdodu ehfrphv

C�T

Cw
. Xm

C�T

C{m
� C

C{l

��
�T�lm . �

Fv
�T

N

%
Ulm

�
CT

C{m

�
@ VT= +4<,
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Li zh qhjohfw prohfxodu gl�xvlrq/ wkh wxuexohqfh prgho htxdwlrqv duh

C�Ulm

Cw
. Xn

C�Ulm

C{n
� C

C{n

�
�
Fv
�UV

N

%
Uno

CUlm

C{o

�
@

�
�
Slm .�

+v,
lm .�

+u,
lm � %lm

�
. VUVlm >

+53,

C�%

Cw
. Xm

C�%

C{m
� C

C{m

�
�
Fv

�%

N

%
Umn

C%

C{n

�
@

�

�
F%4

%

N
Sll@5�F%5

%5

N

�
. V%=

+54,

Lq wkh Uh|qrogv vwuhvv htxdwlrq +53,/ rqo| wkh surgxfwlrq whup Slm lv h{dfw/

dqg doo rwkhu whupv uhtxluh prgholqj1 Zlwk wkh prvw frpprq prgho +Odxqghu/

Uhhfh ) Urgl ^6`,/ zh kdyh

Slm � �Uln

CXm
C{n

�Umn

CXl
C{n

> +55,

�
+v,
lm @ �F4

%

N

�
Ulm � 5

6
N�lm

�
> +56,

�
+u,
lm @ ��

�
Slm � 5

6
Snn�lm

�
> +57,

%lm @
5

6
%�lm= +58,

Khuh +56, dqg +57, uhsuhvhqw vorz dqg udslg suhvvxuh~vwudlq/ zkloh +58, lv ylvfrxv

glvvlsdwlrq1 VUVlm lv d vrxufh whup gxh wr wkh erg| irufh lq wkh Qdylhu~Vwrnhv

htxdwlrqv1 Wkh �uvw wzr prgho whupv lq wkh uljkw0kdqg vlgh ri wkh % htxdwlrq +54,

uhsuhvhqw surgxfwlrq dqg ylvfrxv glvvlsdwlrq/ uhvshfwlyho|/ zkloh V% lv d vrxufh

whup1 Wkh Uh|qrogv vwuhvv prgho deryh kdv prgho frqvwdqwv F%4/ F%5/ F4/ �/

Fv/ �UV/ dqg �%1

Zdoo erxqgdu| frqglwlrqv iru wkh glvfuhwl}hg htxdwlrqv duh jhqhudoo| dssolhg

xvlqj zdoo ixqfwlrqv1 Wkh phdq yhorflw| dqg wkh ydoxh ri % duh wkhq suhvfulehg

vrph glvwdqfh iurp wkh zdoo/ zlwklq wkh orjdulwkplf uhjlrq ri wkh erxqgdu| od|hu1

Wkh Uh|qrogv vwuhvv htxdwlrqv duh vroyhg dvvxplqj wkh zdoo0qrupdo judglhqw lv

}hur/ dqg wkh vrxufh whupv duh hydoxdwhg lq d zd| frqvlvwhqw zlwk wkh zdoo odz1

517151 Hgg| ylvfrvlw| prghov1 Lq hgg| ylvfrvlw| prghov/ wkh Uh|qrogv vwuhvvhv

duh prghohg xvlqj wkh vr0fdoohg Erxvvlqhvt k|srwkhvlv/ uhodwlqj Uh|qrogv vwuhvv

dqlvrwurs| wr wkh phdq vwudlq whqvru=

��


x3lx

3

m

�
@ �5

6
�N�lm . �WVlm +59,

zkhuh �W lv wkh wxuexohqw ylvfrvlw|/ N � kx3lx3ll @5 lv wkh wxuexohqw nlqhwlf hqhuj|/
dqg

Vlm � 4

5

�
CXl
C{m

.
CXm
C{l

�
+5:,

lv wkh phdq vwudlq whqvru1
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Wkh wzr0htxdwlrq N0% prgho frqwdlqv wudqvsruw htxdwlrqv iru wkh wxuexohqw

nlqhwlf hqhuj| N/ dqg wkh ylvfrxv glvvlsdwlrq udwh %1 Wkh wxuexohqw ylvfrvlw| lq

+59, lv jlyhq e| d frqvwlwxwlyh uhodwlrqvkls/

�W @ F��
N5

%
> +5;,

zkhuh F� lv d prgho frqvwdqw1

Li +59, lv lqvhuwhg lq +<,/ wkh phdq prphqwxp htxdwlrq ehfrphv

C�Xl
Cw

. Xm
C�Xl
C{m

@ � CS

C{l
.

C

C{m

�
^�. �W `

CXl
C{m

�
. Il= +5<,

Lq dqdorj| zlwk +59,/ zh kdyh wkh hgg| gl�xvlylw| k|srwkhvlv zklfk h{suhvvhv

wkh Uh|qrogv �x{ dv

�� kx3lt3l @
�W
�T

CT

C{l
> +63,

zkhuh �T lv d wxuexohqw Sudqgwo qxpehu1 Wkh phdq vfdodu wudqvsruw htxdwlrq

wkhq wdnhv wkh irup

C�T

Cw
. Xm

C�T

C{m
� C

C{m

��
�T .

�W
�T

�
CT

C{m

�
@ VT= +64,

Qhjohfwlqj prohfxodu gl�xvlrq/ wkh prgho wudqvsruw htxdwlrqv iru N dqg % duh

+Odxqghu ) Vsdoglqj/ ^7`,

C�N

Cw
. Xm

C�N

C{m
� C

C{m

�
�W
�N

CN

C{m

�
@ � +SN � %, . VN> +65,

C�%

Cw
. Xm

C�%

C{m
� C

C{m

�
�W
�%

C%

C{m

�
@ �

�
F%4

%

N
SN �F%5

%5

N

�
. V%= +66,

Khuh SN lv wkh wxuexohqfh surgxfwlrq/ zklfk lv prghohg xvlqj wkh hgg| ylvfrvlw|

k|srwkhvlv +59,/

SN � Sll
5

� �W
�
VlmVml= +67,

VN dqg V% duh vrxufh whupv gxh wr wkh erg| irufh lq wkh Qdylhu~Vwrnhv htxdwlrqv

+4,1 F�/ F%4/ F%5/ �N dqg �% duh prgho frqvwdqwv1

Lq wkh vwdqgdug kljk0Uh|qrogv qxpehu yhuvlrq ri wkh N0% prgho/ wkh wuhdw0

phqw ri zdoo erxqgdu| frqglwlrqv lv wkh vdph dv iru wkh Uh|qrogv vwuhvv prgho

+vhh deryh,1

5181 Prghov iru PKG wxuexohqfh1 Wkh PKG wxuexohqfh prghov sursrvhg

e| Zlgoxqg hw do1 ^;/ :/ <` h{whqg wkh frqyhqwlrqdo wxuexohqfh forvxuhv zlwk d

wudqvsruw htxdwlrq iru d glphqvlrqdolw| dqlvrwurs| yduldeoh/ �1 Wkh qhz vfdodu

lv wkhq xvhg wr prgho Mrxoh glvvlsdwlrq vrxufh +vlqn, whupv iru wkh N/ % dqg

Uh|qrogv vwuhvv htxdwlrqv1 Wkh prgho frqfhsw fdq eh xvhg hlwkhu dv d wkuhh

htxdwlrq N0%0� prgho/ ru dv d ixoo Uh|qrogv vwuhvv prgho1
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Wkh glphqvlrqdolw| dqlvrwurs| yduldeoh lv gh�qhg lq whupv ri wkh frpsrqhqw

ri wkh Uh|qrogv glphqvlrqdolw| whqvru/ \lm/ zklfk lv sdudooho zlwk wkh pdjqhwlf

�hog1 Li ql lv d xqlw yhfwru sdudooho zlwk wkh pdjqhwlf �hog/

� � qlqm\ml
5N

= +68,

Zlwk wklv gh�qlwlrq/ wkh h{suhvvlrq iru vfdodu Mrxoh glvvlsdwlrq ri wxuexohqw nl0

qhwlf hqhuj| lv h{dfw iru krprjhqhrxv wxuexohqfh/

� � 5
�E5

�
�N= +69,

Wkh glphqvlrqdolw| whqvru \ zdv �uvw lqwurgxfhg e| Uh|qrogv dqg fr0zrunhuv

wr lpsuryh prgholqj ri udslgo| urwdwlqj wxuexohqfh ^8`1 Olnh wkh Uh|qrogv vwuhvv

whqvru U/ \ lv d v|pphwulf whqvru zlwk wudfh 5N/ vr wkdw 3 � � � 41 Iru

lvrwurslf wxuexohqfh/ � @ 4@61 Wkh h�hfw ri d pdjqhwlf �hog lv wr ghfuhdvh �

wrzdugv wkh olplw ri 5G wxuexohqfh/ zkhuh � @ 31 D orz ydoxh ri � phdqv wkdw

wkh wxuexohqw vwuxfwxuhv duh yhu| orqj lq wkh gluhfwlrq ri wkh pdjqhwlf �hog1 Lq

frqwudvw/ d ydoxh forvh wr xqlw| phdqv wkdw wkh vwuxfwxuhv duh �dw/ dqg vkruw lq

wkh gluhfwlrq ri wkh �hog1

Dq h{dfw htxdwlrq iru � fdq eh ghulyhg iurp wkh Qdylhu~Vwrnhv htxdwlrqv

^<`/ exw doo whupv lq wkh htxdwlrq uhtxluh prgholqj1 Wkh prgho htxdwlrq iru �

lpsohphqwhg lq wklv zrun fdq eh zulwwhq rq wkh jhqhulf irup +44,/ zlwk d vrxufh

whup

V�@� @ S� .�+u,� . �� � ��> +6:,

zkhuh

S� @ �5J
UlmVml
N

� 5K
qlqmUmnVnl

N
. �

UlmVml
N

> +6;,

�+u,� @ 5�

�
�6

5
�5 .

5<

43
�� :

8

�
qlqmVml> +6<,

�� @ F�5
%

N

�
4

6
� �

�
> +73,

�� @ 5F�4
�E5

�
�5= +74,

Wkh �uvw wzr whupv/ +6;, dqg +6<,/ uhsuhvhqw wkh h�hfw ri phdq vwudlq +surgxfwlrq

dqg udslg suhvvxuh~vwudlq/ uhvshfwlyho|,1 �� lv d uhwxuq0wr0lvrwurs| whup/ gxh wr

qrq0olqhdu hqhuj| wudqvihu/ zkloh �� lv wkh Mrxoh ghvwuxfwlrq whup1 Vlm lv wkh

phdq vwudlq whqvru/ dqg J dqg K duh prgho ixqfwlrqv gh�qhg ehorz1

Wkh prgholqj ri wkh phdq vwudlq whupv S� dqg �
+u,
� uholhv rq wkh dvvxpswlrq

wkdw wkh wkh ixoo glphqvlrqdolw| whqvru \ lv d{lv|pphwulf derxw wkh pdjqhwlf

�hog +vhh ^<`,1 Wklv lv suredeo| d udwkhu srru dvvxpswlrq lq uhjlrqv zkhuh wkh

pdjqhwlf �hog lv zhdn/ exw wkhuh wkh ydoxh ri � lv qrw lpsruwdqw1 Zkhuhyhu pdj0

qhwlf h�hfwv duh vwurqj/ wkh vwudlq whupv duh olnho| wr sod| olwwoh uroh> frqvlghulqj
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wkhlu dojheudlf frpsoh{lw| wkh| fdq suredeo| eh qhjohfwhg lq prvw fdvhv/ wr vdyh

frpsxwdwlrq wlph1

Wkh fxuuhqw yhuvlrq ri wkh PKG prgho dvvxphv wkh xqghuo|lqj frqyhqwlrqdo

wxuexohqfh prgho lv ri kljk0Uh|qrogv qxpehu w|sh/ zlwk zdoo ixqfwlrq erxqgdu|

frqglwlrqv1 Wkh zdoo erxqgdu| frqglwlrqv iru wkh glvfuhwl}hg � htxdwlrq duh

gh�qhg lq dqdorj| zlwk wkrvh qrupdoo| xvhg iru N dqg wkh Uh|qrogv vwuhvvhv1

Wkh htxdwlrq lv grplqdwhg e| d edodqfh ri lwv vrxufh whupv qhdu zdoov/ dqg

wudqvsruw lv qhjoljleoh1 Zh wkhuhiru dvvxph }hur qrupdo judglhqw lq wkh �uvw fhoo

+g�@gq @ 3,/ dqg hydoxdwh wkh vrxufh whupv dv xvxdo1 Wkhuh lv fxuuhqwo| qr

orz0Uh yhuvlrq ri wkh PKG prgho1

Pdjqhwlf ghvwuxfwlrq whupv iru N/ % dqg wkh Uh|qrogv vwuhvvhv duh sxw lq wkh

vrxufh whupv ri wkh uhvshfwlyh htxdwlrqv +65,/ +66,2+54,/ dqg +53,1 Zh kdyh +vhh

^;/ <`,

VN@� @ �� @ �5
�E5

�
�N> +75,

V%@� @ ��% @ �5F�5
�E5

�
�%> +76,

V
+UV,
lm @� @ ��lm @ �5

�E5

�

�
JUlm .

K

5
^qlqnUnm . qmqnUnl`

�
> +77,

zkhuh

J+�> Lqd, @ �.
5:

53
�5+4� �,

�
Lqd .

5

6

�
> +78,

K+�, @ �5:

43
�5+4� �,> +79,

Lqd � qlqnUnl

N
� 5

6
= +7:,

61 Prgho lpsohphqwdwlrq

6141 Hohfwulf srwhqwldo htxdwlrq1 Wkh jhqhulf xvhu vfdodu wudqvsruw htxdwlrq

dydlodeoh lq FI[ fdq eh uhgxfhg wr d Srlvvrq htxdwlrq e| gh�qlqj wkh vfdodu dv

txdvlvwdwlf +wr glvdeoh wkh wudqvlhqw whup, dqg glvdeolqj wkh frqyhfwlrq whup +rqh

rswlrq lq vhohfwlqj gl�huhqflqj vfkhph,1 Zlwk wkh hgg| gl�xvlylw| k|srwkhvlv/

wkh uhvxowlqj prgho htxdwlrq iru phdq hohfwulf srwhqwldo wkhq wdnhv wkh irup

� C

C{m

��
�� .

�W
��

�
C�

C{m

�
@ V�= +7;,

Wr rewdlq wkh ghvluhg uhvxowv/ zh pxvw fdqfho wkh wxuexohqw frqwulexwlrq wr wkh

wrwdo gl�xvlylw| lq +7;,1 Zh gr wklv e| vhwwlqj wkh wrwdo gl�xvlylw| h{solflwo| lq wkh

xvhu vxeurxwlqh XVUGLI1 Wkh dfwxdo ydoxh xvhg lv xqlpsruwdqw/ exw wkh vdph

ydoxh pxvw ri frxuvh eh xvhg zkhq wkh vrxufh whup V� lv frpsxwhg1 Khuh zh

xvh wkh ydoxh iru wkh hohfwulf frqgxfwlylw| vshfl�hg lq wkh frppdqg �oh/ �� @ �1
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Iru frqvlvwhqf| zlwk +48,/ wkh vrxufh whup V� lq +7;, pxvw eh

V� @ �u � +��X�E,= +7<,

Zkhq +7;, lv lqwhjudwhg ryhu d frqwuro yroxph/ zh xvh Jdxvv* wkhruhp wr

uhzulwh wkh yroxph lqwhjudo ri wkh vrxufh dv d vxuidfh lqwhjudo/]
V�gY @ �

]
u � +��X�E,gY

@ �
]

��+X�E, � gD=

Lq lwv glvfuhwl}hg irup/ wklv lv d vxp ryhu wkh idfhv i ri d julg fhoo/]
V�gY @ V�Yfhoo

@ �
[
i

��+Xi �Ei , �Di >

vr wkdw

V� @ � 4

Yfhoo

[
i

��+Xi �Ei , �Di = +83,

Khuh Xi dqg Ei duh lqwhusrodwhg ydoxhv ri X dqg E dw wkh idfhv/ dqg Di lv wkh

rxwzdug qrupdo duhd yhfwru ri wkh idfh1 Wklv dssurdfk jxdudqwhhv frqvhuydwlrq

ri vrxufh fxuuhqw/ dqg lw lv frqvlvwhqw zlwk wkh fdofxodwlrq ri wrwdo fxuuhqw ghqvlw|

ghvfulehg lq Vhf1 6151

Zdoov duh jhqhudoo| dvvxphg wr eh qrq0frqgxfwlqj/ lq zklfk fdvh }hur qrupdo

�x{ erxqgdu| frqglwlrqv vkrxog eh vshfl�hg iru hohfwurvwdwlf srwhqwldo1 Dowhu0

qdwlyho|/ d �{hg srwhqwldo lv vshfl�hg dw wkh zdoo1 Li rqo| }hur �x{ erxqgdu|

frqglwlrqv duh xvhg/ wkh hohfwurvwdwlf srwhqwldo lv qrw xqltxho| gh�qhg1 Wkh sr0

whqwldo pxvw eh nqrzq lq vrph srlqw lq wkh grpdlq1 Dq PKG prgho rswlrq

fdq eh uhdg iurp wkh frppdqg �oh wr gh�qh Fduwhvldq frruglqdwhv iru d uhihu0

hqfh srlqw lq wkh grpdlq zkhuh wkh hohfwurvwdwlf srwhqwldo lv irufhg wr }hur +vhh

Dss1 D15,1

Doo lqohw erxqgdulhv lqFI[ xvh Glulfkohw erxqgdu| frqglwlrqv iru xvhu vfdoduv1

Wkh vdph lv wuxh li zh kdyh lq�rz wkurxjk suhvvxuh dqg pdvv �rz erxqgdulhv1

Xqohvv zh zdqw wkhvh erxqgdulhv wr kdyh �{hg srwhqwldov/ wkh ehkdylru fdq eh

prgl�hg zlwk PKG prgho rswlrqv uhdg iurp wkh frppdqg �oh/ fdxvlqj wkh �rz

erxqgdulhv wr ehkdyh dv li wkh| zhuh hohfwulfdoo| lqvxodwlqj +vhh Dss1 D15,1 Wklv

lv dfklhyhg e| hydoxdwlqj wkh vrxufh whup +83, zlwk X�E @ 3 rq fhoo idfhv dw

wkh �rz erxqgdulhv/ dqg vhwwlqj wkh fruuhvsrqglqj gl�xvlrq frh�flhqw wr }hur

zkhq wkh srwhqwldo htxdwlrq lv vroyhg1

6151 Wrwdo fxuuhqw ghqvlw| dqg Oruhqw} irufh1 Wkh wrwdo fxuuhqw ghqvlw| lv

M @ ��u�. �X�E= +84,
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Wkh wzr whupv rq wkh uljkw0kdqg vlgh duh ri wkh vdph rughu/ dqg wkh wrwdo fxuuhqw

ghqvlw| lv riwhq d vpdoo gl�huhqfh ehwzhhq wkhp1 Qhdu dq lvrodwhg zdoo/ iru

h{dpsoh/ wkh wzr whupv pxvw edodqfh doprvw frpsohwho| iru wkh zdoo0qrupdo

fxuuhqw wr eh }hur1 D vhfrqg0rughu dffxudwh fdofxodwlrq ri wkh srwhqwldo judglhqw

lq d fhoo S fdq eh lqwhusuhwhg dv wkh dyhudjh ri wkh �uvw0rughu judglhqwv hydoxdwhg

dw wkh fhoo idfhv1 Wr dfklhyh wkh uhtxluhg dffxudf| ri wkh wrwdo fxuuhqw ghqvlw|/

lw lv hvvhqwldo wkdw zh frpsxwh wkh X �E whup lq d vlplodu pdqqhu1 Lw vkrxog

wkhuhiru eh frpsxwhg dv wkh dyhudjh ri +X�E,i dw wkh fhoo idfhv1

Wr ghvfuleh wkh fdofxodwlrq ri wkh X�E whup iru jhqhudo erg|0�wwhg julgv/

zh qhhg wr glvfxvv eulh�| wkh jhqhudo qrq0ruwkrjrqdo frruglqdwh v|vwhp xvhg lq

FI[1

Zh �uvw lqwurgxfh wkh Fduwhvldq sk|vlfdo vsdfh frruglqdwhv {l/ dqg wkh jhqhudo

qrq0ruwkrjrqdo frpsxwdwlrqdo vsdfh frruglqdwhv �l1 Wkh frpsxwdwlrq vsdfh

v|vwhp lv vxfk wkdw julg fhoov kdyh xqlw yroxph dqg hgjhv ri xqlw ohqjwk lq whupv

ri frpsxwdwlrqdo frruglqdwhv1 Wkh wzr v|vwhpv duh uhodwhg wkurxjk wkh Mdfreldq

pdwul{ Mlm / dqg wkh lqyhuvh Mdfreldq pdwul{ �Mlm /

Mlm � C{l

C�m
> +85,

�Mlm � C�l

C{m
= +86,

Zh dovr gh�qh wkh Mdfreldq ghwhuplqdqw

mM m � ghw
�
Mlm
�
= +87,

Lq dq| srlqw lq wkh fxuylolqhdu frruglqdwh v|vwhp +�l,/ zh fdq gh�qh wzr

iudphv ri edvlv yhfwruv=

h+l, @
C{

C�l
+wdqjhqw wr frruglqdwh fxuyhv,> +88,

h+l, @
C�l

C{
+qrupdo wr frruglqdwh vxuidfhv,= +89,

Wkhvh duh wkh fryduldqw dqg frqwudyduldqw edvlv yhfwruv/ uhvshfwlyho|1 Dq| Fduwh0

vldq yhfwru Y @ +Yl, kdv wzr vhwv ri frpsrqhqwv zlwk uhvshfw wr wkhvh edvlv

yhfwruv=

Y @ Y 3
l
h+l, @ Y 3lh

+l,> +8:,

zkhuh Y 3l dqg Y 3l duh wkh frqwudyduldqw dqg fryduldqw frpsrqhqwv ri Y/ uh0

vshfwlyho|1 Wkh wzr vhwv ri edvlv yhfwruv duh gxdo wr hdfk rwkhu/ zklfk phdqv

wkdw

h+l, � h+m, @ �lm = +8;,
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(1)

A(2)

A
e

e

e(1)

(2)

(3)

A(3)

P

8�}�ij �� A�i UL�@h�@?| M@t�t �iU|Lht �? @ TL�?| � }i?ih@|it @ T@h@*�

*i*iT�Ti_� �hi@ �iU|Lh @hi ?Lh4@* |L |�i u@Uitc ��|� 4@}?�|�_i i^�@*

|L |�i u@Ui @hi@�

AIurp +8:, lw wkhq iroorzv wkdw wkh vfdodu surgxfw ri d edvlv yhfwru zlwk wkh

Fduwhvldq yhfwru surgxfhv wkh fruuhvsrqglqj frpsrqhqwv/

Y 3
l

@ Y � h+l,> +8<,

Y 3l @ Y � h+l,= +93,

Wkh wzr vhwv ri edvlv yhfwruv fdq eh jlyhq d jhrphwulf lqwhusuhwdwlrq1 Ohw


 eh ghqrwh d sdudoohohslshg jhqhudwhg e| wkh fryduldqw edvlv yhfwruv h+l,1 Ohw

D+l, eh duhd yhfwruv/ l1h1/ yhfwruv qrupdo wr wkh idfhv ri 
 zlwk pdjqlwxgh htxdo

wr wkh duhd ri wkh idfhv1 Vhh Ilj1 41 Duhd yhfwruv duh jlyhq e|

D+4, @ h+5, � h+6,> D+5, @ h+6, � h+4,> D+6, @ h+4, � h+5,> +94,

dqg wkh yroxph ri 
 lv

yro+
, @ h+4, � h+5, � h+6, @ mM m= +95,

Wklv lv riwhq fdoohg wkh lq�qlwhvlpdo yroxph hohphqw> lq FI[ wkh qrwdwlrq
s
j @

yro+
, @ mM m lv xvhg1
AIurp wkh deryh zh fdq h{suhvv wkh frqwudyduldqw edvlv yhfwruv lq whupv ri

wkh duhd yhfwruv dqg wkh lq�qlwhvlpdo yroxph hohphqw/

h+l, @
D+l,

mM m = +96,

Lq FI[/ erwk idfh duhd yhfwru D+i, +srvlwlyho| rulhqwhg lq frpsxwdwlrqdo

vsdfh, dqg wkh idfldo yroxph hohphqw
s
j
i
lv vwruhg/ vr wkh frqwudyduldqw edvlv

yhfwru qrupdo wr hdfk idfh i lv jlyhq e| +96,/

h+i, @
D+i,

s
j
i

= +97,
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Wkh fryduldqw edvlv yhfwru dw d fhoo idfh lv jlyhq e| wkh yhfwru ehwzhhq wkh fhoo

fhqwhuv S dqg T rq hlwkhu vlgh/

h+i, @ g{i @ {T � {S +98,

+dvvxplqj T lv orfdwhg wrzdugv srvlwlyh frpsxwdwlrqdo frruglqdwhv/ uhodwlyh wr

S ,1

Ohw xv qrz uhwxuq wr wkh fdofxodwlrq ri wkh X �E whup lq +84,1 Iru d pruh

frpsdfw qrwdwlrq/ ohw

] @ X�E= +99,

Xvlqj wkh zhljkw idfwruv vwruhg lq FI[/ zh lqwhusrodwh X dqg E wr fhoo idfhv/

dqg frpsxwh ]i dw fhoo idfhv1 Wkh frqwudyduldqw frpsrqhqw lq wkh idfh qrupdo

gluhfwlrq lv

]3+i, @ ] � h+i, @ ] � g{i = +9:,

Wkh yhfwru ]S lq wkh fhqwhu ri fhoo S lv qrz uhgh�qhg dv wkh dyhudjh ri wkh

frqwudyduldqw frpsrqhqwv dw wkh fhoo idfhv/

]S @
[
i

Z
+i,
S ] 3+i,h

+i, +9;,

@
[
i

Z
+i,
S ] 3+i,D

+i,@
s
j
i
= +9<,

Wkh zhljkw idfwru lq wkh dyhudjlqj lv rqh kdoi/ Z
+i,
S @ 4@51

Lq wkh vshfldo fdvh zkhuh wkh julg lv ruwkrjrqdo/ wkh frqwudyduldqw dqg fr0

yduldqw edvlv yhfwruv duh sdudooho/ h+l, n h+l,1 AIurp +96, dqg +8;, wkhq iroorzv

wkdw

h+i, @

s
j
i

D5i
D+i,> +:3,

zkhuh Di @ mD+i,m lv wkh idfh duhd1 Li wklv lqvhuwhg lq +9:, dqg +9;,/ zh jhw

]S @
[
i

Z
+i,
S

a]+i,D+i,@D5i > +:4,

zkhuh a]+i, @ ]i �D+i, lv wkh qrupdo �x{ frpsrqhqw zh xvhg iru frpsxwlqj wkh

vrxufh whup iru wkh hohfwurvwdwlf srwhqwldo htxdwlrq1 Wklv zdv vwruhg lq phpru|/

dqg fdq eh uhxvhg iru frpsxwlqj wkh wrwdo fxuuhqw lq wkh ruwkrjrqdo fdvh1

Wr frpsxwh wkh wrwdo fxuuhqw ghqvlw|/ zh dovr qhhg wr frpsxwh wkh judglhqw

ri hohfwurvwdwlf srwhqwldo1 Zh xvh wkh exlow0lq FI[ vxeurxwlqh JUDGV iru wklv1

Wklv urxwlqh krzhyhu grhv qrw frpsxwh wkh fruuhfw judglhqw lq fhoov dgmdfhqw wr

zdoo erxqgdulhv1 Wkh judglhqwv lq fhoov qh{w wr zdoov/ lqohwv/ suhvvxuh erxqgdulhv

dqg pdvv�rz erxqgdulhv duh wkhuhiru uhfrpsxwhg diwhu wkh fdoo wr JUDGV +vhh

Dss1 E143,1 Li wkh PKG prgho rswlrqv iru lqvxodwhg lqohwv2rxwohwv duh lqyrnhg/

wklv d�hfwv erwk wkh fdofxodwlrq ri srwhqwldo judglhqw/ dqg wkh X � E whup dw
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wkh erxqgdulhv/ lq d zd| frqvlvwhqw zlwk }hur wrwdo fxuuhqw wkurxjk wkh �rz

erxqgdu| +vhh Dss1 E,1

Zlwk wrwdo fxuuhqw ghqvlw| frpsxwhg zlwk +84,/ wkh phdq Oruhqw} irufh lv

jlyhq e| IO @ M � E1 FI[ vxssruwv xqghu0uhod{dwlrq ri erg| irufhv lq wkh

frppdqg �oh1 Wkh Oruhqw} irufhv fdq eh vzlwfkhg r� frpsohwho| zlwk d PKG

prgho rswlrq uhdg iurp wkh frppdqg �oh1

6161 Glphqvlrqdolw| dqlvrwurs|1 Lq wkh FI[ lpsohphqwdwlrq/ � lv dvvljqhg

d xvhu vfdodu htxdwlrq ri wkh jhqhulf irup +44,1 Vrxufh whupv duh olqhdul}hg vr

wkdw/ iru wkh vrxufh lq d fhoo S / wkh vrxufh whup iru d vfdodu T fdq eh zulwwhq

V @ VX . VSTS = +:5,

Vrxufh whupv sursruwlrqdo wr wkh yduldeoh lwvhoi vkrxog eh sxw lq VS li wkh| duh

qhjdwlyh/ vlqfh wkh| zloo wkhq hqkdqfh wkh gldjrqdo grplqdqfh ri wkh vroxwlrq

pdwul{ dqg lpsuryh frqyhujhqfh dqg urexvwqhvv1

Wkh v|perolf pdwkhpdwlfv hqjlqh PDSOH Y zdv xvhg wr pdqlsxodwh wkh

vrxufh whupv/ dqg wudqvodwh wkh prgho h{suhvvlrqv suhvhqwhg deryh lqwr iruwudq

vrxufh frgh +vhh Dss1 F,1 Wklv surfhgxuh uhgxfhv wkh ulvn iru surjudpplqj

huuruv/ dqg vlpsol�hv ghexjjlqj1 Wkh surfhgxuh zdv dv iroorzv=

41 Wkh vrxufh whup prgho h{suhvvlrq lv h{sdqghg lqwr frpsrqhqw irup dqg

vlpsol�hg1

51 Wkh uhvxowlqj h{suhvvlrqv duh hydoxdwhg whup e| whup/ vruwlqj wkhp lqwr

VX ru VS 1 D sursruwlrqdo whup lv sxw lqwr VS li lw lv jxdudqwhhg wr eh

qhjdwlyh/ dqg lqwr VX rwkhuzlvh1 Wkh vljq ri wkh whup lv ghwhuplqhg e|

PDSOH/ dvvxplqj wkdw N dqg % duh srvlwlyh/ � lv ehwzhhq }hur dqg rqh/

dqg doo rwkhu yduldeohv dqg frqvwdqwv duh uhdo1

61 Qdphv ri yduldeohv dqg sdudphwhuv duh vxevwlwxwhg iru wkrvh xvhg lq FI[/

dqg wkh h{suhvvlrqv iru VX dqg VS duh dxwrpdwlfdoo| rswlpl}hg dqg wudqv0

odwhg lqwr iruwudq vrxufh frgh1

71 Wkh dxwrpdwlfdoo| jhqhudwhg vrxufh frgh lv lqfoxghg lq wkh dssursuldwh

xvhu iruwudq urxwlqh1

Wkh phdq yhorflw| judglhqwv xvhg lq S� dqg �
+u,
� duh frpsxwhg xvlqj wkh exlow0

lq FI[ vxeurxwlqh JUDGY1 Dv idu dv zh fdq whoo/ wkh judglhqwv rewdlqhg qh{w

wr wkh zdoov duh frqvlvwhqw zlwk wkrvh xvhg wr frpsxwh wkh wxuexohqfh surgxfwlrq

dqg suhvvxuh~vwudlq whupv lq wkh vwdqgdug wxuexohqfh htxdwlrqv1 Li wkh xvhu kdv

vhohfwhg wkh N0% prgho/ wkh Uh|qrogv vwuhvvhv lq S� dqg �
+u,
� duh vxevwlwxwhg e|

wkh Erxvvlqhvt k|srwkhvlv +59,1 Wkh wzr vwudlq whupv frqwdlq wkh xqlw gluhfwlrq

yhfwru ri wkh pdjqhwlf �hog/ q/ zklfk lv xqgh�qhg li E @ 31 Lq wklv fdvh/ wkh

frgh xvhv q @ h} wr dyrlg qxphulfdo huuruv1 Qrwh krzhyhu/ wkdw li wkhuh lv qr

suhihuuhg gluhfwlrq ri ohqjwk vfdoh dqlvrwurs|/ wkh rqo| sk|vlfdoo| uhohydqw ydoxh

iru � zrxog eh wkh lvrwurslf ydoxh ri 4@61 Wkh phdq vwudlq whupv S� dqg �
+u,
�

fdq eh vzlwfkhg r� zlwk dq PKG prgho rswlrq lq wkh frppdqg �oh/ wr uhgxfh

wkh frpsxwdwlrqdo h�ruw1
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6171 Wxuexohqfh htxdwlrqv1 Wkh iruwudq frgh iru wkh vrxufh whupv lq wkh wxu0

exohqfh htxdwlrqv lv dxwrpdwlfdoo| jhqhudwhg/ zlwk wkh vdph surfhgxuh ghvfulehg

deryh iru wkh vrxufh whupv ri wkh � htxdwlrq1

Doo pdjqhwlf vrxufh whupv lq wkh vwdqgdug wxuexohqfh htxdwlrqv fdq eh vzlwfkhg

r� zlwk dq PKG prgho rswlrq lq wkh frppdqg �oh1

71 Uhvxowv

7141 Fdofxodwlrq ri fxuuhqwv rq qrq0ruwkrjrqdo julgv1 Wkh fdofxodwlrq ri

wrwdo fxuuhqw rq qrq0ruwkrjrqdo julgv lv ghprqvwudwhg lq wkh iroorzlqj vlpsoh 5G

fdvh1 Wkh hohfwulf srwhqwldo dqg wrwdo fxuuhqw duh frpsxwhg lq d er{ zlwk vlgh O/

zlwk �{hg }hur srwhqwldo erxqgdu| frqglwlrqv rq doo vlghv1 Zh dvvxph d xqlirup

yhorflw| �hog wkurxjk wkh grpdlq/ iurp ohiw wr uljkw/ dqg vroyh rqo| wkh hohfwulf

srwhqwldo htxdwlrq1 Wkh pdjqhwlf �hog glvwulexwlrq lv frqh vkdshg/ orfdol}hg

lqvlgh d flufoh ri udglxv 3=47O/ dqg wkh �hog rulhqwdwlrq lv shushqglfxodu wr wkh

sodqh1 Wklv lqgxfhv fxuuhqwv �X � E gluhfwhg grzqzdugv lqvlgh wkh pdjqhwlf

�hog/ dqg d frxqwhudfwlqj hohfwulf srwhqwldo zklfk fdxvhv wkh fxuuhqwv wr forvh

rxwvlgh wkh pdjqhwlf �hog1

Lq Ilj1 5 zh frpsduh uhvxowv frpsxwhg rq rqh xqlirup uhfwdqjxodu julg/ dqg

rqh qrq0ruwkrjrqdo julg zlwk edgo| glvwruwhg julg fhoov1 Erwk julgv kdyh 83 �
83 julg fhoov1 Wkh glvwruwlrq dqg wkh xqhyhq glvwulexwlrq ri julg fhoov fdxvh d

voljkw dv|pphwu| ri erwk hohfwulf srwhqwldo dqg fxuuhqw glvwulexwlrq rq wkh qrq0

ruwkrjrqdo julg/ exw wkh uhvxowv duh rwkhuzlvh frqvlvwhqw1 Lq frqwudvw/ wkh orzhu

uljkw sorw vkrzv zkdw kdsshqv li zh frpsxwh wkh wrwdo fxuuhqw rq wkh vnhzhg

julg dv li lw zdv uhfwdqjxodu1 Wkh dffxudf| ri wkh whup X�E lv wkhq yhu| srru/

dqg zh jhw d odujh idovh krul}rqwdo fxuuhqw frpsrqhqw lqvlgh wkh pdjqhwlf �hog1

Wkh qrq0ruwkrjrqdo julg deryh zdv frqvwuxfwhg ri wzr 83 � 58 eorfnv1 Wklv

hqdeohg xv wr xvh wkh vdph vlpsoh whvw fdvh wr yhuli| wkdw wkh dojrulwkpv iru hohf0

wurvwdwlf srwhqwldo dqg wrwdo fxuuhqw zrun iru pxowleorfn julgv zlwk rulhqwdwlrq

fkdqjhv dw eorfn erxqgdulhv1

7151 Fkdqqho �rz zlwk _P% sur�ohv1 Wkh iroorzlqj vlpxodwlrq ri d fkdqqho

�rz frqvlghuv wkh vdph jhrphwu| dv wkh phufxu| h{shulphqw e| Wdqdqdhy ^9`

+dovr vwxglhg qxphulfdoo| e| Nhqmhuh�v dqg Kdqmdol�f ^5`,1 Wkh �rz lv vxemhfwhg

wr d orfdol}hg wudqvyhuvh pdjqhwlf �hog/ dv looxvwudwhg lq Ilj1 6 +wkh uhjlrq ri

wkh pdjqhwlf �hog lv vkdghg,1 Lq whupv ri wkh fkdqqho kdoi0zlgwk k @ 3=353 p/

wkh fkdqqho Uh|qrogv qxpehu lv Uh @ Xk@� @ 5 � 438/ wkh Kduwpdqq qxpehu

Kd @
s
�@+��,Ek @ :33/ dqg wkh lqwhudfwlrq qxpehu Q @ Kd5@Uh @ 5=781

Wkh prvw vwulnlqj h�hfw ri wkh pdjqhwlf �hog lv wkh ghyhorsphqw ri dq _P%0

vkdshg yhorflw| sur�oh1 Wklv lv fdxvhg e| wkh glvwulexwlrq ri phdq Oruhqw} irufhv

lq wkh hqwu| wr wkh pdjqhw/ dqg lw lv hqkdqfhg ixuwkhu lq wkh pdjqhw h{lw1

Wkh Mrxoh glvvlsdwlrq ri wxuexohqfh lq wkh pdjqhwlf �hog uhgxfhv wkh wxuex0

ohqw ylvfrvlw|/ exw wkh uhgxfwlrq ri wxuexohqfh lv ylvleoh rqo| dv d vhfrqgdu| h�hfw

rq wkh phdq yhorflw| sur�ohv1 Xqohvv zh kdyh phdvxuhg wxuexohqw vwdwlvwlfv wr
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8�}�ij 4� A�i |LT |�L �}�hit t�L� UL?|L�ht Lu i*iU|hLt|@|�U TL|i?�

|�@* @?_ �iU|Lht Lu |L|@* U�hhi?| uLh @ �?�uLh4 hiU|@?}�*@h }h�_ E*iu|�c

@?_ @ ?L?�Lh|�L}L?@* }h�_ Eh�}�|�� A�i ?L?�Lh|�L}L?@* }h�_ @?_ |�i

hi}�L? Lu |�i 4@}?i|�U �i*_ �t t�L�? �? |�i *L�ih *iu| T*L|� A�i *L�ih

h�}�| T*L|c �?@**)c t�L�t ��@| �@TTi?t �u �i |h) |L UL4T�|i |�i |L|@*

U�hhi?| @t �u |�i }h�_ �@t hiU|@?}�*@h E@tt�4�?} UL?|h@�@h�@?| @?_

UL�@h�@?| M@t�t �iU|Lht @hi T@h@**i*�� �L|i |�@| |�i U�hhi?| �ihi �@t

@ u@*ti �Lh�3L?|@* UL4TL?i?| �?t�_i |�i 4@}?i|�U �i*_�

frpsduh zlwk/ wkh grplqdwlqj h�hfw ri wkh phdq Oruhqw} irufhv pdnhv wklv h{0

shulphqwdo frq�jxudwlrq d ohvv wkdq lghdo whvw fdvh iru PKG wxuexohqfh prghov1

Qhyhuwkhohvv/ lw vhuyhv khuh dv dq looxvwudwlrq ri krz wkh PKG prgho lpsoh0

phqwdwlrq zrunv/ dqg d fkdqfh wr orrn dw wkh ehkdylru ri wkh PKG wxuexohqfh

prghov lq d zdoo0erxqghg 6G �rz1

Wkh qxpehu ri julg fhoov xvhg lq wkh fkdqqho furvv0vhfwlrq zdv 8<�6< +odujhvw

lq wkh | gluhfwlrq,/ dqg 98 lq wkh vwuhdpzlvh gluhfwlrq1 Wkh julg zdv vwuhwfkhg
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wr jlyh wkh kljkhvw uhvroxwlrq forvh wr zdoov/ dqg lq wkh hqwu| dqg h{lw ri wkh

pdjqhw1

Doo zdoov zhuh dvvxphg qrq0frqgxfwlqj/ dqg wkh lqohw dqg grzqvwuhdp suhv0

vxuh erxqgdu| gh�qhg dv hohfwulfdoo| lqvxodwhg1 Zh xvhg vwdqgdug wxuexohqw zdoo

ixqfwlrqv/ zlwk |. lq wkh udqjh 83 wr ;3 lqvlgh wkh pdjqhw1

Irxu gl�huhqw vlpxodwlrqv zhuh shuiruphg/ zlwk gl�huhqw wxuexohqfh prg0

hov1 Vhh Wdeoh 41 Lq doo fdvhv/ wkh prgho frqvwdqwv zhuh iF�4> F�5> F%�j @

i3=;99> 3=5> 3=8j1
Iljxuh 7 vkrzv wkh yhorflw| sur�oh lq wkh fhqwhu ri wkh fkdqqho/ dqg lq wkh

fhqwhu ri wkh pdjqhw1 Wkh zlgwk ri wkh zdoo mhw suhglfwhg e| wkh PKG prghov lv

lq jrrg djuhhphqw zlwk h{shulphqwv1 Zlwk wkh vwdqgdug N0% prgho/ wxuexohqw

gl�xvlrq lv ryhu suhglfwhg/ dqg wkh yhorflw| shdn lv _vphduhg rxw%1 Doo vlpxod0

wlrqv orfdwh wkh yhorflw| shdn wrr idu iurp wkh zdoo1 Dvvxplqj wkh h{shulphqwdo

gdwd lv uholdeoh/ wkhuh lv fxuuhqwo| qr reylrxv h{sodqdwlrq iru wklv1 Wkh wuhqg

lv wkh vdph iru erwk PKG prghov dqg wkh vwdqgdug N0%1 Lw pd| eh d uhvxow

ri wkh vwdqgdug zdoo ixqfwlrqv zh xvhg lq wkh vlpxodwlrq1 Zh duh dovr dzduh
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CBO,j �� #itUh�T|�L? Lu U�@??i* �L� t�4�*@|�L?t�

Fdvh Prgho Ghvfulswlrq

D N0%0� Wkuhh0htxdwlrq PKG prgho +qr vwudlq whupv lq �

htxdwlrq,1

E UVW0� PKG Uh|qrogv vwuhvv prgho +qr vwudlq whupv lq �

htxdwlrq,1

F UVW0�+V, Frpsohwh PKG Uh|qrogv vwuhvv prgho/ lqfoxglqj

vwudlq whupv lq � htxdwlrq1

G Vwg N0% Vwdqgdug prgho +qr PKG whupv,1
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8�}�ij g� �i@? �i*LU�|) ThL�*it �? |�i Ui?|ih Lu |�i 4@}?i|� w�?it

t�L� 4L_i* Thi_�U|�L?tc @?_ t^�@hi t)4ML*t t�L� i Tih�4i?|@* _@|@

EA@?@?@i� dSo� uLh UL4T@h�tL?�

wkdw fhuwdlq lqkrprjhqhrxv frqwulexwlrqv wr wkh Mrxoh glvvlsdwlrq qhdu zdoov

duh fxuuhqwo| qrw dffrxqwhg iru lq wkh PKG prghov1 Iljxuh 8 vkrzv yhfwruv

ri wrwdo fxuuhqw/ dqg frqwrxuv ri hohfwulf srwhqwldo/ lq wkh hqwu| ri wkh pdjqhw1

Iljxuh 9 vkrzv frqwrxuv ri wkh {0frpsrqhqw ri wkh Oruhqw} irufh lq wkh vdph

uhjlrq/ wrjhwkhu zlwk wkh phvk1 Wkh julg uhvroxwlrq lq wkh vwuhdpzlvh gluhfwlrq

lv udwkhu srru/ dqg rqh pljkw vxvshfw wkdw wkh vwurqj judglhqwv ri wrwdo fxuuhqw

dqg Oruhqw} irufhv lq wkh hqwu| ri wkh pdjqhw duh qrw uhvroyhg surshuo|/ dqg wkdw

wklv frxog eh d vrxufh ri huuru1 Krzhyhu/ d whvw zlwk wkuhh wlphv pruh julg fhoov

lq wkh vwuhdpzlvh gluhfwlrq lq wkh hqwu| ri wkh pdjqhw glg qrw d�hfw wkh orfdwlrq

ri wkh yhorflw| pd{lpxp1
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8�}�ij F� ViU|Lht Lu |L|@* U�hhi?|c @?_ UL?|L�ht Lu i*iU|h�U TL|i?|�@*

�? |�i i?|h) Lu |�i 4@}?i| Eg�0�k 4L_i*��

Iljxuh : vkrzv N/ % dqg � lq wkh fhqwhu ri wkh pdjqhw/ dv suhglfwhg e| wkh N0

%0� prgho1 Wkh uhvxowv zlwk wkh vwdqgdug N0% prgho duh vkrzq iru frpsdulvrq1

Lq wkh fruh �rz/ wkh PKG prgho suhglfwv N dqg % ydoxhv derxw wzr rughuv ri

pdjqlwxgh vpdoohu wkdq wkh vwdqgdug prgho/ exw forvh wr wkh zdoo wkh gl�huhqfh

lv vpdoo1 Wklv lv ehfdxvh wkh wxuexohqfh surgxfwlrq dqg ylvfrxv glvvlsdwlrq

grplqdwhv ryhu Mrxoh glvvlsdwlrq forvh wr wkh zdoo1 D orfdo lqwhudfwlrq qxpehu

Qorf @ �E5N@+�%, lv ri rughu 43 ru odujhu rxwvlgh wkh yhorflw| shdn/ exw gursv

r� wr ehorz xqlw| zkhq zh dssurdfk wkh zdoo +qrw vkrzq khuh,1

Iljxuh ; frpsduhv suhglfwlrqv ri wxuexohqw nlqhwlf hqhuj| lq wkh fhqwhu ri wkh

pdjqhw/ dv suhglfwhg e| wkh gl�huhqw prghov +Wde1 4,1 Zh vhh lw pdnhv olwwoh

gl�huhqfh zkhwkhu zh lqfoxgh wkh vwudlq whupv lq wkh � htxdwlrq/ ru qhjohfw wkhp

+prghov UVW0�+V, dqg UVW0�/ uhvshfwlyho|,1 Dv h{shfwhg/ doo PKG prghov suh0

glfw orzhu hqhuj| wkdq wkh vwdqgdug N0% prgho/ exw wkhuh lv dovr d vljql�fdqw

gl�huhqfh ehwzhhq wkh wkuhh htxdwlrq N0%0� dqg wkh UVW0� prghov1 Wkh gl�hu0

hqfh ehwzhhq wkh wzr lv wkdw wkh surgxfwlrq whup lq d Uh|qrogv vwuhvv prgho lv

h{dfw/ exw lw lv prghohg xvlqj wkh Erxvvlqhvt k|srwkhvlv lq wkh N0% prgho1 Wkh

Erxvvlqhvt k|srwkhvlv uhodwhv wkh Uh|qrogv vwuhvv dqlvrwurs| wr wkh phdq vwudlq
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8�}�ij U� �L?|L�ht Lu wLhi?|3 uLhUic |L}i|�ih ��|� |�i 4it� �? |�i

t@4i T*@?ic �? |�i i?|h) Lu |�i 4@}?i| Eg�0�k 4L_i*��

whqvru1 Wklv lv riwhq d jrrg dssur{lpdwlrq lq ruglqdu| vkhdu �rzv/ exw lq PKG

�rzv lw qhjohfwv wkh h�hfw ri Mrxoh glvvlsdwlrq rq wkh vwuhvv dqlvrwurs|1

Wkh Uh|qrogv vwuhvvhv suhglfwhg e| wkh UVW0� prgho lq wkh fhqwhu ri wkh

pdjqhw duh sorwwhg lq Ilj1 < +qrupdol}hg zlwk wkh wxuexohqw nlqhwlf hqhuj|,1 Wkh

sorwwhg furvv0vhfwlrq lv lq wkh plg sodqh ri wkh fkdqqho +} @ 3=348,/ vr wkh rqo|

qrq0}hur vkhdu vwuhvv lv kx3y3l1 Wkh h�hfw ri wkh dqlvrwurslf Mrxoh glvvlsdwlrq

grplqdwhv lq wkh fhqwhu ri wkh fkdqqho/ zklfk fdxvhv wkh frpsrqhqw kz3z3l
sdudooho zlwk wkh pdjqhwlf �hog wr eh odujhu wkdq wkh rwkhu qrupdo vwuhvvhv1

Wklv ehkdylru lv w|slfdo iru Mrxoh glvvlsdwlrq ri krprjhqhrxv wxuexohqfh/ iru

zklfk wkh fxuuhqw prgho zrunv zhoo1 Lq zdoo0erxqghg �rzv/ krzhyhu/ wkh prgho

qhjohfwv fhuwdlq lqkrprjhqhrxv frqwulexwlrqv wr wkh Mrxoh glvvlsdwlrq whqvru/ dqg

wr wkh suhvvxuh~vwudlq whupv lq wkh Uh|qrogv vwuhvv htxdwlrqv1 Wkh h�hfw ri wkhvh

frqwulexwlrq zrxog suhvxpdeo| eh wr uhglvwulexwh hqhuj| iurp wkh �hog0sdudooho

frpsrqhqw lqwr wkh rwkhu frpsrqhqwv/ wr irufh wkh wxuexohqfh �hog wrzdugv d

5G dqg wzr0frpsrqhqw +5F, vwdwh1

Wkh ohiw sdqh lq Ilj1 43 vkrzv wkh sur�oh ri � suhglfwhg e| wkh gl�huhqw

prghov lq wkh fhqwhu ri wkh pdjqhw/ zkloh wkh uljkw sdqh vkrzv wkh exgjhw ri �
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��_}i| Lu k �? |�i t@4i UhLtt�tiU|�L? E+5A�kE5� 4L_i*��

surgxfwlrq dqg glvvlsdwlrq lq wkh fdvh ri wkh UVW0� prgho1 Wkh vwudlq whupv lq

wkh � htxdwlrq jlyh d vljql�fdqw srvlwlyh frqwulexwlrq wr � rqo| qhdu wkh zdoo1

Wkh uljkw sorw vkrzv wkdw wkh vrxufh dqg vlqn whupv grplqdwh ryhu wudqvsruw

qhdu wkh zdoo1 Wklv ehkdylru lv vlplodu wr wkdw ri wkh wxuexohqw nlqhwlf hqhuj| dqg

wkh Uh|qrogv vwuhvvhv/ dqg wkxv vxssruwv rxu fkrlfh ri }hur qrupdo �x{ erxqgdu|

frqglwlrqv lq wkh �uvw qrgh qhdu zdoov1
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Iljxuh 44/ �qdoo|/ vkrzv sur�ohv ri h�hfwlyh ylvfrvlw|/ � . �W / lq wkh h{lw ri

wkh pdjqhw/ dv suhglfwhg zlwk wkh gl�huhqw prghov1 Qrwh wkdw wkh edvholqh ri

wkh �jxuh uhsuhvhqwv wkh prohfxodu ylvfrvlw|1 Wkh gl�huhqfh ehwzhhq suhglfwlrqv

zlwk wkh UVW prghov dqg wkh N0%0� zdv glvfxvvhg hduolhu +vhh Ilj1 ;,1

81 Glvfxvvlrq dqg rxworrn

Wklv uhsruw grfxphqwv dq lpsohphqwdwlrq ri phdq hohfwurpdjqhwlf htxdwlrqv/

Oruhqw} irufhv/ dqg PKG wxuexohqfh prghov lq wkh frpphufldo frgh FI[ 7161

AIurp d qxphulfdo srlqw ri ylhz/ wkh prvw gl�fxow sduw ri wklv h�ruw lv qrw/

dv rqh pljkw wklqn/ wkh lpsohphqwdwlrq ri wkh qhz wxuexohqfh prghov1 Lqvwhdg

wkh fkdoohqjh lv wr vroyh wkh htxdwlrq iru hohfwurvwdwlf srwhqwldo/ dqg frpsxwh

wkh wrwdo fxuuhqw ghqvlw| zlwk vx�flhqw dffxudf|/ hvshfldoo| rq jhqhudo qrq0

ruwkrjrqdo julgv1

Zh xvhg wkh v|perolf pdwkhpdwlfv wrro PDSOH Y wr pdqlsxodwh/ vlpsoli|

dqg olqhdul}h doo vrxufh whupv iru wkh wxuexohqfh htxdwlrqv/ dqg wr wudqvodwh wkhp

gluhfwo| lqwr lqwr iruwudq vrxufh frgh iru wkh FI[ vxeurxwlqhv1 Wklv plqlpl}hv

wkh ulvn iru surjudpplqj huuruv/ dqg vlpsol�hv ydolgdwlrq dqg ghexjjlqj1 Wkh

surfhgxuh zloo dovr vlpsoli| ixwxuh prgl�fdwlrqv/ dqg hydoxdwlrq ri dowhuqdwlyh

prghov1

Erwk wkh Uh|qrogv vwuhvv dqg hgg| ylvfrvlw| yhuvlrqv ri wkh lpsohphqwhg PKG

wxuexohqfh prghov dsshdu wr eh yhu| urexvw dqg zhoo0ehkdyhg1 Dsduw iurp wkh
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h{wud zrun uhtxluhg iru vroylqj rqh pruh htxdwlrq/ wkh udwh ri frqyhujhqfh vhhp

wr eh qr zruvh iru wkh PKG prghov/ wkdq iru wkh vwdqgdug prghov1

Wkh fxuuhqw yhuvlrqv ri wkh PKG wxuexohqfh prghov zhuh ghyhorshg wr shu0

irup zhoo iru krprjhqhrxv wxuexohqfh/ lq wkh devhqfh ri zdoov1 Lq rughu wr

vlpsoli| wkh prgho h{suhvvlrqv/ vrph lqkrprjhqhrxv frqwulexwlrqv wr �xfwx0

dwlqj suhvvxuh dqg �xfwxdwlqj hohfwulf srwhqwldo zhuh qhjohfwhg1 Vrph ri wkh

plvvlqj whupv duh dqdorjrxv wr wkh zdoo uh�hfwlrq whupv lq wkh udslg suhvvxuh~

vwudlq prgho e| Odxqghu/ Uhhfh dqg Urgl ^6`1 Wklv lv wkh Uh|qrogv vwuhvv prgho

xvhg lq FI[/ exw wkh zdoo uh�hfwlrq whupv duh qrw lpsohphqwhg1 Iru ruglqdu|

vkhdu �rzv/ wkh qhjohfwhg whupv duh xvxdoo| lpsruwdqw rqo| qhdu zdoov1 Lq PKG

�rzv/ krzhyhu/ wkh wxuexohqfh whqgv wr eh wzr0glphqvlrqdo/ vr wkdw wxuexohqw

vwuxfwxuhv jurz yhu| odujh lq rqh gluhfwlrq1 Zkhq wkh ohqjwk ri wkhvh vwuxfwxuhv

ehfrphv wkh vdph rughu dv wkh glvwdqfh wr wkh qhduhvw zdoo/ zh fdq h{shfw wkh

qhjohfwhg lqkrprjhqhrxv whupv wr eh lpsruwdqw1 Wkh| zloo khqfh eh lpsru0

wdqw hyhq lq wkh fruh ri dq PKG fkdqqho �rz/ li wkh ohqjwk vfdoh dqlvrwurs| lv

vx�flhqwo| ghyhorshg1

Wkh plvvlqj lqkrprjhqhrxv whupv vkrxog fhuwdlqo| frqwulexwh wr wkh Mrxoh

glvvlsdwlrq whupv lq wkh vfdodu N dqg % htxdwlrqv/ exw wkhlu h�hfw lv shukdsv

pruh reylrxv lq wkh Uh|qrogv vwuhvv htxdwlrqv1 Khuh wkh| vkrxog frqwulexwh wr

wkh Mrxoh glvvlsdwlrq whqvru/ dqg wr wkh udslg dqg vorz suhvvxuh~vwudlq whupv1

Iru d zdoo shushqglfxodu wr wkh pdjqhwlf �hog/ wkhlu qhw h�hfw zrxog eh wr

uhglvwulexwh hqhuj| iurp wkh zdoo0qrupdo frpsrqhqw +sdudooho zlwk wkh �hog,/ wr

wkh rwkhu frpsrqhqwv1 Wklv phdqv wkdw wkh Uh|qrogv vwuhvv frpsrqhqw sdudooho

zlwk pdjqhwlf �hog zloo eh gdpshg/ vr wkdw zh dssurdfk d wxuexohqw vwdwh zklfk

lv wzr0frpsrqhqw +5F, dv zhoo dv 5G1 Wklv d ihdwxuh w|slfdo iru zdoo0erxqghg

PKG �rzv/ dqg gl�huhqw iurp wkh ehkdylru ri krprjhqhrxv wxuexohqfh1 Wkh

fkdqqho �rz vlpxodwlrq glvfxvvhg lq Vhf1 715 +hvshfldoo| Ilj1 <, looxvwudwhg wkh

lqdelolw| ri wkh fxuuhqw PKG Uh|qrogv vwuhvv prgho wr suhglfwhg wkh gdpslqj

ri wkh �hog0sdudooho vwuhvv frpsrqhqw1

Lqfoxglqj wkh lqkrprjhqhrxv frqwulexwlrqv lq wkh vfdodu N dqg % +dqg �,

htxdwlrqv lv suredeo| uhodwlyho| vwudljkwiruzdug1 Lqfoxglqj wkhp lq wkh Uh|qrogv

vwuhvv htxdwlrqv lv pxfk pruh gl�fxow1 Wkh vlpsoh Odxqghu/ Uhhfh dqg Urgl

prgho rqo| zrunv zhoo iru uhodwlyho| vpdoo vwuhvv dqlvrwurslhv1 Vlqfh doo whupv duh

olqhdu/ wkh| zloo surgxfh xqsk|vlfdo uhvxowv hyhq iru udwkhu prghudwh dqlvrwurslhv1

Wr ghdo zlwk wkh vlwxdwlrq/ frpsohwho| qhz dqg dojheudlfdoo| frpsoh{ kljkhu0

rughu prgho whupv zrxog kdyh wr eh ghyhorshg/ lqfoxglqj dovr glphqvlrqdolw|

lqirupdwlrq1 Wkh pdlq uhdvrq zh zdqw dffxudwh suhglfwlrqv ri Uh|qrogv vwuhvvhv/

lv wr prgho dqlvrwurslf gl�xvlrq/ xvlqj Ht1 +4;,1 Frqvlghulqj wkh gl�fxowlhv zlwk

d ixoo Uh|qrogv vwuhvv prgho/ d pruh h�hfwlyh dssurdfk lv suredeo| wr xvh d wkuhh0

htxdwlrq N0%0�/ zlwk dq dojheudlf prgho iru prgholqj ri Uh|qrogv vwuhvvhv dqg

dqlvrwurslf gl�xvlrq1
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Lq ixwxuh zrun/ wkh suhvhqw prgho lpsohphqwdwlrq zloo eh xvhg wr vwxg| wkh

h�hfw ri wkh gl�huhqw PKG prgho frqvwdqwv/ dqg

wr frpsduh prgho suhglfwlrqv zlwk h{shulphqwv uhsruwhg lq olwhudwxuh1 Xq0

iruwxqdwho| wxuexohqfh vwdwlvwlfv duh yhu| gl�fxow wr phdvxuh/ dqg qrw riwhq

uhsruwhg lq wkh olwhudwxuh1 Wklv pdnhv ydolgdwlrq ri PKG wxuexohqfh prghov

yhu| gl�fxow1 Gluhfw qxphulfdo vlpxodwlrqv +GQV,/ dqg odujh hgg| vlpxodwlrqv

+OHV, pd| sod| dq lpsruwdqw uroh khuh1

Uhihuhqfhv

^4` E1 M1 Gdo| dqg I1 K1 Kduorz1 Wudqvsruw htxdwlrqv lq wxuexohqfh1 Sk|vlfv ri

Ioxlgv/ 46+44,=5967~597</ 4<:31

^5` V1 Nhqmhuh�v dqg N1 Kdqmdol�f1 Rq wkh lpsohphqwdwlrq ri h�hfwv ri Oruhqw}

irufh lq wxuexohqfh forvxuh prghov1 Lqw1 Mrxuqdo ri Khdw dqg Ioxlg Iorz/

54+6,=65<~66:/ Mxqh 53331

^6` E1 H1 Odxqghu/ J1 M1 Uhhfh/ dqg Z1 Urgl1 Surjuhvv lq wkh ghyhorsphqw ri d

Uh|qrogv0vwuhvv wxuexohqfh forvxuh1 Mrxuqdo ri Ioxlg Phfkdqlfv/ 9;=86:~899/

4<:81

^7` E1 H1 Odxqghu dqg G1 E1 Vsdoglqj1 Wkh qxphulfdo frpsxwdwlrq ri wxuexohqw

�rzv1 Frpsxwhu Phwkrgv lq Dsso1 Phfk1 dqg Hqj1/ 6=59<~5;</ 4<:71

^8` Zlooldp F1 Uh|qrogv1 H�hfwv ri urwdwlrq rq krprjhqhrxv wxuexohqfh1 Lq

Surf1 43wk Dxvwudodvldq Ioxlg Phfkdqlfv Frqihuhqfh/ Phoerxuqh/ Dxvwudold/

4<;<1 Xqlyhuvlw| ri Phoerxuqh1

^9` D1 E1 Wdqdqdhy1 PKG Gxfw Iorzv1 Dwrpl}gdw/ 4<:<1

^:` R1 Zlgoxqg dqg J1 Wdooe�dfn1 Prgholqj ri dqlvrwurslf wxuexohqw wudqv0

sruw lq vlpxodwlrqv ri oltxlg phwdo �rzv lq pdjqhwlf �hogv1 Lq Surfhhglqjv

ri wkh Wklug Lqw1 V|psrvlxp rq Hohfwurpdjqhwlf Surfhvvlqj ri Pdwhuldov/

HSP5333/ Dsulo 609/ 5333/ sdjhv <:~435/ Qdjr|d/ Mdsdq/ 53331 LVLM1

^;` R1 Zlgoxqg/ V1 ]dkudl/ dqg I1 K1 Edun1 Ghyhorsphqw ri d Uh|qrogv vwuhvv

forvxuh iru prgholqj ri krprjhqhrxv PKG wxuexohqfh1 Sk|vlfv ri Ioxlgv/

43+;,=4<;:~4<<9/ 4<<;1

^<` R1 Zlgoxqg/ V1 ]dkudl/ dqg I1 K1 Edun1 Vwuxfwxuh lqirupdwlrq lq udslg glvwru0

wlrq dqdo|vlv dqg rqh0srlqw prgholqj ri d{lv|pphwulf pdjqhwrk|gurg|qdplf

wxuexohqfh1 Sk|vlfv ri Ioxlgv/ 45+43,=593<~5953/ 53331
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Dsshqgl{ D1 Xvlqj wkh PKG prgho lq FI[

Lq rughu wr xvh wklv PKG prgho lpsohphqwdwlrq/ wkh �uvw vwhs lv ri frxuvh

wr lqfoxgh doo wkh qhfhvvdu| PKG iruwudq urxwlqhv/ dqg wkh FI[ xvhu iruwudq

urxwlqhv/ dqg pdnh vxuh wkdw odwwhu frqwdlq wkh surshu fdoov wr wkh PKG urxwlqhv1

Li wkh pdjqhwlf �hog vkrxog eh gh�qhg lq xvhu iruwudq/ wkh urxwlqh PKGE[W

vkrxog eh xsgdwhg dffruglqjo|1 Hyhq li PKGE[W lv qrw xvhg/ lw vkrxog eh

lqfoxghg lq wkh frpslodwlrq1

Prvw ri wkh prgholqj fdq wkhq eh frqwuroohg iurp wkh FI[ frppdqg �oh1

Vhfwlrq D14 ghvfulehv wkh qhfhvvdu| FI[ rswlrqv lq wkh frppdqg �oh/ zkloh

Vhf1 D15 ghvfulehv wkh vshfldo PKG prgho rswlrqv uhdg iurp wkh hqg ri wkh

frppdqg �oh1

D141 FI[ rswlrqv lq wkh frppdqg �oh1 FI[ xvhu vxeurxwlqhv pxvw eh

vshfl�hg/ dv iroorzv=

AAXVHU IRUWUDQ

XVUVUF

XVUEI

XVULQW

XVUZWP

XVUGLI

Wkh �uvw wkuhh shuirup fdoov wr vshfl�f PKG urxwlqhv/ zklfk gr wkh dfwxdo zrun1

Wkh xvhu fdq dgg klv2khu rzq vwx� lq dq| ri wkh urxwlqhv1

Wkh iroorzlqj xvhu vfdodu yduldeoh qdphv pxvw eh gh�qhg1 Wkh qdphv duh

lpsruwdqw/ exw wkh rughu lv qrw1

AAYDULDEOH QDPHV

XVHU VFDODU4 *HSRW*

XVHU VFDODU5 *DOSKD*

XVHU VFDODU6 *XVUG Eb[*

XVHU VFDODU7 *XVUG Eb\*

XVHU VFDODU8 *XVUG Eb]*

XVHU VFDODU9 *XVUGFF Mb[*

XVHU VFDODU: *XVUGFF Mb\*

XVHU VFDODU; *XVUGFF Mb]*

XVHU VFDODU< *XVUGFF VbPDJ*

XVHU VFDODU43 *XVUGFF VbUHW*

XVHU VFDODU44 *XVUGFF VbSUG*

XVHU VFDODU45 *XVUGFF VbSVW*

Wkh odvw vhyhq duh vwruhg rqo| iru srvw0surfhvvlqj/ dqg wkh frgh frxog hdvlo| eh

uhzulwwhq wr vdyh vwrudjh vsdfh1

Wkh gl�huhqflqj vfkhph iru HSRW pxvw eh vhw wr _QR FRQYHFWLRQ%/ wr

glvdeoh wkh frqyhfwlrq whup1 Li wkh vlpxodwlrq lv wudqvlhqw/ dovr wkh wudqvlhqw

whup pxvw eh glvdeohg e| gh�qlqj HSRW dv _txdvlvwdwlf%1 H{dpsoh=
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AAPRGHO GDWD

AAGLIIHUHQFLQJ VFKHPH

HSRW *QR FRQYHFWLRQ*

AASK\VLFDO SURSHUWLHV

AAWUDQVLHQW SDUDPHWHUV

AAIL[HG WLPH VWHSSLQJ

WLPH VWHSV 63-31343

AATXDVLVWDWLF YDULDEOHV

HSRW

Ioxlg ylvfrvlw| dqg ghqvlw| vkrxog eh vshfl�hg dv xvxdo1 Qrwh krzhyhu wkdw

h{dfwo| wkh vdph ydoxhv pxvw eh vshfl�hg iru wkh fruuhvsrqglqj PKG prgho

rswlrqv +vhh qh{w vhfwlrq,$ Lw lv uhfrpphqghg wr vhw wkh vfdodu gl�xvlylw| ri

DOSKD htxdo wr wkh ylvfrvlw|1 Wkh ydoxh vshfl�hg iru HSRW lv xqlpsruwdqw/

dv lw lv ryhuulgghq e| wkh ydoxh ri wkh PKG prgho rswlrq FRQG uhdg iurp wkh

hqg ri wkh frppdqg �oh +vhh qh{w vhfwlrq,1

2- 00000000000000000000000 -2

&FDOF

GHQV @ 4688313>

YLVF @ 3133489>

FRQG @ 4138H.9>

&HQGFDOF

2- 00000000000000000000000 -2

AAIOXLG SDUDPHWHUV

YLVFRVLW\ &YLVF

GHQVLW\ &GHQV

AAVFDODU SDUDPHWHUV

AAGLIIXVLYLWLHV

HSRW &FRQG

DOSKD &YLVF

Wkh PKG prgho lpsohphqwdwlrq vxssruwv erwk wkh UVW prgho/ dqg wkh

kljk0Uh N0% prgho1 Wkh frgh dxwrpdwlfdoo| uhfrjql}hv zklfk rqh lv xvhg1 Wkh

wxuexohqw Sudqgwo qxpehu iru DOSKD lv vhw wr 4=3/ vdph dv iru wkh Uh|qrogv

vwuhvvhv1

AAWXUEXOHQFH SDUDPHWHUV

AAWXUEXOHQFH PRGHO

WXUEXOHQFH PRGHO *GLIIHUHQWLDO VWUHVV*

2- WXUEXOHQFH PRGHO *N0HSVLORQ* -2

AAWXUEXOHQW SUDQGWO QXPEHU

DOSKD 413

Wkh erg| irufhv fdq eh xqghuuhod{hg iurp zlwklq wkh frppdqg �oh/ li lw khosv

frqyhujhqfh1 Li wxuexohqfh htxdwlrqv duh xqghuuhod{hg/ lw pdnhv vhqvh wr xvh wkh
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vdph xqghu0uhod{dwlrq iru DOSKD1 Qrwh wkdw qr xqghu0uhod{dwlrq vkrxog eh xvhg

iru HSRW/ dv lw pdnhv frqyhujhqfh vorzhu wkdq lw qhhgv wr eh1 Lw lv uhfrpphqghg

wr doorz d idluo| odujh qxpehu ri vzhhsv iru erwk suhvvxuh dqg HSRW htxdwlrqv

+dqg d vpdoo ydoxh ri wkh uhgxfwlrq idfwru,/ dv wklv lv qrwhg wr lpsuryh wkh udwh

ri frqyhujhqfh1

AAVROYHU GDWD

AASURJUDP FRQWURO

PD[LPXP QXPEHU RI LWHUDWLRQV 4533

PDVV VRXUFH WROHUDQFH 413H09

AAXQGHU UHOD[DWLRQ IDFWRUV

X YHORFLW\ 317

Y YHORFLW\ 317

Z YHORFLW\ 317

EI[ 315

EI\ 315

EI] 315

N 316

HSVLORQ 316

DOSKD 316

HSRW 413 2- QRWH$ -2

AAVZHHSV LQIRUPDWLRQ

AAPD[LPXP QXPEHU

HSRW 83

SUHVVXUH 533

AAUHGXFWLRQ IDFWRUV

HSRW 3143

SUHVVXUH 3143

Iorz erxqgdu| frqglwlrqv duh vhw dv xvxdo1 Wkh lqohw Glulfkohw erxqgdu|

frqglwlrq iru HSRW +ghidxow wuhdwphqw iru vfdoduv, fdq eh ryhuulgghq xvlqj PKG

prgho rswlrqv iru lqvxodwhg lqohwv dqg rxwohwv +vhh qh{w vhfwlrq,1

AAPRGHO ERXQGDU\ FRQGLWLRQV

AAVHW YDULDEOHV

SDWFK QDPH *RXW*

SUHVVXUH 833313

AAVHW YDULDEOHV

SDWFK QDPH *LQ*

QRUPDO YHORFLW\ 4148

N 513H08

HSVLORQ <1<H09

HSRW 313

DOSKD 31666
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DOSKD vkrxog kdyh }hur qrupdo �x{ dw zdoov1 Wklv lv wkh ghidxow wuhdwphqw

iru doo vfdoduv lq FI[/ vr wkh vshfl�fdwlrq lq wkh h{dpsoh ehorz lv uhgxqgdqw1

Wkh vdph lv wuxh iru HSRW dqg qrq0frqgxfwlqj zdoov/ exw lq vrph vlwxdwlrqv

rqh pljkw zdqw wr vhw HSRW wr d �{hg srwhqwldo/ dv iru wkh zdoo _Z KLJK% lq

wkh h{dpsoh ehorz1

AAZDOO ERXQGDU\ FRQGLWLRQV

SDWFK QDPH *ZbORZ*

HSRW IOX[ 313

DOSKD IOX[ 313

AAZDOO ERXQGDU\ FRQGLWLRQV

SDWFK QDPH *ZbKLJK*

HSRW 313

DOSKD IOX[ 313

D frpsohwh vdpsoh frppdqg �oh lv irxqg lq Dss1 G1

D151 PKG prgho rswlrqv1 Wkh FI[ iurqwhqg vwrsv uhdglqj wkh frppdqg

�oh zkhq lw uhdfkhv wkh vwrs frppdqg/

AAVWRS

Wklv doorzv xv wr frqwuro fhuwdlq ihdwxuhv ri wkh PKG prgho lpsohphqwdwlrq/ e|

vshfli|lqj d qxpehu ri PKG prgho rswlrqv dw wkh hqg ri wkh FI[ frppdqg

�oh1

Wdeoh 5 lv d ghvfulswlrq ri vfdodu prgho sdudphwhuv wkdw fdq eh vhw1 Wkh prgho

rswlrq lv zulwwhq rq rqh olqh/ dqg lwv qhz ydoxh rq wkh iroorzlqj1 Wkh iroorzlqj

olqhv/ iru h{dpsoh/ vhwv wkh ylvfrvlw|/ hohfwulf frqgxfwlylw| dqg ghqvlw| wr wkdw ri

phufxu|=

FRQG

4138H.9

GHQV

4688313

YLVF

3133489

Wdeoh 6 vkrzv d olvw ri rswlrq iru gh�qlqj wkh h{whuqdo pdjqhwlf �hog1 Wkh

iroorzlqj olqhv/ iru h{dpsoh/ lqglfdwh wkdw d pdjqhwlf �hog lv vshfl�hg lq xvhu

iruwudq +PKGE[W,/ exw lw vkrxog eh pxowlsolhg e| wzr=

EbIRUW

EVFDOH

513

Wdeoh 7 ghvfulehv prgho rswlrqv xvhg wr prgli| wkh vroxwlrq ri wkh HSRW dqg

DOSKD htxdwlrqv1 Wkh iroorzlqj h{dpsoh suhyhqwv fxuuhqwv wkurxjk lqohwv dqg

rxwohwv/ vshfl�hv d }hur uhihuhqfh srlqw iru wkh HSRW htxdwlrq +lq wkh ruljlq,/

dqg glvdeohv wkh phdq vwudlq whupv lq wkh DOSKD htxdwlrq=
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CBO,j 4� � *�t| Lu tU@*@h 4L_i* T@h@4i|ihtc ti| �t�?} �O# 4L_i*

LT|�L?t hi@_ uhL4 |�i i?_ Lu |�i UL44@?_ �*i�

Prgho sdudphwhu Ghvfulswlrq

SHUP Pdjqhwlf shuphdelolw|/ �p ^Y v@Dp`1

FRQG Hohfwulfdo frqgxfwlylw|/ � ^
�4p�4`1

GHQV Ioxlg ghqvlw|/ � ^nj@p6`1

YLVF Ioxlg g|qdplf ylvfrvlw|/ � ^nj@p@v`1

FD4 PKG prgho frqvwdqw/ F�41

FD5 PKG prgho frqvwdqw/ F�51

FD6 PKG prgho frqvwdqw/ F�6 +fxuuhqwo| qrw xvhg,1

FD7 PKG prgho frqvwdqw/ F�7 +fxuuhqwo| qrw xvhg,1

FHD PKG prgho frqvwdqw/ F%�1

FDPRG Prghudwru frh�flhqw iru Mrxoh glvvlsdwlrq vrxufh

whupv lq wxuexohqfh htxdwlrqv +FDPRG@4 e| gh0

idxow,1

FOI Prghudwru frh�flhqw iru Oruhqw} irufh lq phdq pr0

phqwxp htxdwlrqv +FOI@4 e| ghidxow,1

DOSKD Frqvwdqw lqlwldo ydoxh iru DOSKD +ghidxow lv DO0

SKD@3166,1

CBO,j 
� �L_i* LT|�L?t uLh _i�?�?} |�i i |ih?@* 4@}?i|�U �i*_�

Prgho rswlrq Ghvfulswlrq

E3 Vhwv d xqlirup pdjqhwlf �hog/ zlwk doo wkuhh frpsr0

qhqwv jlyhq rq wkh iroorzlqj olqh1

E IRUW Wkh pdjqhwlf �hog lv vshfl�hg lq vxeurxwlqh PKG0

E[W +pxvw eh vxssolhg e| wkh xvhu1

E ILOH Wkh pdjqhwlf �hog vkrxog eh uhdg iurp �oh *E1gdw*

lq wkh sureohp gluhfwru|1 +Vhh qh{w rswlrq1,

[\] Fdxvhv wkh frgh wr sulqw d �oh *{|}1gdw* lq wkh sure0

ohp gluhfwru|/ frqwdlqlqj [\] frruglqdwhv ri doo fhoo

fhqwhuv1 Wkh pdjqhwlf �hog lq *E1gdw* vkrxog eh lq

wklv rughu1

EVFDOH Wkh pdjqhwlf �hog uhdg iurp �oh/ ru gh�qhg lq

PKGE[W/ lv pxowlsolhg e| wklv idfwru ehiruh xvh1

+EVFDOH@413 e| ghidxow1,

LQVXODWHGbLQOHWV

LQVXODWHGbRXWOHWV

HSRWbUHIHUHQFHbSRVLWLRQ

313 313 313

QRbVWUDLQbLQbDOSKD
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CBO,j g� �L_i* LT|�L?t uLh 4L_�u)�?} |�i tL*�|�L? Lu |�i ,��A @?_

�w�O� i^�@|�L?t�

Prgho rswlrq Ghvfulswlrq

LQVXODWHG LQOHWV

LQVXODWHG RXWOHWV

Fdxvhv lqohw dqg rxwohw sdwfkhv/ uhvshf0

wlyho|/ wr eh hohfwulfdoo| lqvxodwhg1 +Di0

ihfwv wkh vrxufh whup dqg vroxwlrq pd0

wul{ lq wkh HSRW htxdwlrq/ dqg wkh fdo0

fxodwlrq ri wrwdo fxuuhqw1,

QR VWUDLQ LQ DOSKD GLVDEOHV wkh vwudlq0uhodwhg prgho

whupv lq wkh DOSKD htxdwlrq1 Wkh

whupv duh dojheudlfdoo| frpsoh{/ dqg uh0

txluhv fdofxodwlrq ri phdq yhorflw| jud0

glhqwv1 Wkh prgho whupv jlyh lqdffx0

udwh uhvxowv rxwvlgh wkh pdjqhwlf �hog/

dqg vorzv grzq wkh fdofxodwlrq1 Wkh

h�hfw ri wkh whupv dsshduv wr eh vpdoo

lqvlgh d pdjqhwlf �hog1

HSRW UHIHUHQFH SRVLWLRQ Wkh qh{w olqh vkrxog frqwdlq wkh [\]

frruglqdwhv iru d srlqw zkhuh HSRW

zloo eh irufhg wr }hur1 Wklv lv qhfhvvdu|

xqohvv d �{hg ydoxh ri HSRW lv vshfl0

�hg rq dq| ri wkh erxqgdulhv +rwkhuzlvh

HSRW lv xqgh�qhg$,1

Dsshqgl{ E1 Grfxphqwdwlrq ri iruwudq vrxufh frgh

Wdeoh 8 vkrzv d olvw ri iruwudq vxeurxwlqhv1 Wkh jurxslqj dqg lqghqwdwlrq lv

xvhg dv d urxjk looxvwudwlrq ri ghshqghqflhv dqg fdoolqj rughu1 Doo urxwlqhv

vwduwlqj zlwk _XVU% duh vwdqgdug FI[ xvhu vxeurxwlqhv/ zkloh wkrvh vwduwlqj

zlwk _PKG% duh xvhg rqo| iru lpsohphqwdwlrq ri wkh PKG prghov1

Wkh FI[ urxwlqhv XVULQW/ XVUEI dqg XVUVUF frqwdlq rqo| fdoov wr wkh

fruuhvsrqglqj urxwlqhv PKGLQW/ PKGEI dqg PKGVUF/ uhvshfwlyho|1 Wkh

uhpdlqlqj urxwlqhv duh glvfxvvhg lqglylgxdoo| ehorz1

Wkh frpprq eorfn XF PKG lv xvhg wr vlpsoli| wkh wudqvihu ri frpprq ydul0

deohv dqg prgho sdudphwhuv ehwzhhq wkh vxeurxwlqhv ri wkh prgho lpsohphqwd0

wlrq1 Prvw ri wkh sdudphwhuv duh lqlwldol}hg lq wkh vxeurxwlqh PKGLQW +edvhg

rq PKG prgho rswlrqv uhdg dw wkh hqg ri wkh FI[ frppdqg �oh,/ dowkrxjk

vrph ri wkh sdudphwhuv duh jlyhq xvhixo ghidxowv lq wkh eorfn gdwd vxesurjudp

PKG GDWD1 Wkh sdudphwhuv fduulhg lq wkh frpprq eorfn duh olvwhg lq Wdeoh 91
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CBO,j F� w�t| Lu uLh|h@? t�MhL�|�?itc }hL�Ti_ @?_ �?_i?|i_ |L t�L�

U@**�?} Lh_ih�

Vxeurxwlqhv Sxusrvh

XVULQW +Fdoo PKGLQW1,

PKGLQW Uhdg PKG prgho rswlrqv iurp wkh hqg ri wkh

FI[ frppdqg �oh1 Lqlwldol}h prgho sdudphwhuv1

Fdoo PKGE[W/ li pdjqhwlf �hog lv gh�qhg lq xvhu

iruwudq1

PKGE[W Gh�qlwlrq ri pdjqhwlf �hog lq doo qrghv +rs0

wlrqdo,1

XVUEI +Fdoo PKGEI1,

PKGEI Frpsxwh wrwdo fxuuhqw ghqvlw| dqg Oruhqw} irufh1

PKGMVF Frpsxwh frqwudyduldqw frpsrqhqw ri X � E dw

fhoo idfhv +iru erg|0�wwhg julgv,1

PKGJHS Frpsxwh judglhqw ri HSRW1

PKGJH5 Uhfrpsxwh HSRW judglhqw lq d vlqjoh fhoo qh{w

wr d erxqgdu|1

XVUGLI Vhw gl�xvlylw| iru HSRW htxdwlrq h{solflwo|1

XVUZWP Vhw wxuexohqw zdoo pxowlsolhu iru HSRW h{solflwo|/

wr ryhuulgh wxuexohqw zdoo ixqfwlrq1

XVUVUF +Fdoo PKGVUF1,

PKGVUF Frpsxwh vrxufh whupv iru vfdodu dqg wxuexohqfh

htxdwlrqv1

PKGMVI Frpsxwh qrupdo �x{ frpsrqhqwv ri X � E rq

doo fhoo idfhv1

PKGVHS Frpsxwh vrxufh whup iru wkh HSRW htxdwlrq1

Prgli| pdwul{ frh�flhqwv dw fhuwdlq erxqgdulhv1

PKG GDWD EORFN GDWD vxesurjudp1 Dvvljqv ghidxow ydo0

xhv iru vrph sdudphwhuv lq wkh XF PKG frpprq

eorfn1

E141 PKGLQW1 Fdoohg iurp XVULQW1 Uhvhuyhv shupdqhqw zrunvsdfh iru fxu0

uhqwv dw fhoo idfhv +frpsxwhg lq PKGMVI dqg PKGMVF,/ fkhfnv zklfk wxuex0

ohqfh prgho lv xvhg/ dqg lqlwldol}hv frpprq eorfn srlqwhuv wr xvhu vfdoduv1

Uhdgv d qxpehu ri PKG prgho rswlrqv iurp wkh hqg ri wkh frppdqg �oh/

vwduwlqj diwhu wkh FI[ _AAVWRS% frppdqg1 Vhh Dss1 D15 iru d ghvfulswlrq

ri prgho rswlrqv1

Ghshqglqj rq prgho rswlrqv/ wkh pdjqhwlf �hog lv hlwkhu vshfl�hg dv frqvwdqw

dqg xqlirup/ uhdg iurp wkh �oh _E1gdw% lq wkh sureohp gluhfwru|/ ru d fdoo lv pdgh

wr wkh vxeurxwlqh PKGE[W1 Rqh rswlrq fdxvhv wkh urxwlqh wr sulqw Fduwhvldq
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CBO,j U� �L?|i?|t Lu N� �O# UL44L? M*LU!�

Sdudphwhu W|sh Ghvfulswlrq

SHUP uhdo Pdjqhwlf shuphdelolw|/ �p ^Y v@Dp`1

FRQG uhdo Hohfwulfdo frqgxfwlylw|/ � ^
�4p�4`1

GHQV uhdo Ioxlg ghqvlw|/ � ^nj@p6`1

YLVF uhdo Ioxlg g|qdplf ylvfrvlw|/ � ^nj@p@v`1

FD4 uhdo PKG UVW prgho frqvwdqw/ F�41

FD5 uhdo PKG UVW prgho frqvwdqw/ F�51

FD6 uhdo PKGUVWprgho frqvwdqw/ F�6 +fxuuhqwo| qrw xvhg,1

FD7 uhdo PKGUVWprgho frqvwdqw/ F�7 +fxuuhqwo| qrw xvhg,1

FHD uhdo PKG UVW prgho frqvwdqw/ F%�1

FDPRG uhdo Prghudwru frh�flhqw iru Mrxoh glvvlsdwlrq

vrxufh whupv lq wxuexohqfh htxdwlrqv +FDPRG@4

e| ghidxow,1

FOI uhdo Prghudwru frh�flhqw iru Oruhqw} irufh

lq phdq prphqwxp htxdwlrqv +FOI@4 e| ghidxow,1

LVFO lqwhjhu Yduldeoh qxpehu iru VFDO duud| +iurp JHWYDU,1

LHS lqwhjhu Vfdodu qxpehu iru HSRW yduldeoh +iurp JHWVFD,1

LDOSKD lqwhjhu Vfdodu qxpehu iru DOSKD yduldeoh +iurp

JHWVFD,1

LE+4=6, lqwhjhu Vfdodu qxpehuv iru vwruhg E0�hog frpsrqhqwv1

LM+4=6, lqwhjhu Vfdodu qxpehuv iru vwruhg wrwdo fxuuhqw frpsrqhqwv1

LMVI lqwhjhu Srlqwhu wr idfldo fxuuhqwv lq ZRUN duud|1

LQGHSU lqwhjhu LQRGH qxpehu iru HSRW }hur uhihuhqfh srlqw1

OLQVLQ orjlfdo Orjlfdo WUXH wr dyrlg fxuuhqwv wkurxjk LQOHW

erxqgdulhv1

OLQVSU orjlfdo Orjlfdo WUXH wr dyrlg fxuuhqwv wkurxjk SUHV0

VXUH erxqgdulhv1

OLQVPI orjlfdo Orjlfdo WUXH wr dyrlg fxuuhqwv wkurxjk PDVV0

IORZ erxqgdulhv1

OHSUHI orjlfdo Orjlfdo WUXH li dq HSRW }hur uhihuhqfh srlqwv lv

gh�qhg1

OQRVWU orjlfdo Orjlfdo WUXH wr glvdeoh phdq vwudlq whupv lq DO0

SKD htxdwlrq1

OUVP orjlfdo Orjlfdo WUXH lqglfdwhv wkdw wkh Uh|qrogv vwuhvv

prgho lv xvhg1 Li IDOVH/ zh dvvxph wkh kljk0Uh

N0% prgho lv vshfl�hg1

frruglqdwhv iru doo qrghv wr d �oh _{|}1gdw%/ lq wkh rughu E0�hog ydoxhv vkrxog

dsshdu lq _E1gdw%1
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Lq fdvh doo lqohwv/ rxwohwv dqg zdoov duh qrq0frqgxfwlqj/ wkhuh lv dq rswlrq iru

vshfli|lqj wkh frruglqdwhv ri d }hur uhihuhqfh srlqw iru wkh hohfwurvwdwlf srwhqwldo

HSRW1 Li wkh jlyhq srlqw lv qrw lq wkh �rz grpdlq/ wkh fhqwhu ri wkh �uvw eorfn

lv xvhg lqvwhdg1

E151 PKGE[W1 Fdoohg iurp PKGLQW1 Wklv urxwlqh fdq eh xvhg wr vshfli|

wkh pdjqhwlf �hog lq doo qrghv/ h1j1 dv ixqfwlrq ri srvlwlrq1 Hyhq li wkh urxwlqh

lv qrw xvhg/ d gxpp| yhuvlrq vkrxog vwloo eh dydlodeoh dw frpslodwlrq wlph1 Wkh

iroorzlqj h{dpsoh vhwv d xqlirup �hog E @ 4 lq wkh } gluhfwlrq1

VXEURXWLQH PKGE[W+[S/\S/]S/VFDO/LE[/LE\/LE]/EVFDOH/EPD[

. /QQRGH/QSKDVH/QVFDO,

F

F Urxwlqh iru vshflilfdwlrq ri h{whuqdo E0ilhog1

F

GLPHQVLRQ

. VFDO+QQRGH/QSKDVH/QVFDO,

. /[S+QQRGH,/\S+QQRGH,/]S+QQRGH,

F

F0000000000000000000000000000000000000000000000000000000000

F

F E0ilhog vkrxog eh vshflilhg ehorz iru doo qrghv/ h1j1

F dv d ixqfwlrq ri qrgh frruglqdwhv [S/ \S dqg ]S$

F

F Pd{lpxp qrup ri E vkrxog eh vwruhg lq EPD[$

F

F 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

GR 433 LQRGH@4/QQRGH

F

E[ @ 313

E\ @ 313

E] @ 413

F

VFDO+LQRGH/4/LE[,@E[

VFDO+LQRGH/4/LE\,@E\

VFDO+LQRGH/4/LE],@E]

EPD[@PD[+EPD[/VTUW+E[--5.E\--5.E]--5,,

F

433 FRQWLQXH

F0000000000000000000000000000000000000000000000000000000000

UHWXUQ

HQG
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Wkh idfwru EVFDOH fdq eh vshfl�hg lq wkh frppdqg �oh/ vr wkdw wkh pdjql0

wxgh ri wkh pdjqhwlf �hog fdq eh vfdohg zlwkrxw uhfrpslolqj wkh iruwudq urxwlqhv1

E161 XVUGLI1 H{solflwo| vhwv wkh wrwdo gl�xvlylw| iru wkh HSRW htxdwlrq

htxdo wr wkh hohfwulf frqgxfwlylw| FRQG vwruhg lq wkh XF PKG frpprq eorfn1

Wklv lv qhfhvvdu| wr ryhuulgh wkh wxuexohqw gl�xvlylw| dgghg e| FI[1 +Qrwh wkdw

wkh gl�xvlylw| fdq eh vfdodu ru whqvruldo/ ghshqglqj rq zkdw wxuexohqfh prgho

lv xvhg1,

E171 XVUZWP1 Iru wkh HSRW htxdwlrq/ vhwv wkh wxuexohqw zdoo pxowlsolhu

WPXOW iru hdfk zdoo erxqgdu| qrgh wr

WPXOW @
FRQG

\ZDOO
> +:6,

zkhuh FRQG lv wkh hohfwulf frqgxfwlylw|/ dqg \ZDOO wkh glvwdqfh wr wkh �uvw

qrgh1 Wklv ryhuulghv wkh h�hfw ri wkh wxuexohqw zdoo ixqfwlrq lq FI[/ dqg hqvxuhv

qdwxudo zdoo erxqgdu| frqglwlrqv iru wkh HSRW htxdwlrq1

E181 PKGVUF1 Fdoohg iurp XVUVUF/ iru erwk LFDOO@4 dqg LFDOO@51

Iru wkh HSRW htxdwlrq/ dqg li LFDOO@4/ PKGMVI lv fdoohg wr frpsxwh

qrupdo �x{ frpsrqhqwv ri wkh whup �+X�E, rq doo fhoo idfhv1 Wkhq PKGVHS

lv fdoohg wr frpsxwh wkh vrxufh whup iru HSRW1 PKGVHS lv fdoohg dovr li

LFDOO@5/ iru prgl�fdwlrq ri VX/ VS/ dqg DP wr dffrxqw iru erxqgdu| frqgl0

wlrqv1

PKGVUF ixuwkhu frpsxwhv pdjqhwlf vrxufh whupv iru doo wxuexohqfh htxd0

wlrqv/ lqfoxglqj DOSKD1 Wkh pdjqhwlf vrxufh whupv lq doo wxuexohqfh htxdwlrqv

duh pxowlsolhg e| wkh idfwru FDPRG1 E| ghidxow FDPRG@4/ exw e| vhwwlqj lw

wr }hur zlwk wkh PKG prgho rswlrqv lq wkh frppdqg �oh/ doo pdjqhwlf vrxufh

whupv duh glvdeohg1

Li wkh phdq vwudlq whupv lq wkh DOSKD htxdwlrq duh wr eh frpsxwhg/ wkh

phdq yhorflw| judglhqwv duh frpsxwhg zlwk wkh FI[ urxwlqh JUDGY1 Wkh gli0

ihuhqw DOSKD vrxufh whup frqwulexwlrqv duh fxuuhqwo| vwruhg lq xvhu vfdoduv +vhh

Vhf1 518,=

V PDJ @ ���> +:7,

V UHW @ ��> +:8,

V SUG @ S�> +:9,

V SVW @ �+u,� = +::,

E191 PKGMVI1 Fdoohg iurp PKGVUF1 Frpsxwhv dqg vwruhv wkh qrupdo �x{

frpsrqhqwv �+X�E,i �Di rq doo fhoo idfhv1

Lq wkh lqwhulru ri wkh �rz grpdlq/ idfldo ydoxhv ri X dqg E duh lqwhusrodwhg

xvlqj wkh FI[ zhljkw idfwruv ZIDFW1 Zh dvvxph qr0vols erxqgdulhv/ vr wkdw

X @ 3 rq doo zdoov1 Wkh uhohydqw yhorflw| dw lqohw/ suhvvxuh dqg pdvv�rz erxqg0

dulhv duh wdnhq iurp wkh gxpp| qrghv dw wkh erxqgdu|1 Li wkh frppdqg �oh
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rswlrqv iru lqvxowhg erxqgdulhv duh vshfl�hg/ krzhyhu/ wkh qrupdo �x{ lv vhw wr

}hur dw wkh uhvshfwlyh erxqgdulhv1

E1:1 PKGVHS1 Fdoohg iurp PKGVUF iru erwk LFDOO@4 dqg LFDOO@51

Li LFDOO@4/ PKGVHS orrsv ryhu doo fhoov dqg frpsxwhv wkh vrxufh whup iru

HSRW iurp wkh idfldo vrxufh fxuuhqwv frpsxwhg lq PKGMVI1

Li LFDOO@5/ dqg li wkh uhohydqw lqvxodwhg erxqgdu| rswlrq lv vshfl�hg/ wkh

pdwul{ frh�flhqw DP lq wkh gluhfwlrq ri wkh erxqgdu| lv vhw wr }hur lq doo dfwlyh

fhoov dgmdfhqw wr wkh erxqgdu|1

Li d }hur uhihuhqfh srlqw iru HSRW lv vshfl�hg/ PKGVHS vhwv VX@3 iru wklv

qrgh/ VS wr d odujh qhjdwlyh qxpehu/ dqg doo lwv pdwul{ frh�flhqwv wr }hur1 Wklv

irufhv HSRW wr }hur lq wkh qrgh1

E1;1 PKGEI1 Fdoohg iurp XVUEI1 Frpsxwhv wkh wrwdo fxuuhqw ghqvlw| dqg

wkh Oruhqw} irufh lq doo fhoov1 Wkh wrwdo fxuuhqw ghqvlw| lv vwruhg lq xvhu vfdoduv1

Wkh wrwdo fxuuhqw ghqvlw| lv jlyhq e|

M @ ��u�. �X�E= +:;,

Lq wkh �uvw sduw ri wkh urxwlqh/ PKGJHS lv fdoohg wr frpsxwh wkh judglhqw ri

HSRW1 Iru wkh X�E whup wr ehkdyh zhoo wrjhwkhu zlwk wkh judglhqw whup/ zh

qhhg wr frpsxwh X � E lq wkh fhoo fhqwhu dv wkh dyhudjh ri wkh frqwudyduldqw

frpsrqhqwv rq wkh idfhv ri wkh fhoo1 Wkh surfhgxuh lv vlplodu wr wkdw xvhg iru

erg| irufhv lq FI[/ wr pdnh wkhvh frpsdwleoh zlwk judglhqwv ri suhvvxuh1

Li wkh julg lv uhfwdqjxodu/ wkh frqwudyduldqw frpsrqhqwv ri X � E fdq eh

h{suhvvhg lq whupv ri wkh qrupdo �x{ frpsrqhqwv douhdg| frpsxwhg e| PKG0

MVI iru wkh HSRW vrxufh whupv1 Qrwh/ krzhyhu/ wkdw PKGMVI lv fdoohg iurp

PKGEI rq wkh �uvw lwhudwlrq/ li lw lv d uhvwduw iurp dq h{lvwlqj gxps �oh1 Wklv

lv ehfdxvh wkh prphqwxp htxdwlrqv duh wkh �uvw yduldeohv lq wkh rxwhu lwhudwlrq/

dqg qr fdoo kdv |hw ehhq pdgh wr PKGMVI iurp PKGVUF1

Li wkh julg lv erg|0�wwhg +dqg suhvxphg qrq0ruwkrjrqdo,/ zh fdoo PKGMVF

wr frpsxwh dqg vwruh wkh frqwudyduldqw frpsrqhqwv ri X�E rq wkh idfhv1

Wkh Oruhqw} irufh lv pxowlsolhg e| wkh idfwru FOI ehiruh lw lv dgghg wr wkh

erg| irufh duud|1 E| ghidxow FOI@4/ exw e| vhwwlqj lw wr }hur zlwk wkh PKG

prgho rswlrq lq wkh frppdqg �oh/ wkh Oruhqw} irufh fdq eh glvdeohg1

E1<1 PKGMVF1 Fdoohg iurp PKGEI1 Frpsxwhv dqg vwruhv wkh frqwudyduldqw

frpsrqhqwv ri X � E rq wkh idfhv1 +Wkhvh frpsrqhqwv ryhuzulwh wkh qrupdo

�x{ frpsrqhqwv suhylrxvo| vwruhg e| PKGMVI1, Wkh jhqhudo dssurdfk/ dqg wkh

wuhdwphqw ri erxqgdu| frqglwlrqv/ lv vlplodu wr wkdw lq PKGMVI +vhh Dss1 E19,1

E1431 PKGJHS dqg PKGJH51 Fdoohg e| PKGEI1 Fdoov wkh FI[ urx0

wlqh JUDGV wr frpsxwh wkh judglhqwv ri HSRW1 Wkh judglhqwv pxvw krzhyhu eh

prgl�hg lq wkh fhoov dgmdfhqw wr zdoov/ lqohwv/ suhvvxuh dqg pdvv�rz erxqgdulhv1

Wkh pdlq uhdvrq iru wklv lv wkdw wkh qrupdo judglhqw dw zdoov lv lqfrpsohwh/ dv

wkh zdoo judglhqw ri d vfdodu xvxdoo| ghshqgv rq d wxuexohqw zdoo ixqfwlrq1
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Wkh prgl�fdwlrq dw erxqgdulhv lv pdgh lq wzr vwhsv1 Iluvw/ wkh judglhqw

lq fhoov dgmdfhqw wr zdoo/ lqohw/ suhvvxuh dqg pdvv�rz erxqgdulhv duh pdunhg dv

xqgh�qhg/ e| vhwwlqj lwv { frpsrqhqw wr d odujh gxpp| ydoxh +odujhu wkdq 4343,1

Lq wkh qh{w vwhs/ zh orrs djdlq ryhu fhoov dgmdfhqw wr wkh gl�huhqw erxqgdu| w|shv1

Wkh qhz judglhqw lq wkh qrgh S lv gh�qhg dv�
C�

C{

�
S

@
4

YS

[
i

�iDi > +:<,

zkhuh YS lv wkh fhoo yroxph/ �i wkh ydoxh ri HSRW dw wkh fhoo idfhv i / dqg Di lv

wkh idfh duhd yhfwruv1 Wklv htxdwlrq iroorzv iurp wkh jhqhudol}hg Jdxvv odz +vhh

wkh FI[ pdqxdo/ Vhf1 4615,1 Li wkh judglhqw lv douhdg| gh�qhg +zloo kdsshq li wkh

fhoo lv dgmdfhqw wr pruh wkdq rqh erxqgdu|,/ wkh frqwulexwlrq iurp wkh fxuuhqw

erxqgdu| lv prgl�hg zlwk wkh dssursuldwh ydoxh ri HSRW dw wkh fxuuhqw idfh1

Wkh fdofxodwlrq ri wkh judglhqw +:<, lq dq lqglylgxdo fhoo lv shuiruphg lq wkh

urxwlqh PKGJH5/ zklfk lv fdoohg iurp PKGJHS zlwk wkh dssursuldwh HSRW

ydoxh iru wkh fxuuhqw erxqgdu| idfh1

Wkh HSRW ydoxh iru d idfh dw d zdoo lv wdnhq iurp wkh dfwlyh fhoo1 Wklv

fruuhvsrqgv wr wkh ghvluhg }hur qrupdo judglhqw dw wkh zdoo1 Wkh ghidxow ehkdylru

iru dq lqohw erxqgdu| lv wr wdnh wkh HSRW ydoxh iurp wkh erxqgdu| qrgh/ zkhuh

wkh erxqgdu| frqglwlrqv duh vwruhg1 Li wkh lqvxodwhg lqohw rswlrq lv dfwlyh/ wkh

ydoxh lv lqvwhdg wdnhq iurp wkh dfwlyh fhoo +}hur qrupdo judglhqw,1 Wkh ghidxow

ehkdylru iru suhvvxuh dqg pdvv�rz erxqgdulhv lv wr xvh wkh HSRW ydoxh iurp

wkh gxpp| qrgh1 Wkh ydoxh lq wkh gxpp| qrgh lv htxdo wr wkh ydoxh lq wkh

dfwlyh fhoo rq rxw�rz +Qhxpdqq erxqgdu| frqglwlrqv,/ exw htxdo wr wkh Glulfkohw

frqglwlrq vshfl�hg dw wkh sdwfk lq fdvh ri lq�rz1 Li wkh lqvxodwhg rxwohw rswlrq

lv dfwlyh/ wkh ydoxh lq wkh dfwlyh qrgh lv xvhg lqvwhdg +}hur qrupdo judglhqw,1

Dsshqgl{ F1 PDSOH vfulsw iru jhqhudwlqj vrxufh whupv

Ehorz lv d olvwlqj ri d PDSOH vfulsw iru jhqhudwlqj wkh iruwudq vrxufh iru wkh

vrxufh whupv lq wkh DOSKD htxdwlrq1 D vlplodu surfhgxuh lv xvhg iru wkh vrxufh

whupv lq wkh Uh|qrogv vwuhvv htxdwlrqv1

efpz>ezD��z�C'�=>'{�D��z�CP'Jzp�D

n������������������������������������������������������
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PRGHOLQJ DQLVRWURSLF PKG WXUEXOHQFH

LQ VLPXODWLRQV RI OLTXLG PHWDO IORZV

�*@ `�_*�?_

6@ �i? w@MLh@|Lh)

+L)@* W?t|�|�|i Lu AiU�?L*L})

5,��ff eec 5|LU!�L*4c 5�i_i?

41 Lqwurgxfwlrq

Hohfwurvwdwlf pdjqhwlf �hogv duh xvhg lq frqwlqxrxv fdvwlqj ri vwhho wr eudnh dqg

frqwuro wkh phdq �rz ri oltxlg phwdo lq wkh prxog1 Wkh pdjqhwlf �hog dovr fdxvhv

pdjqhwlf Mrxoh glvvlsdwlrq ri wxuexohqfh/ wkxv d�hfwlqj wxuexohqw wudqvsruw ri

khdw dqg pdvv1 Qxphulfdo vlpxodwlrqv ri wklv dqg rwkhu wxuexohqw PKG �rzv

jhqhudoo| vx�hu iurp wkh lqdelolw| ri frqyhqwlrqdo wxuexohqfh prghov +olnh wkh

N~% prgho/ ru d ixoo Uh|qrogv vwuhvv forvxuh, wr ghdo zlwk wkh odujh dqlvrwurslhv

ri ohqjwk vfdohv hqfrxqwhuhg lq PKG wxuexohqfh1 Wr lpsuryh wkh vlwxdwlrq/ lw

kdv ehhq vxjjhvwhg wr lqfoxgh lqirupdwlrq derxw ohqjwk0vfdoh dqlvrwurs| lq dq

h{whqghg Uh|qrogv vwuhvv prgho iru PKG dssolfdwlrqv +Zlgoxqg hw do1 ^9`,1

Wkh vr0fdoohg glphqvlrqdolw| whqvru/ \lm/ zdv �uvw lqwurgxfhg e| Uh|qrogv ^7`

wr khos ghvfuleh wkh h�hfw ri udslg urwdwlrq rq wxuexohqfh1 Zkloh wkh Uh|qrogv

vwuhvv whqvru Ulm dffrxqwv iru wkh nlqhwlf hqhuj| ri �xfwxdwlrqv lq gl�huhqw gl0

uhfwlrqv/ wkh glphqvlrqdolw| whqvru fduulhv lqirupdwlrq derxw wkh ohqjwk vfdohv lq

gl�huhqw gluhfwlrqv1 Wkh odwwhu lqirupdwlrq vhhpv ylwdo iru d fruuhfw ghvfulswlrq

ri Mrxoh glvvlsdwlrq1 Wkh vfdodu Mrxoh glvvlsdwlrq udwh fdq/ iru h{dpsoh/ eh h{0

dfwo| h{suhvvhg lq whupv ri wkh frpsrqhqw ri wkh glphqvlrqdolw| whqvru zklfk lv

sdudooho zlwk wkh pdjqhwlf �hog/

� @
4

5
�qq @

�E5

�
qlqm\ml> +4,

zkhuh ql lv d xqlw gluhfwlrq yhfwru ri wkh pdjqhwlf �hog1

D frqyhqwlrqdo Uh|qrogv vwuhvv wudqvsruw +UVW, prgho lqfoxghv wudqvsruw

htxdwlrqv iru wkh vl{ lqghshqghqw Uh|qrogv vwuhvvhv dqg wkh vfdodu ylvfrxv glv0

vlsdwlrq udwh1 Lqvsluhg e| +4,/ dq UVW prgho kdv ehhq h{whqghg zlwk d prgho

wudqvsruw htxdwlrq iru d glphqvlrqdolw| dqlvrwurs| yduldeoh �/ gh�qhg dv

� � qlqm\ml
5N

= +5,

Wkh dqlvrwurslf Mrxoh glvvlsdwlrq whqvru lv wkhq prghohg zlwk dq lqyduldqw whqvru

ixqfwlrq lq U dqg �1 Dq h{dfw wudqvsruw htxdwlrq iru � fdq eh ghulyhg iurp

�hiti?|i_ @| e|� W?|ih?@|�L?@* ���W+ �L?uihi?Uic �hit^�<	>*i _i B�i?tc 6h@?Uic

5iT|i4Mih �H�22c 2fff�

4:<



4;3 PRGHOLQJ DQLVRWURSLF PKG WXUEXOHQFH

wkh Qdylhu~Vwrnhv htxdwlrqv/ lqfoxglqj pdjqhwlf dqg lqhuwldo h�hfwv/ dv zhoo dv

h�hfwv ri phdq vkhdu dqg vwudlq1 Doo whupv lq wkh htxdwlrq uhtxluh prgholqj/

krzhyhu1

Wkh frpsohwh prgho kdv ehhq lpsohphqwhg lq wkh frpphufldo FIG vroyhu

FI[7 ^8`1 Suhglfwlrqv vkrz txdolwdwlyh djuhhphqw zlwk dydlodeoh h{shulphqwv iru

wkh hqhuj| glvvlsdwlrq/ dqg wkh horqjdwlrq ri wxuexohqfh vwuxfwxuhv1 Wkh| dovr

ghprqvwudwh nqrzq olplwdwlrqv zlwk wkh fxuuhqw prgho lpsohphqwdwlrq/ zkhq lw

frphv wr suhglfwlqj h{wuhph Uh|qrogv vwuhvv dqlvrwurslhv lq zdoo erxqghg �rzv1

Lq Vhfwlrq 5 zh kljkoljkw surshuwlhv ri wkh prgho iru wkh krprjhqhrxv fdvh/

dqg frpsduh suhglfwlrqv zlwk wkh fodvvlfdo h{shulphqw ri Dohpdq| hw do1 ^4`1

Lq Vhfwlrq 6 zh eulh�| glvfxvv h�hfwv ri lqkrprjhqhlw| lq zdoo erxqghg �rzv1

Wkhvh h�hfwv duh fxuuhqwo| qrw fdswxuhg e| wkh prgho1

51 Krprjhqhrxv wxuexohqfh

5141 Prgho htxdwlrqv1 Dvvxph Fduwhvldq frruglqdwhv rulhqwhg vr wkdw wkh

pdjqhwlf �hog yhfwru lv lq wkh {60gluhfwlrq/ l1h1 E @ Eh61 Iru wkh fdvh ri krpr0

jhqhrxv vkhdu0iuhh PKG wxuexohqfh/ lqlwldoo| d{lv|pphwulf derxw wkh pdjqhwlf

�hog yhfwru/ wkhuh lv rqo| wzr lqghshqghqw Uh|qrogv vwuhvv frpsrqhqwv/ U44 dqg

U66/ dqg wkh wxuexohqw nlqhwlf hqhuj| lv N @ +5U44 . U66,@51 Li zh lqwurgxfh

d pdjqhwlf wlph vfdoh � @ �@+5�E5,/ wkh Uh|qrogv vwuhvv forvxuh sursrvhg e|

Zlgoxqg hw do1 ^9` uhgxfhv wr

gN

gw
@ �%� 4

�
�N> +6,
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@ �F%5

%5

N
� F%�
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� F�4

�
�5> +8,

gU66
gw

@ �66 � 5

6
%� J+�>U66@N, .K+�,

�
U66= +9,

Dq htxdwlrq iru U44 lv uhgxqgdqw/ dv lw fdq eh frpsxwhg iurp N dqg U661 Lq

+9,/ �66 lv d frpsrqhqw ri d uhwxuq0wr0lvrwurs| prgho iru vorz suhvvxuh~vwudlq/

dqg wkh dqlvrwurs| ri wkh Mrxoh glvvlsdwlrq lv jryhuqhg e| wkh ixqfwlrqv J dqg

K> vhh ^9` iru ghwdlov1

Wkh N htxdwlrq lv h{dfw/ dv wkh Mrxoh glvvlsdwlrq whup iroorzv iurp wkh gh�0

qlwlrq ri �1 Lq frqwudvw/ erwk ghvwuxfwlrq whupv lq wkh % htxdwlrq +7, duh prgho

whupv/ zlwk prgho frqvwdqwv F%5 dqg F%�/ uhvshfwlyho|1 Wkh odvw whup lq +8,

uhsuhvhqwv ghvwuxfwlrq ri � gxh wr wkh pdjqhwlf �hog/ gulylqj wkh htxdwlrq wr0

zdugv wkh 5G olplw +� @ 3,1 Wkh �uvw whup lq +8, lv d olqhdu uhwxuq0wr0lvrwurs|

whup ri Urwwd0w|sh/ zklfk jryhuqv d uhwxuq wr wkh lvrwurslf vwdwh zkhq wkhuh

lv qr pdjqhwlf �hog1 Lq wkh krprjhqhrxv fdvh/ wkh surshuwlhv ri wkh prgho duh

ghwhuplqhg e| wkh frxsohg qrq0olqhdu v|vwhp ri vfdodu RGH=v iru N/ % dqg �

+ghfrxsohg iurp vwuhvv dqlvrwurs|,1
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Lq wkh devhqfh ri pdjqhwlf �hog/ +6, dqg +7, irup wkh idploldu wzr0htxdwlrq

N~% prgho1 Wkhuh duh dqdo|wlf vroxwlrqv iru N dqg % lq wklv fdvh1 Iru odujh

wlphv N+w, � w�q/ zkhuh q � 4@+F%5 � 4,1 Wkh vwdqgdug ydoxh F%5 @ 4=<5 jlyhv

q � 4=3< / lq jrrg djuhhphqw zlwk h{shulphqwv rq julg jhqhudwhg wxuexohqfh1

Lq wkh olplw ri odujh lqwhudfwlrq qxpehuv +Q � �E5N@+�%,  4,/ Mrxoh glv0

vlsdwlrq grplqdwhv dqg wkh ghfd| lv frqwuroohg e| wkh N dqg � htxdwlrqv1 Dq0

do|wlf srzhu odz vroxwlrqv fdq eh irxqg dovr iru wklv fdvh ^:`/ dqg N+w, � w�q

zlwk q � 4@F�41 E| fkrrvlqj F�4 @ 5 wkh prgho lv pdgh frqvlvwhqw zlwk wkh dv0

|pswrwlf ghfd| udwh N � w�4@5 irxqg hduolhu e| Pr�dww ^6`1 Wkh lqwhjudo ohqjwk

vfdoh O � N6@5@% jrhv dv w+F%��6@5,@F�4 / vr wkdw wkh ohqjwk vfdoh lv xqd�hfwhg li

F%� @ 6@51 Ixuwkhupruh/ �+w, � w�4 iru odujh w1 Frpsdulvrq zlwk hduolhu zrun

vxjjhvwv wkdw � � +O@On,
5/ vr wkdw wklv lv frqvlvwhqw zlwk On � w4@5 li O fkdqjhv

vorzo| ^5`1

Wkh vlwxdwlrq lv pruh frpsolfdwhg iru lqwhuphgldwh lqwhudfwlrq qxpehuv1 Dv

h{sodlqhg lq vshfwudo whupv e| Dohpdq| hw do1 ^4`/ zh zloo hyhqwxdoo| uhdfk d edo0

dqfh ehwzhhq Mrxoh glvvlsdwlrq dqg qrqolqhdu dqjxodu hqhuj| wudqvihu1 Dqjxodu

hqhuj| wudqvihu lv uhsuhvhqwhg lq wkh � htxdwlrq +8, e| wkh _uhwxuq0wr0lvrwurs|%

whup/

�� @ F�5
%

N
+4@6� �, = +:,

Wkh ehkdylru ri +:, qhdu � @ 3 lv yhu| lpsruwdqw iru odujh wlphv1 Rqh fdq dujxh

wkdw wkh vshfwudo wuldg lqwhudfwlrqv uhvsrqvleoh iru wkh dqjxodu hqhuj| wudqvihu

vkrxog ydqlvk lq wkh olplw ri 5G wxuexohqfh/ zkhuh doo wkh hqhuj| lv frqfhqwudwhg

lq wkh zdyh qxpehu sodqh nn @ 31 Wklv phdqv wkdw �� vkrxog eh }hur iru � @ 31

Lq frqwudvw/ wkh olqhdu prgho whup +:, kdv lwv pd{lpxp ydoxh iru � @ 31 Zh

zrxog olnh wr xvh d ydoxh ri F%� forvh wr 6@5 wr jhw d vorz hyroxwlrq ri wkh ohqjwk

vfdoh O/ exw wkhq +:, fdxvhv d idvwhu hqhuj| ghfd| wkdq zh zrxog h{shfw +� w�7

iru odujh wlphv,1 Lq wkh iroorzlqj zh xvh F%� @ 6@5/ zlwk d vpdoo ydoxh ri F�5

lq +:, wr srvwsrqh wkh dgyhuvh h�hfw rq wkh hqhuj| ghfd|1

Lw zrxog eh idluo| hdv| wr frqvwuxfw d kljkhu0rughu prgho whup iru ��/ zklfk

lv }hur lq erwk wkh lvrwurslf dqg 5G vwdwhv1 D ghwdlohg dqdo|vlv vkrzv wkdw wkh

ghvluhg dv|pswrwlf ghyhorsphqw ri erwk hqhuj| dqg ohqjwk vfdohv fdq wkhq eh

rewdlqhg e| dgmxvwlqj wkh vorsh ri �� qhdu � @ 31

5151 Frpsdulvrq zlwk h{shulphqw1 Wkh h{shulphqwv e| Dohpdq| hw do1

phdvxuhg wkh u1p1v1 yhorflw| sdudooho zlwk wkh pdjqhwlf �hog/ xn/ dqg wkh sdudooho

lqwhjudo vfdoh/ on1 Wkh PKG wxuexohqfh prgho/ rq wkh rwkhu kdqg/ ihdwxuhv wkh

lqghshqghqw yduldeohv U66/ N/ % dqg �> rqo| U66 fdq eh frpsduhg gluhfwo| zlwk

wkh phdvxuhg x5n1 Zh wkhuhiru dvvxph wkdw d wxuexohqw ohqjwk vfdoh O dqg d

sdudooho ohqjwk vfdoh On fdq eh uhodwhg wr wkh forvxuh yduldeohv wkurxjk

O @ D
N6@5

%
> � @ �lvr

�
O

On

�5
> +;,
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zkhuh D lv d frqvwdqw ri rughu rqh/ dqg �lvr @ 4@6 wkh lvrwurslf ydoxh ri �1

Dohpdq| hw do1 shuiruphg h{shulphqwv zlwk dqg zlwkrxw pdjqhwlf �hog/ dqg

iru wkuhh gl�huhqw phdq yhorflwlhv/ X @ ^8> 43> 53` fp2v1 Zlwkrxw pdjqhwlf �hog/

zh vkrxog �qg jrrg djuhhphqw ehwzhhq wkh vwdqgdugN0%prgho dqg h{shulphqwv

li wkh Uh|qrogv qxpehu lv kljk hqrxjk1 Wklv dsshduv wr eh wkh fdvh rqo| iru

X @ 53 fp2v> iru wkh orzhu yhorflwlhv wkh ohqjwk vfdoh ghyhorsphqw lv vorzhu wkdq

suhglfwhg e| wkh prgho dqg frqyhqwlrqdo wkhru|1 Wkh frpsdulvrq ehorz lv pdgh

rqo| iru X @ 53 fp2v1

Olnh Dohpdq| hw do1/ zh suhvhqw wkh uhvxowv zlwk wkh qrq0glphqvlrqdo wlph

vfdoh ] � ]3 @ wX@P / zkhuh P @ 5 fp lv wkh phvk vl}h/ ]3 @ 7 lv wkh orfdwlrq

ri wkh h�hfwlyh ruljlq/ dqg w lv uhdo wlph lq wkh vlpxodwlrq1 Lqlwldo frqglwlrqv zhuh

frpsxwhg iurp phdvxuhg gdwd lq ] �]3 @ 5/ fruuhvsrqglqj wr d wlph w4 lq wkh

vlpxodwlrqv1 Dq RGH vroyhu zdv wkhq uxq iruzdugv dqg edfnzdugv lq wlph/ vr

zh frxog fkhfn wkh prgho ehkdylru qhdu wkh h�hfwlyh ruljlq1 Wkh phdvxuhg x5n dw

w @ w4 zdv xvhg iru wkh lqlwldo U661 Wkh Uh|qrogv vwuhvv dqlvrwurs| lv vpdoo dqg

grhv qrw d�hfw uhvxowv pxfk> zh frpsxwhg N dvvxplqj U44 @ 3=;8U661 On zdv

wdnhq iurp wkh phdvxuhg on1 Wkh wxuexohqw ohqjwk vfdoh O kdg wr eh hvwlpdwhg>

zh xvhg d ydoxh O4 @ 3=58 fp wkdw pdnhv O dssur{lpdwho| htxdo wr On lq wkh

h�hfwlyh ruljlq1 Lqlwldo ydoxhv iru % dqg � zhuh frpsxwhg xvlqj uhodwlrqv +;,/ zlwk

d frqvwdqw D @ 3=56 dgmxvwhg wr pdwfk wkh phdvxuhg hqhuj| ghfd|1 Wkh prgho

frh�flhqwv xvhg lq wkh vlpxodwlrq zhuh iF%5> F�4> F�5> F%�j @ i4=<5> 5> 3=7> 4=8j
+vhh glvfxvvlrq deryh,1

Uhvxowv duh vkrzhg lq Ilj1 41 Wkh djuhhphqw ehwzhhq prgho suhglfwlrqv dqg

phdvxuhphqwv lv jrrg1 Qrwh hvshfldoo| wkdw wkh ghfd| ri � suhglfwhg e| wkh

prgho uhsurgxfhv wkh glyhujhqfh ri wkh wzr ohqjwk vfdohv> idvwhu jurzwk ri wkh

sdudooho vfdoh/ dqg vorzhu ri wkh wxuexohqw ohqjwk vfdoh1 D ghwdlohg dqdo|vlv ri

wkh prgho htxdwlrqv vkrzv wkdw wkh prgho yduldeohv kdyh srzhu0odz ehkdylru

ghwhuplqhg e| wkh prgho frh�flhqwv1 Zh wkhuhiru h{shfw wkdw wkh frh�flhqwv

pd| eh jlyhq ydoxhv ri udwkhu jhqhudo ydolglw|1

61 Dgglwlrqdo h�hfwv lq zdoo0erxqghg �rzv

Lq frqwudvw wr krprjhqhrxv wxuexohqfh/ zdoo erxqghg wxuexohqfh lq d pdjqhwlf

�hog whqg wr ehfrph qrw rqo| wzr0glphqvlrqdo +orqj vwuxfwxuhv lq wkh pdjqhwlf

�hog gluhfwlrq,/ exw dovr wzr0frpsrqhqw/ l1h1/ zlwk ydqlvklqj hqhuj| lq wkh �hog0

sdudooho vwuhvv frpsrqhqw1 Iru d frxsoh ri uhdvrqv/ wkh fxuuhqw prgho zloo qrw

suhglfw wklv sduwlfxodu ihdwxuh ri zdoo0erxqghg PKG �rzv1

Wkh PKG prgho kdv ehhq ghulyhg lq Irxulhu vsdfh/ zkhuh wkh Srlvvrq htxd0

wlrqv iru �xfwxdwlqj suhvvxuh dqg �xfwxdwlqj hohfwurvwdwlf srwhqwldo fdq eh xvhg

wr holplqdwh wkhvh yduldeohv iurp wkh dqdo|vlv1 Wklv krzhyhu dffrxqwv rqo| iru

wkh krprjhqhrxv sduwv ri wkh vroxwlrqv wr wkh Srlvvrq htxdwlrqv1 Wkh lqkrprjh0

qhrxv frqwulexwlrqv duh ri lpsruwdqfh zkhq wkh wxuexohqfh ohqjwk vfdohv ehfrph

ri wkh vdph rughu dv wkh zdoo glvwdqfh1
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Zh qrwh wkh iroorzlqj=

41 Wkhuh vkrxog eh d qhdu0zdoo fruuhfwlrq wr wkh vfdodu Mrxoh glvvlsdwlrq/ wr

dffrxqw iru wkh lqkrprjhqhrxv frqwulexwlrq wr wkh �xfwxdwlqj srwhqwldo1

51 Lq d Uh|qrogv vwuhvv forvxuh/ wkh suhvvxuh~vwudlq udwh fruuhodwlrq lv uhvsrq0

vleoh iru uhglvwulexwlrq ri hqhuj| ehwzhhq vwuhvv frpsrqhqwv1 Wkh suhvvxuh~

vwudlq whupv duh l1d1 uhvsrqvleoh iru wkh gdpslqj ri zdoo0qrupdo Uh|qrogv

vwuhvvhv qhdu zdoov1 Wkh pdjqhwlf sduw ri wkh suhvvxuh~vwudlq fruuhodwlrq lv

lqfoxghg lq wkh Mrxoh glvvlsdwlrq whqvru/ exw rqo| wkh krprjhqhrxv h�hfwv

duh dffrxqwhg iru lq wkh suhvhqw prgho1

61 Wkh vr0fdoohg vorz dqg udslg suhvvxuh~vwudlq whupv duh sduw ri wkh frq0

yhqwlrqdo Uh|qrogv vwuhvv forvxuh1 Prvw frpphufldo lpsohphqwdwlrqv ri

wkhvh prghov dovr qhjohfw wkh lqkrprjhqhrxv frqwulexwlrqv wr �xfwxdwlqj

suhvvxuh lq prghov iru suhvvxuh~vwudlq1

71 Wkh olqhdu prghov iru wkh ylvfrxv glvvlsdwlrq dqg suhvvxuh~vwudlq whqvruv

xvhg lq wkh prvw frpprq Uh|qrogv vwuhvv prghov duh qrw _uhdol}deoh%/ l1h1/

wkh| surgxfh xqsk|vlfdo uhvxowv lq wkh olplw ri wzr0frpsrqhqw wxuexohqfh1

Lq idfw/ wkh| jlyh uhdvrqdeoh dffxudf| rqo| iru prghudwh dqlvrwurslhv1

Wkh odvw lwhp frxog eh dgguhvvhg zlwk kljk0rughu prghov dydlodeoh lq wkh

olwhudwxuh/ exw dw wkh frvw ri dojheudlf frpsoh{lw|1 Wkh rwkhu lwhpv duh shukdsv

pruh lqwulfdwh/ dqg fkdudfwhulvwlf ri orfdo rqh0srlqw prgholqj1 Wkh wxuexohqw

suhvvxuh~vwudlq fruuhodwlrq lv qrq0orfdo e| qdwxuh1 Dq| ghvfulswlrq ri lw lq whupv

ri orfdo rqh0srlqw vwdwlvwlfv lv wkhuhiru xqolnho| wr eh xqlyhuvdo/ exw pd| ghshqg

rq jhrphwu| dqg rwkhu surshuwlhv ri wkh �rz1

Rqo| wkh �uvw lwhp dssolhv wr d wkuhh0htxdwlrq N0%0� prgho1 Wklv nlqg ri

prgho/ rq wkh rwkhu kdqg/ dvvxphv lvrwurslf wxuexohqw gl�xvlrq/ dqg xvhv wkh
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Erxvvlqhvt k|srwkhvlv +uhodwlqj vwuhvv dqlvrwurs| wr phdq vwudlq, iru prgholqj

ri wkh surgxfwlrq whup1 D srvvleoh urxwh wr dq h�hfwlyh hqjlqhhulqj prgho frxog

eh wr prgho dqlvrwurslf gl�xvlrq dqg vwuhvv dqlvrwurs| xvlqj wkh dqlvrwurs|

lqirupdwlrq dydlodeoh lq �1

Uhihuhqfhv

^4` D1 Dohpdq|/ U1 Pruhdx/ S1 O1 Vxohp/ dqg X1 Iulvfk1 Lq�xhqfh ri dq h{whu0

qdo pdjqhwlf �hog rq krprjhqhrxv pkg wxuexohqfh1 Mrxuqdo gh P�hfdqltxh/

5;=5::~646/ 4<:<1

^5` S1 D1 Gdylgvrq1 Wkh uroh ri dqjxodu prphqwxp lq wkh pdjqhwlf gdpslqj ri

wxuexohqfh1 Mrxuqdo ri Ioxlg Phfkdqlfv/ 669=456~483/ 4<<:1

^6` K1 N1 Pr�dww1 Rq wkh vxssuhvvlrq ri wxuexohqfh e| d xqlirup pdjqhwlf �hog1

Mrxuqdo ri Ioxlg Phfkdqlfv/ 5;=8:4~8<5/ 4<9:1

^7` Zlooldp F1 Uh|qrogv1 H�hfwv ri urwdwlrq rq krprjhqhrxv wxuexohqfh1 Lq

Surf1 43wk Dxvwudodvldq Ioxlg Phfkdqlfv Frqihuhqfh/ Phoerxuqh/ Dxvwudold/

4<;<1 Xqlyhuvlw| ri Phoerxuqh1

^8` R1 Zlgoxqg dqg J1 Wdooe�dfn1 Prgholqj ri dqlvrwurslf wxuexohqw wudqv0

sruw lq vlpxodwlrqv ri oltxlg phwdo �rzv lq pdjqhwlf �hogv1 Lq Surfhhglqjv

ri wkh Wklug Lqw1 V|psrvlxp rq Hohfwurpdjqhwlf Surfhvvlqj ri Pdwhuldov/

HSP5333/ Dsulo 609/ 5333/ sdjhv <:~435/ Qdjr|d/ Mdsdq/ 53331 LVLM1

^9` R1 Zlgoxqg/ V1 ]dkudl/ dqg I1 K1 Edun1 Ghyhorsphqw ri d Uh|qrogv vwuhvv

forvxuh iru prgholqj ri krprjhqhrxv PKG wxuexohqfh1 Sk|vlfv ri Ioxlgv/

43+;,=4<;:~4<<9/ 4<<;1

^:` R1 Zlgoxqg/ V1 ]dkudl/ dqg I1 K1 Edun1 Vwuxfwxuh lqirupdwlrq lq UGW

dqdo|vlv dqg rqh0srlqw prgholqj ri d{lv|pphwulf PKG wxuexohqfh1 Sk|vlfv

ri Ioxlgv/ 45+43,=593<~5953/ 53331
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QRQOLQHDU HIIHFWV LQ PRGHOLQJ RI KRPRJHQHRXV

PKG WXUEXOHQFH ~ FRPSDULVRQ ZLWK H[SHULPHQW
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U@hh�it �?uLh4@|�L? @ML�| *i?}|� tU@*i @?�tL|hLT)� A�i @?@*)t�t t�}}it|t

|�@| |�i 4L_i* |ih4 Lh�}�?@**) ThLTLti_ uLh |�i ?L?*�?i@h i?ih}) |h@?tuih

�? |�i k i^�@|�L? t�L�*_ Mi 4L_��i_c tL |�@| �| �@?�t�it �? |�i 2# *�4�|�

� �?�^�i ti| Lu 4L_i* ULi�U�i?|t UL�*_ Mi _i|ih4�?i_c ���U� 4@!it |�i

4L_i* UL?t�t|i?| ��|� |�iLh) @?_ i Tih�4i?|t uLh �?|ih@U|�L? ?�4Miht �

h@?}�?} uhL4 3ihL |L �?�?�|)� A�i 4L_i* UL�?U�_it ��|� |�i t|@?_@h_ g�0

4L_i* ��i? |�ihi �t ?L 4@}?i|�U �i*_� W? |�i *�?i@h hi}�4i Lu *@h}i � c �|

ThL_�Uit |�i g ; |
3�*2 i?ih}) _iU@) @?_ *i?}|� tU@*i i�L*�|�L? Thi_�U|i_

i@h*�ih M) �Lg@||c @?_ 5L44ih�@ @?_ �Lhi@�� 6Lh �?|ih4i_�@|i �?|ih�

@U|�L? ?�4Miht E|)T�U@**) � ; �� ��ihi ?L?*�?i@h igiU|t @hi �4TLh|@?|c
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41 Lqwurgxfwlrq

Hohfwurvwdwlf pdjqhwlf �hogv kdyh irxqg zlghvsuhdg xvh lq pdq| lqgxvwuldo pd0

whuldov surfhvvlqj dssolfdwlrqv1 Lq frqwlqxrxv fdvwlqj ri vwhho/ iru h{dpsoh/ d

vwdwlf pdjqhwlf �hog lv riwhq dssolhg wr eudnh dqg frqwuro wkh phdq �rz ri oltxlg

phwdo lq wkh prxog1 Qxphulfdo vlpxodwlrqv ri wklv dqg rwkhu wxuexohqw PKG

�rzv jhqhudoo| vx�hu iurp wkh lqdelolw| ri frqyhqwlrqdo wxuexohqfh prghov +olnh

wkh N~% prgho/ ru d ixoo Uh|qrogv vwuhvv forvxuh, wr ghdo zlwk wkh odujh dqlvrwur0

slhv ri ohqjwk vfdohv hqfrxqwhuhg lq PKG wxuexohqfh1 Wr lpsuryh wkh vlwxdwlrq/

lw kdv ehhq vxjjhvwhg wr lqfoxgh lqirupdwlrq derxw ohqjwk0vfdoh dqlvrwurs| lq dq

h{whqghg Uh|qrogv vwuhvv prgho iru PKG dssolfdwlrqv +Zlgoxqg hw do1 ^45`,1

Wkh vr0fdoohg glphqvlrqdolw| whqvru/ \lm/ zdv �uvw lqwurgxfhg e| Uh|qrogv ^9`

wr khos ghvfuleh wkh h�hfw ri udslg urwdwlrq rq wxuexohqfh1 Zkloh wkh Uh|qrogv

vwuhvv whqvru Ulm dffrxqwv iru wkh nlqhwlf hqhuj| ri �xfwxdwlrqv lq gl�huhqw gl0

uhfwlrqv/ wkh glphqvlrqdolw| whqvru fduulhv lqirupdwlrq derxw wkh ohqjwk vfdohv lq

gl�huhqw gluhfwlrqv1 Wkh odwwhu lqirupdwlrq vhhpv ylwdo iru d fruuhfw ghvfulswlrq

ri Mrxoh glvvlsdwlrq1 Wkh vfdodu Mrxoh glvvlsdwlrq udwh fdq/ iru h{dpsoh/ eh h{0

dfwo| h{suhvvhg lq whupv ri wkh frpsrqhqw ri wkh glphqvlrqdolw| whqvru zklfk lv

4;:



4;; QRQOLQHDU HIIHFWV LQ PKG WXUEXOHQFH PRGHOLQJ

sdudooho zlwk wkh pdjqhwlf �hog/

� @
4

5
�qq @

�E5

�
qlqm\ml> +4,

zkhuh ql lv d xqlw gluhfwlrq yhfwru ri wkh pdjqhwlf �hog1

D frqyhqwlrqdo Uh|qrogv vwuhvv wudqvsruw +UVW, prgho lqfoxghv wudqvsruw

htxdwlrqv iru wkh vl{ lqghshqghqw Uh|qrogv vwuhvvhv dqg wkh vfdodu ylvfrxv glvvl0

sdwlrq udwh1 Lqvsluhg e| +4,/ Zlgoxqg hw do1 ^45` h{whqghg d UVW prgho zlwk d

prgho wudqvsruw htxdwlrq iru d glphqvlrqdolw| dqlvrwurs| yduldeoh �/ gh�qhg dv

� � qlqm\ml
5N

= +5,

Wkh dqlvrwurslf Mrxoh glvvlsdwlrq whqvru lv wkhq prghohg zlwk dq lqyduldqw whqvru

ixqfwlrq lq Ulm dqg �1 Dq h{dfw wudqvsruw htxdwlrq iru � fdq eh ghulyhg iurp

wkh Qdylhu~Vwrnhv htxdwlrqv/ lqfoxglqj pdjqhwlf dqg lqhuwldo h�hfwv/ dv zhoo dv

h�hfwv ri phdq vkhdu dqg vwudlq ^46`1 Doo whupv lq wkh htxdwlrq uhtxluh prgholqj/

krzhyhu1

Wkh vwuhqjwk ri pdjqhwlf gdpslqj ri wxuexohqfh/ uhodwlyh wr qrqolqhdu lqhuwldo

phfkdqlvpv/ lv phdvxuhg e| wkh lqwhudfwlrq qxpehu/ ru Vwxduw qxpehu/ gh�qhg

dv

Q � �E5

�

o

x
> +6,

zkhuh x dqg o duh fkdudfwhulvwlf yhorflw| dqg ohqjwk vfdohv ri wkh wxuexohqfh/ E

lv wkh pdjqhwlf �x{ ghqvlw|/ � ghqvlw|/ dqg � hohfwulf frqgxfwlylw|1

D uhfhqw sdshu e| Zlgoxqg hw do1 ^46` vkrzhg wkdw/ lq wkh olqhdu uhjlph ri odujh

lqwhudfwlrq qxpehuv +zkhuh Mrxoh glvvlsdwlrq grplqdwhv,/ wkh sursrvhg prgho

htxdwlrqv kdyh dqdo|wlf vroxwlrqv1 E| fkrrvlqj rqh prgho frqvwdqw dssursuldwho|/

wkhvh duh pdgh frqvlvwhqw zlwk wkh hqhuj| ghfd| N � w�4@5 suhglfwhg hduolhu e|

Pr�dww ^8`/ dqg wkh sdudooho ohqjwk vfdoh jurzwk on � w4@5 sursrvhg e| Vrpphuld

dqg Pruhdx ^43`1

Iru prghudwh ydoxhv ri Q / wkh prgho kdv ehhq vkrzq wr frpsduh zhoo zlwk

uhvxowv iurp wkh ihz dydlodeoh gluhfw qxphulfdo vlpxodwlrqv ri ghfd|lqj krprjh0

qhrxv wxuexohqfh ^45`1 H{shulphqwdo gdwd lv vfduvh> wkh h{shulphqw e| Dohpdq|

hw do1 ^4` lv xqltxh dprqj PKG wxuexohqfh h{shulphqwv/ dv wkhlu vhwxs lv wkh

rqo| rqh lq zklfk zdoo h�hfwv dqg rwkhu lqkrprjhqhlwlhv kdyh qhjoljleoh lpsdfw

rq uhvxowv +vhh dovr Fdshudq dqg Dohpdq| ^5`,1 Lw lv wkxv wkh rqo| h{shulphqw

xvhixo iru ydolgdwlqj prghov ri krprjhqhrxv PKG wxuexohqfh1

Lq wkh suhvhqw sdshu zh vwxg| wkh g|qdplfdo surshuwlhv ri wkh prgho htxd0

wlrqv/ hvshfldoo| iru lqwhuphgldwh lqwhudfwlrq qxpehuv/ Q � 4> lq wklv fdvh zh

kdyh wr ghdo zlwk wkh frpelqdwlrq ri qrqolqhdu hqhuj| wudqvihu/ ylvfrxv dqg pdj0

qhwlf h�hfwv1 Vhfwlrq 5 suhvhqwv jryhuqlqj htxdwlrqv/ dqg prgho htxdwlrqv iru

wkh krprjhqhrxv fdvh1 Wkh g|qdplfdo surshuwlhv ri wkh prgho htxdwlrqv duh

h{dplqhg lq Vhf1 61 Vrph qxphulfdo uhvxowv duh suhvhqwhg lq Vhf1 7/ lqfoxglqj



ROD ZLGOXQG 4;<

+lq Vhf1 715, d frpsdulvrq zlwk wkh fodvvlfdo h{shulphqwdo uhvxowv e| Dohpdq| hw

do1 ^4`1 Uhvxowv dqg ixwxuh zrun duh glvfxvvhg eulh�| lq Vhf1 81

51 Wkhru|

5141 Jryhuqlqj htxdwlrqv1 Zlwk vsdwldo frruglqdwhv { dqg wlph w/ wkh Qdylhu~

Vwrnhv htxdwlrqv iru wkh lqvwdqwdqhrxv yhorflw| �hog xl+{> w, ri dq lqfrpsuhvvleoh

�xlg duh

Cxl
Cw

. xm
Cxl
C{m

@ �4

�

Cs

C{l
. �

C5xl
C{mC{m

. il> +7,

Cxl
C{l

@ 3> +8,

zkhuh s+{> w, lv wkh suhvvxuh �hog/ � wkh �xlg ghqvlw|/ � wkh nlqhpdwlf ylvfrvlw|/

dqg il lv wkh Oruhqw} irufh +shu xqlw pdvv,1

Wkh Oruhqw} irufh il lq +7, lv jryhuqhg e| wkh qrq0uhodwlylvwlf Pd{zhoo htxd0

wlrqv1 Wkh pdjqhwlf Uh|qrogv qxpehu lv gh�qhg dv UpO � ��xo +� lv khuh

pdjqhwlf shuphdelolw|,1 Li wkh pdjqhwlf Uh|qrogv qxpehu lv vpdoo +UpO � 4,/

frqyhfwlyh glvwxuedqfhv wr wkh pdjqhwlf �hog zloo eh vpdoo frpsduhg wr wkh h{0

whuqdo �hog E/ dqg zh fdq xvh wkh vr0fdoohg txdvlvwdwlf dssur{lpdwlrq +vhh ^46`

iru ghwdlov,1 Xvlqj orzhu0fdvh ohwwhuv wr ghqrwh lqvwdqwdqhrxv ydoxhv/ zh kdyh

il � 4

�
�lnqmnEq> +9,

zkhuh wkh lqvwdqwdqhrxv hohfwulf fxuuhqw ghqvlw| ml lv jlyhq e| Rkp*v odz/

ml � �+hl . �lnqxnEq,= +:,

dqg hl lv wkh hohfwulf �hog1 Wkh vfdodu hohfwurvwdwlf srwhqwldo ! lv gh�qhg e|

hl @ � C!

C{l
= +;,

Wkh fxuuhqw �hog lv glyhujhqfh iuhh/ vr lw iroorzv iurp +:, wkdw

C5!

C{lC{l
� �lmn

C

C{l
+xmEn,= +<,

Li zh frqvlghu wkh fdvh ri krprjhqhrxv vkhdu0iuhh wxuexohqfh/ wkh jryhuqlqj

htxdwlrqv fdq eh Irxulhu wudqviruphg1 Lq wkh vshfwudo grpdlq zh fdq holplqdwh

suhvvxuh iurp wkh htxdwlrqv/ dqg �qg dq h{solflw h{suhvvlrq iru wkh Oruhqw} irufh

+vhh ^46`/ dqg Vfkxpdqq ^<`,1 Wkh Irxulhu frh�flhqwv ri yhorflw| duh wkhq jlyhq

e|

gaxl
gw

@ �lnm+gxlxm, . l
nlnpnm

n5
+x̂pxm,� �n5axl � �

�

+E � n,5
n5

axl= +43,

Wkh vshfwudo hqhuj| whqvru lv gh�qhg dv wkh hqvhpeoh dyhudjhg vhfrqg pr0

phqwv ri ax/

a�lm+n> w, @ kaxl+�n> w,axm+n> w,l @ kax�l axml> +44,



4<3 QRQOLQHDU HIIHFWV LQ PKG WXUEXOHQFH PRGHOLQJ

zklfk fruuhvsrqg wr wkh wzr0srlqw yhorflw| fruuhodwlrqv lq sk|vlfdo vsdfh1 Khuh

ax�l lv wkh frpsoh{ frqmxjdwh ri axl1

Dq hyroxwlrq htxdwlrq iru a�lm fdq eh ghulyhg iurp +43, +vhh ^46`,/ dqg iurp wklv

zh fdq lq wxuq irupxodwh htxdwlrqv iru vhyhudo rqh0srlqw wxuexohqfh txdqwlwlhv

^46`1 Wkh wxuexohqw nlqhwlf hqhuj|/ iru h{dpsoh/ lv

N @
4

5

]
a�qqg

6n> +45,

jlyhq e|

gN

gw
@ �%� �> +46,

zkhuh

% @ �

]
n5 a�qqg

6n +47,

� @
�

�

]
+E � n,5

n5
a�qqg

6n= +48,

Wkh Uh|qrogv vwuhvv whqvru fdq eh gh�qhg lq wkh vdph zd|/ dv

Ulm @

]
a�lmg

6n= +49,

Lq wkh vkhdu0iuhh fdvh lw lv jlyhq e|

gUlm+w,

gw
@ �

+v,
lm � %lm � �lm> +4:,

zlwk

�
+v,
lm @

]
lnp

�
�lq

]
aW �
pqm+n>n

3,g6n3 +4;,

��mq

]
aWpql+n>n

3,g6n3
�
g6n> +4<,

%lm @ 5�

]
n5 a�lmg

6n> +53,

�lm @ 5
�

�

]
+E � n,5

n5
a�lmg

6n> +54,

zkhuh %lm lv wkh glvvlsdwlrq udwh whqvru/ �lm lv wkh Mrxoh glvvlsdwlrq whqvru/ dqg

�
+v,
lm uhsuhvhqwv qrqolqhdu lqwhufrpsrqhqw hqhuj| wudqvihu1

Wkh Mrxoh glvvlsdwlrq ri wxuexohqw nlqhwlf hqhuj| lq +48, fdq eh zulwwhq dv

� @
�E5

�
qlqm\ml> +55,

zkhuh q lv d xqlw yhfwru sdudooho zlwk wkh pdjqhwlf �hog/ dqg \ lv wkh vr0fdoohg

glphqvlrqdolw| whqvru lqwurgxfhg e| Uh|qrogv dqg fr0zrunhuv ^9/ :`/

\lm @

]
nlnm
n5

a�lm+n> w,g
6n= +56,



ROD ZLGOXQG 4<4

Uh|qrogv vkrzhg wkdw \ frqwdlqv lqirupdwlrq uhodwhg wr wxuexohqw ohqjwk vfdohv

lq gl�huhqw gluhfwlrqv1

5151 Prgho htxdwlrqv1 Edvhg rq +55,/ Zlgoxqg hw do1 ^45` sursrvhg d Uh|qrogv

vwuhvv wudqvsruw +UVW, prgho iru PKG wxuexohqfh/ zklfk lqfoxghg dq h{wud

wudqvsruw htxdwlrq iru d glphqvlrqdolw| dqlvrwurs| yduldeoh/ �/ gh�qhg dv

� � qlqm\ml
5N

= +57,

Li zh lqwurgxfh d pdjqhwlf wlph vfdoh dv � @ �@+5�E5,/ zh kdyh

� @
�N

�
= +58,

Wklv h{suhvvlrq iru Mrxoh glvvlsdwlrq lv h{dfw iru krprjhqhrxv wxuexohqfh1

D wudqvsruw htxdwlrq iru � fdq eh ghulyhg iurp wkh Qdylhu~Vwrnhv htxdwlrqv/

exw doo whupv uhtxluh prgholqj ^46`1

Dvvxph fduwhvldq frruglqdwhv rulhqwhg vr wkdw wkh pdjqhwlf �hog yhfwru lv lq

wkh {60gluhfwlrq/ l1h1 E @ Eh61 Iru wkh fdvh ri krprhjhqrxv vkhdu0iuhh PKG

wxuexohqfh/ d{lv|pphwulf derxw wkh pdjqhwlf �hog yhfwru/ wkhuh lv rqo| wzr lqgh0

shqghqw Uh|qrogv vwuhvv frpsrqhqwv/ U44 dqg U66/ vr wkdw wkh wxuexohqw nlqhwlf

hqhuj| lv N @ 5U44 . U661 Iru wklv fdvh/ wkh Uh|qrogv vwuhvv forvxuh sursrvhg

e| Zlgoxqg hw do1 ^45/ 46` uhgxfhv wr

gN

gw
@ �%� �N

�
> +59,

g%

gw
@ �%% � �%> +5:,

g�

gw
@ �� � ��> +5;,

gU66

gw
@ �66 � 5

6
%� J.K

�
U66= +5<,

Dq htxdwlrq iru wkh U44 frpsrqhqw lv uhgxqgdqw/ dv lw fdq eh frpsxwhg iurp N

dqg U661 Wkh N htxdwlrq lv h{dfw/ dv wkh Mrxoh glvvlsdwlrq whup iroorz iurp wkh

gh�qlwlrq ri �1 Wkh ylvfrxv ghvwuxfwlrq whup lq wkh % htxdwlrq lv prghohg lq wkh

xvxdo zd|/ dqg Zlgoxqg hw do1 xvhg dq dqdorjrxv prgho iru wkh Mrxoh ghvwuxfwlrq

whup�lq sulqflsdo d uhvfdolqj ri wkh fruuhvsrqglqj whupv lq wkh N htxdwlrq1 Zh

kdyh

%% @ F%5
%5

N
> +63,

�% @ F%�
�%

�
= +64,

Wkh whupv lq wkh � htxdwlrq uhsuhvhqw qrqolqhdu hqhuj| wudqvihu/ dqg Mrxoh gh0

vwuxfwlrq/ uhvshfwlyho|1 Lq dqdorj| zlwk +63, dqg +64,/ wkh vlpsohvw glphqvlrqdoo|

fruuhfw prgho ri wkh Mrxoh ghvwuxfwlrq lv

�� @ F�4
�5

�
= +65,



4<5 QRQOLQHDU HIIHFWV LQ PKG WXUEXOHQFH PRGHOLQJ

Wkh prgho ruljlqdoo| sursrvhg e| Zlgoxqg hw do1 iru wkh qrqolqhdu whup lv d

vlpsoh olqhdu _uhwxuq0wr0lvrwurs|% h{suhvvlrq ri Urwwd w|sh/

�� @ F�5
%

N

�
4

6
� �

�
> +66,

dvvxplqj wkh hqhuj| wudqvihu udwh lv jryhuqhg e| wkh wxuexohqw wlph vfdoh N@%1

Lq +5<,/ �66 lv d frpsrqhqw ri d uhwxuq0wr0lvrwurs| prgho iru prgholqj ri

vorz suhvvxuh~vwudlq1 Khuh zh xvh wkh prgho ri Vdundu ) Vsh}ldoh ^;`/ exw wkh

fkrlfh lv qrw fulwlfdo iru wkh uhvxowv suhvhqwhg khuh1 Wkh dqlvrwurs| ri wkh Mrxoh

glvvlsdwlrq lv jryhuqhg e| wkh prgho ixqfwlrqv J dqg K/ khuh jlyhq e|

J+�>U66@N, @ �.
<

43

U66

N
�5> +67,

K+�, @ �<

8
�5= +68,

61 G|qdplfdo surshuwlhv ri wkh prgho

Wkh g|qdplfdo surshuwlhv ri wkh wxuexohqfh prgho duh ghwhuplqhg e| wkh wkuhh

htxdwlrqv iru N/ % dqg � +vlqfh wkh| duh lqghshqghqw ri wkh vwuhvv dqlvrwurs|,1

Ohw xv gh�qh wkh pdjqhwlf lqwhudfwlrq qxpehu xvlqj yduldeohv ri wkh forvxuh/

Q � 5�E5N

�%
@

N

5�%
= +69,

Lq wkh devhqfh ri d pdjqhwlf �hog +Q @ 3,/ wkh prgho uhgxfhv wr wkh frpprq

N~% prgho/ zlwk dqdo|wlf srzhu0odz vroxwlrqv1 Iru odujh wlphv/ wxuexohqw nlqhwlf

hqhuj| ghfd|v dv N � w�q/ zkhuh q @ 4@+F%5 � 4,1 Wkh vwdqgdug ydoxh ri F%5

xvhg lq prvw wxuexohqfh forvxuhv lv 4=<5/ zklfk jlyhv q � 4=3< +vhh/ h1j1/ Odxqghu

) Vsdoglqj ^7`,1 Iru odujh wlphv/ dq lqwhjudo ohqjwk vfdoh hvwlpdwhg dv O � N4=8@%

zrxog wkhq jurz vorzo| dv O � w3=791 Wkhvh uhvxowv duh zhoo grfxphqwhg lq wkh

olwhudwxuh/ dqg lq jrrg djuhhphqw zlwk h{shulphqwv rq julg jhqhudwhg wxuexohqfh1

Ehorz zh orrn dw wkh prgho surshuwlhv lq wkh suhvhqfh ri d pdjqhwlf �hog1

6141 Ghfd| lq d vwurqj pdjqhwlf �hog1 Iru odujh lqwhudfwlrq qxpehuv/ Q  
4/ Mrxoh glvvlsdwlrq grplqdwhv/ dw ohdvw iru d wlph ri rughu Q3� > Pr�dww vwxglhg

wklv fdvh xvlqj wkh olqhdul}hg lqylvflg Irxulhu wudqviruphg htxdwlrqv ^8`1 Iru wklv

uhjlph ri olqhdu ghfd|/ wkh hqhuj| zdv irxqg wr ghfd| dv N � w�4@51

Zkhq Mrxoh glvvlsdwlrq grplqdwhv/ wkh prgho htxdwlrqv +59,/ +5:, dqg +5;,

duh dssur{lpdwhg e|

gN

gw
@ �4

�
N�> +6:,

g%

gw
@ �F%�

�
%�> +6;,

g�

gw
@ �F�4

�
�5= +6<,

Qrwh wkdw wkh htxdwlrq iru % lv uhwdlqhg khuh/ dowkrxjk % lv dvvxphg vpdoo hqrxjk

wr eh qhjohfwhg lq wkh uljkw0kdqg vlghv ri wkh htxdwlrqv1 Wklv hqdeohv xv wr vwxg|
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krz wkh pdjqhwlf ghvwuxfwlrq whupv d�hfw wkh wxuexohqw wlph dqg ohqjwk vfdohv

zh fdq frqvwuxfw iurp N dq %/

�wu � N

%
> +73,

O � N6@5

%
= +74,

Htxdwlrqv +6:, wkurxjk +6<, kdyh dqdo|wlf vroxwlrqv/

N+w, @ N3 +�w. 4,�4@F�4 > +75,

%+w, @ %3 +�w. 4,�
F%�
F�4 +76,

�+w, @ �3 +�w. 4,�4 > +77,

zkhuh � @ F�4�3@� / dqg yduldeohv zlwk d }hur vxevfulsw uhsuhvhqw lqlwldo frqgl0

wlrqv1

Wkh ghfd| udwh ri wxuexohqw nlqhwlf hqhuj| lv jryhuqhg e| wkh prgho frh�flhqw

F�4 lq wkh pdjqhwlf ghvwuxfwlrq whup lq wkh � htxdwlrq1 E| fkrrvlqj F�4 @ 5/

zh rewdlq wkh dv|pswrwlf ghfd| udwh N � w�4@5 suhglfwhg e| Pr�dww ^8`1

Wkh vljql�fdqfh ri F�4 fdq eh xqghuvwrrg iurp dq h{dplqdwlrq ri wkh h{dfw

ghvwuxfwlrq whup1 Zlgoxqg hw do1 ^46` xvhg wkh olqhdul}hg htxdwlrqv dqg wkh frq0

fhsw ri udslg glvwruwlrq wkhru| +UGW, wr frpsduh wkh h{dfw Mrxoh ghvwuxfwlrq

whupv lq wkh Uh|qrogv vwuhvv dqg � htxdwlrqv/ zlwk wkh sursrvhg prgho whupv1

Iljxuh 4 frpsduhv wkh udwlr ���@�/ dv suhglfwhg e| UGW dqg wkh vlpsoh prgho

+65,1 D frh�flhqw F�4 @ 3=; zdv irxqg wr jlyh wkh fruuhfw ydoxh iru lvrwurslf

wxuexohqfh +iru zklfk � @ 4@6,/ zkloh F�4 @ 5 jlyhv d jrrg ghvfulswlrq qhdu wkh

5G olplw +� @ 3,1 Zlwk wkh lqirupdwlrq lq Ilj1 4 lw zrxog eh idluo| vwudljkwiru0

zdug wr ghylvh d pruh dffxudwh kljkhu0rughu prgho whup iru ��/ dowkrxjk wklv

lv eh|rqg wkh vfrsh ri wkh suhvhqw sdshu1 Iljxuh 5/ vkrzlqj ghfd| ri wxuexohqw

nlqhwlf hqhuj|/ frpsduhv prgho suhglfwlrqv zlwk d qxphulfdo lqwhjudwlrq ri wkh

h{dfw UGW htxdwlrqv> Vhh ^46` iru ghwdlov1 Lq wkh iroorzlqj zh zloo xvh F�4 @ 5/

zklfk jlyhv wkh ghvluhg dv|pswrwlf ehkdylru iru vpdoo �1

Htxdwlrq 76 vkrzv wkdw wkh ghfd| udwh ri % lv ghwhuplqhg e| wkh udwlr F%�@F�4/

dqg wkh ydoxh ri F%� wkxv d�hfwv wkh ghyhorsphqw ri wxuexohqw wlph dqg ohqjwk

vfdohv +73, dqg +74,1 Frpelqlqj vroxwlrqv +75, dqg +76,/ zh jhw

�wu+w, @
N3

%3
+�w. 4,

F%��4
F�4 > +78,

O+w, @
N
6@5
3

%3
+�w. 4,

F%��6@5
F�4 = +79,

Dvvxplqj F�4 @ 5/ zh fdq lghqwli| wzr ydoxhv ri F%� zlwk vshfldo phdqlqj1

F%� @ 4 ohdyhv wkh wxuexohqw wlph vfdoh xqd�hfwhg e| wkh pdjqhwlf �hog/ zlwk

d vorz ghfolqh ri wkh lqwhjudo ohqjwk vfdoh/ O � w�4@71 Li lqvwhdg F%� @ 6@5/ wkh

lqwhjudo ohqjwk vfdoh O lv xqd�hfwhg/ exw wkhuh lv vorz jurzwk ri wkh wlph vfdoh/

�wu � w4@71 Lw lv jhqhudoo| khog wkdw wkh ohqjwk vfdoh hvwlpdwhg e| +74, lv qrw
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d�hfwhg e| wkh pdjqhwlf �hog +vhh/ h1j1/ Gdylgvrq ^6` dqg Pr�dww ^8`,1 Lq wkh

iroorzlqj zh zloo wkhuhiru h{shfw F%� wr wdnh d ydoxh forvh wr 6@51

Wkh prgho yduldeoh � uhsuhvhqwv dq dqlvrwurs| ri ohqjwk vfdohv/ uhodwlyh wr wkh

gluhfwlrq ri wkh pdjqhwlf �hog1 Wkh gh�qlwlrq ri �/ dqg frpsdulvrq zlwk vfdoh

hvwlpdwhv lq hduolhu zrun +h1j1 Gdylgvrq ^6`,/ vxjjhvwv wkh vfdoh uhodwlrq

� �
�

O

On

�5
> +7:,

zkhuh On lv d fkdudfwhulvwlf ohqjwk vfdoh lq wkh gluhfwlrq ri wkh pdjqhwlf �hog1

Surylghg wkh fkdqjh lq O lv vpdoo/ Ht1 +77, wkhq |lhogv wkh ohqjwk0vfdoh jurzwk

On � w4@5 iru odujh wlphv1 Wklv lv frqvlvwhqw zlwk wkh uhvxowv ri Vrpphuld dqg

Pruhdx ^43`/ dqg Gdylgvrq ^6`1

6151 Prghudwh lqwhudfwlrq qxpehuv1 Zkhq wkh lqwhudfwlrq qxpehu lv ri

rughu rqh/ wkh vlwxdwlrq lv pruh frpsolfdwhg1 Wkh htxdwlrqv iru N/ %/ dqg �/

duh qrqolqhdu dqg vwurqjo| frxsohg1 Qr dqdo|wlf vroxwlrqv fdq eh irxqg iru wklv

fdvh1 Wkh prvw lpsruwdqw fkdqjh lv shukdsv wkdw wkh � htxdwlrq lv qrz vwurqjo|

frxsohg wr wkh rwkhu wzr/ wkurxjk wkh qrqolqhdu uhwxuq0wr0lvrwurs| whup/ ��1

Zh zloo vhh wkdw wkh ehkdylru ri wklv whup lv yhu| lpsruwdqw iru wkh g|qdplfdo

surshuwlhv ri wkh zkroh v|vwhp1
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|�hM�*i?Uic kf ' �*���

Zh dvvxph wkh prgho yduldeohv kdyh srzhu0odz ehkdylru iru vx�flhqwo| odujh

wlphv1 Zh frxog lqwurgxfh wkh yduldeoh wudqvirupdwlrq v @ 4@w/ vr wkdw vroxwlrqv

iru odujh wlphv fruuhvsrqg wr vroxwlrqv iru vpdoo v1 Iru vpdoo v/ d Iurehqlxv vhulhv

h{sdqvlrq ri d yduldeoh * kdv wkh irup

*+v, @ vp+d3 . d4v. d5v
5 . � � � ,> +7;,

zkhuh wkh h{srqhqw p pd| eh dq| uhdo qxpehu1 Zh uhwdlq rqo| wkh �uvw whup/

dqg orrn iru vroxwlrqv ri wkh irup

N+v, @ d3v
{> +7<,

%+v, @ e3v
|> +83,

�+v, @ f3v
}= +84,

Iru odujh wlphv/ � $ 3/ vr wkdw wkh uhwxuq0wr0lvrwurs| prgho +66, lv dssur{l0

pdwho|

�� � F�5%

6N
= +85,
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Iru vpdoo ydoxhv ri v/ wkh wudqviruphg htxdwlrqv +59,/ +5:,/ dqg +5;, wkhq uhdg

dv

3 @ v5
gN

gv
� %� 4

�
N�> +86,

3 @ v5
g%

gv
�F%5

%5

N
� F%�

�
%�> +87,

3 @ v5
g�

gv
.

F�5%

6N
� F�4

�
�5= +88,

Lqvhuwlqj rxu dqvdw} +7<,/ +83,/ dqg +84, |lhogv +diwhu vlpsol�fdwlrq,

3 @ {� e3
d3

v+�{.|�4, � f3
�
v+}�4,> +89,

3 @ | � F%5e3
d3

v+�{.|�4, � F%�f3
�

v+}�4,> +8:,

3 @ } .
F�5e3
6d3f3

v+�{.|�}�4, � F�4f3
�

v+}�4,= +8;,

Wkh �uvw frqvwdqw whup ri hdfk htxdwlrq deryh pxvw eh edodqfhg e| dw ohdvw rqh

rwkhu whup ri }hurwk rughu1 Suhvxpdeo| wkh pdjqhwlf whupv +odvw, duh dfwlyh dovr

dw odujh wlphv/ vr wkdw } @ 41 Vlqfh } @ 4/ wkh vhfrqg whupv lq +89, dqg +8:, duh

d idfwru v odujhu wkdq wkh vhfrqg whup lq +8;,1 Iru wklv fdvh wr eh gl�huhqw iurp

wkh olqhdu sureohp ri Vhf1 614/ zh frqfoxgh wkdw dovr wkh vhfrqg whup lq +8;, lv

frqvwdqw/ vr wkdw | @ {.5> wkh vhfrqg whupv lq +89, dqg +8:, duh wkhq 4vw rughu

lq v/ dqg ydqlvk iru vpdoo v +odujh wlphv,1 Htxdwlrqv +89, dqg +8:, qrz uhgxfh

wr

3 @ {� f3
�
> +8<,

3 @ | � F%�f3
�

> +93,

zklfk zh fdq vroyh iru { dqg |1 Zh �qg

{ @
5

F%� � 4
> +94,

| @
5F%�

F%� � 4
> +95,

} @ 4= +96,

Zlwk wkh dqvdw} +7<,/ +83,/ dqg +84,/ zh kdyh iru odujh wlphv N � w�{/

% � w�|/ dqg � � w�}/ zkloh wkh ohqjwk vfdohv hyroyh dv O � w+�6{@5.|,/ dqg

On � w+�6{@5.|.4@5,1 Wkh frh�flhqw ydoxh F%� @ 6@5 sursrvhg lq Vhf1 614 jlyhv

dq hqhuj| ghfd| N � w�7/ zkloh wkh ohqjwk vfdohv ghyhors dv lq wkh olqhdu fdvh1

Wkh h{shulphqw e| Dohpdq| hw do1 lqglfdwhg wkdw N � w�4=:1 Wr rewdlq wklv

ghfd|/ zh zrxog kdyh wr fkrrvh F%� @ 5=5/ exw wkhq wkh ohqjwk vfdohv zrxog

hyroyh dv O � w4=5 dqg On � w4=:1 Wklv lv qrw frqvlvwhqw zlwk qhlwkhu wkhru|/ qru

h{shulphqwv1
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Wkh xqzdqwhg surshuwlhv ri wkh prgho lv fdxvhg e| wkh xqsk|vlfdo ehkdylru

ri wkh uhwxuq0wr0lvrwurs| whup �� zkhq zh dssurdfk � @ 31 Dv h{sodlqhg lq

vshfwudo whupv e| Dohpdq| hw do1/ zh zloo hyhqwxdoo| uhdfk d edodqfh ehwzhhq

Mrxoh glvvlsdwlrq dqg qrqolqhdu dqjxodu hqhuj| wudqvihu1 Wkh dqjxodu hqhuj|

wudqvihu lv uhsuhvhqwhg e| wkh uhwxuq whup ��/ zklfk frxqwhudfwv wkh pdjhqwlf

ghvwuxfwlrq whup �� lq wkh � htxdwlrq1 Rqh fdq dujxh wkdw wkh vshfwudo wuldg

lqwhudfwlrqv uhvsrqvleoh iru wkh dqjxodu hqhuj| wudqvihu vkrxog ydqlvk lq wkh olplw

ri 5G wxuexohqfh/ zkhuh doo wkh hqhuj| lv frqfhqwudwhg lq wkh zdyh qxpehu sodqh

nn @ 31 Wklv phdqv wkdw �� vkrxog eh }hur iru � @ 31 Lq frqwudvw/ wkh olqhdu

prgho whup +66, kdv lwv pd{lpxp ydoxh iru � @ 31 Vlqfh �� @ 3 lq wkh 5G

olplw/ � @ 3 lv qrw d �{hg srlqw ri wkh v|vwhp/ dqg wkh 5G olplw lv dssurdfkhg

rqo| vorzo|/ dv wkh jurzwk ri wkh wxuexohqw wlph vfdoh N@% judgxdoo| vkliwv wkh

edodqfh ri wkh wzr whupv wrzdugv orzhu �1

Wkh vkruwfrplqjv ri wkh ruljlqdo prgho duh dgguhvvhg lq wkh iroorzlqj vhfwlrq1

6161 Prgl�hg qrqolqhdu whup1 Zh uhshdw wkh dqdo|vlv lq wkh suhylrxv vhfwlrq

zlwk d prgl�hg yhuvlrq ri wkh uhwxuq0wr0lvrwurs| whup ��1 Iru d sk|vlfdoo|

fruuhfw ghvfulswlrq qhdu wkh 5G olplw/ �� vkrxog eh }hur qrw rqo| iru lvrwurslf

wxuexohqfh +� @ 4@6,/ exw dovr lq wkh 5G olplw/ zkhuh � @ 31 Dq| vxfk prgho

fdq eh zulwwhq dv d vhulhv h{sdqvlrq

�� @ F3
�5

%

N
�+4 . g4�. g5�

5 . � � � ,= +97,

Iru rxu dqdo|vlv zh dvvxph vpdoo ydoxhv ri �/ dqg uhwdlq rqo| wkh ohdglqj0rughu

whup/

�� � F3
�5

%

N
�= +98,

Wkh sulphg frh�flhqw F3
�5 fdq khuh eh lqwhusuhwhg dv wkh vorsh ri ��N@%/ dv d

ixqfwlrq ri �/ qhdu wkh 5G olplw1

Zlwk wkh qhz h{suhvvlrq +98,/ wkh wudqviruphg htxdwlrq +88, iru � lv dowhuhg/

vr wkdw

3 @ v5
g�

gv
.

F3
�5%�

N
� F�4

�
�5= +99,

Zh lqvhuw wkh dqvdw} +7<,/ +83,/ dqg +84, wr rewdlq

3 @ } .
F3
�5e3
d3

v+�{.|�4, � F�4f3
�

v+}�4,= +9:,

Wkh h{srqhqw ri wkh vhfrqg whup lq +9:, kdv fkdqjhg/ frpsduhg zlwk wkh ruljlqdo

+8;,/ dqg wkh h{srqhqw lv qrz wkh vdph dv wkh vhfrqg whupv lq +89, dqg +8:,1

Iru wklv fdvh wr eh gl�huhqw iurp wkh olqhdu sureohp/ zh wkhq frqfoxgh wkdw doo

whupv lq +89,/ +8:,/ dqg +9:, pxvw eh ri htxdo rughu/ vr wkdw } @ 4/ dqg | @ {.41
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Htv1 +89,/ +8:,/ dqg +9:, wkhq uhgxfh wr

3 @ {� e3
d3
� f3

�
> +9;,

3 @ | � F%5e3
d3

� F%�f3
�

> +9<,

3 @ } .
F3
�5e3
d3

� F�4f3
�

= +:3,

Wkh qrq0wulyldo vroxwlrq wr wklv v|vwhp ri htxdwlrqv |lhogv

{ @
F%5 .F�4 �F%� .F3

�5

F�4+F%5 � 4, . F3
�5+F%� � 4,

> +:4,

| @
F%5 .F%5F�4 �F%� .F%�F

3
�5

F�4+F%5 � 4, . F3
�5+F%� � 4,

> +:5,

} @ 4= +:6,

Wkh uhvxow | @ { . 4 uhodwhv wkh srzhu0odz ghfd| ri hqhuj| wr wkh hyroxwlrq

ri wkh wlph dqg ohqjwk vfdohv1 Zh vdz hduolhu wkdw O � wt/ zkhuh t @ �6{@5. |1

Li | @ {.4/ wkhq t @ 4�{@51 Wkh vdph uhodwlrqvkls ehwzhhq hqhuj| ghfd| dqg

ohqjwk vfdoh jurzwk lv rewdlqhg iru wkh vwdqgdugN~% prgho/ dqg zlwk F%� @ 6@5

wklv krogv dovr iru wkh olqhdu fdvh lq Vhf1 6141 Lq frqwudvw/ wkh ruljlqdo prgho lq

Vhf1 615 pdnhv | @ {.51 Wklv jlyhv t @ 5�{@5/ dqg h{sodlqv wkh lqfrqvlvwhqf|

ehwzhhq suhglfwhg hqhuj| ghfd| dqg ohqjwk vfdoh jurzwk iru wkh ruljlqdo prgho1

Lqhuwldo h�hfwv duh jryhuqhg e| wkh wxuexohqw wlph vfdoh N@%/ zkloh wkh Mrxoh

hqhuj| glvvlsdwlrq lv jryhuqhg e| dq h�hfwlyh pdjqhwlf wlph vfdoh �@�/ udwkhu

wkdq � 1 Wkh dqdo|vlv vkrzv wkdw/ iru odujh wlphv/ erwk wkhvh wlph vfdohv jurz dv

N@% � �@� � w1 Wklv fruuhvsrqgv wr dq htxloleulxp ehwzhhq qrqolqhdu hqhuj|

wudqvihu/ dqg Mrxoh glvvlsdwlrq1 Dv srlqwhg rxw e| Vuhhqlydvdq dqg Doerxvvl�huh

^44`/ wkhvh wlph vfdohv gh�qh d _wuxh% lqwhudfwlrq qxpehu/ Q�1 Zh khuh gh�qh lw

lq whupv ri wkh yduldeohv ri wkh forvxuh/

Q� � �N

�%
@

�

%
@

5�E5�N

�%
= +:7,

Lq wkh _qrqolqhdu% skdvh ri ghfd| rffxulqj iru odujh wlphv/ Vuhhqlydvdq hw do1

sursrvhg wkdw Q� lv frqvwdqw dqg ri rughu xqlw|1 Wklv lv frqvlvwhqw zlwk rxu

dqdo|vlv= wkh dqvdw} +7<,/ +83, dqg +84,/ dqg wkh vroxwlrq wr wkh v|vwhp +9;,

wkurxjk +:3,/ jlyhv

Q� @
F%5 .F3

�5 � 4

F�4 �F%� . 4
@ frqvw= +:8,

Wkh srzhu0odz h{srqhqw +:4, iru hqhuj| ghfd| dw odujh wlphv ghshqg rq doo

prgho frh�flhqwv F%5/ F�4/ F%�/ dqg F3
�51 E| fkrrvlqj F%5 @ 4=<5 dqg F�4 @ 5/

wkh prgho suhglfwv wkh fruuhfw hqhuj| ghfd| erwk iru kljk Q / dqg iru Q @ 3 +qr

pdjqhwlf �hog,1 Wkh dv|pswrwlf hqhuj| ghfd| iru �qlwh Q lv wkhq ghwhuplqhg

e| rxu fkrlfh ri F3
�5 dqg F%�/ dowkrxjk zh suhihu d ydoxh ri F%� forvh wr 6@5/

wr jhw wkh h{shfwhg ohqjwk vfdoh hyroxwlrq lq wkh olqhdu uhjlph1 Iljxuh 6 vkrzv
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krz wkh srzhu0odz h{srqhqw { lq N � w�{ ghshqg rq wkh prgho frh�flhqwv

F 3
�5 dqg F%� +dvvxplqj F%5 @ 4=<5 dqg F�4 @ 5,1 Li F%� @ 6@5/ wkh ydoxh

F 3
�5 @ 7=:5 uhsurgxfhv wkh hqhuj| ghfd| N � w�4=: irxqg e| Dohpdq| hw do11

Wkh ohqjwk vfdohv wkhq ghyhors dv O � w3=48 dqg On � w3=98 iru odujh wlphv1 Wkh

wuxh lqwhudfwlrq sdudphwhu whqgv wr d frqvwdqw ydoxh Q� � 6=:9/ jlyhq e| +:8,1

71 Qxphulfdo vlpxodwlrqv

Wkh prgho htxdwlrqv fdq eh vroyhg qxphulfdoo| zlwk d vwdqgdug RGH vroyhu/ dqg

dssuruldwh lqlwldo frqglwlrqv1 Iru wklv sxusrvh/ zh qhhg wr gh�qh d uhwxuq0wr0

lvrwurs| prgho whup �� zklfk suhvxpdeo| ehkdyhv urxjko| dv wkh ruljlqdo prgho

+66, dzd| iurp wkh 5G olplw/ exw zlwk wkh dv|pswrwlfdoo| fruuhfw ehkdylru +98,

zkhq zh dssurdfk � @ 31

D vlpsoh frpelqdwlrq ri Htv1 +66, dqg +98, |lhogv

�� @
%

N
plq

�
F 3
�5�> F�5

�
4

6
� �

��
= +:9,

Iru d jlyhq ydoxh ri F3
�5/ wkh ydoxh ri F�5 ghflghv krz idvw �� jurzv dv zh

pryh dzd| iurp wkh lvrwurslf vwdwh/ dqg dovr �{hv wkh glvwlqfw ydoxh ri � zkhuh

wkh prgho whup deuxewo| fkdqjhv ehkdylru dqg idoov r� wrzdugv }hur1 Htxdwlrq

+:9, lv d jurvv vlpsol�fdwlrq ri wkh wuxh phfkdqlvp/ exw zh fdq xvh lw khuh wr

ghprqvwudwh vrph surshuwlhv ri wkh prgho1
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7141 Yduldwlrq ri F�5 dqg Q 1 Lqlwldo ydoxhv iru N dqg % fdq eh fkrvhq duel0

wudulo| dv N3 @ 4/ dqg %31 Zh suhvxph lqlwldoo| lvrwurslf wxuexohqfh/ �3 @ 4@6/

dqg U66 @ 5N@61 Wkh lqlwldo pdjqhwlf lqwhudfwlrq sdudphwhu lv Q3 @ N3@+5�%3,1

Wkh dqdo|vlv deryh vkrzv wkdw wkh iroorzlqj vhw ri prgho frh�flhqwv jlyhv

dq dv|pswrwlf hqhuj| ghfd| lq djuhhphqw zlwk wkhru| dqg h{shulphqwv/ iru doo

ydoxhv ri Q =

iF%5> F�4> F%�> F
3
�5j @ i4=<5> 5> 4=8> 7=:5j= +::,

Iljxuh 7 vkrzv suhglfwhg hqhuj| ghfd| iru Q3 @ 4 dqg wkuhh gl�huhqw ydoxhv

ri wkh xqghwhuplqhg frh�flhqw F�5/ zklfk jryhuqv wkh pdjqlwxgh ri wkh uh0

wxuq whup +:9,1 Iljxuh 8 vkrzv wkh hyroxwlrq ri wkh wuxh lqwhudfwlrq sdudphwhu/

Q� @ �N@+�%,1 Erwk �jxuhv vkrz wkdw F�5 d�hfwv krz idvw zh uhdfk wkh �qdo

_qrqolqhdu% skdvh ri ghfd|> wkh vwurqjhu wkh uhwxuq whup/ wkh idvwhu zh uhdfk wkh

srlqw zkhuh �� vwduwv wr ghfuhdvh zlwk ghfuhdvlqj �1

Iljxuh 9 vkrzv wkh hyroxwlrq ri wkh wuxh lqwhudfwlrq sdudphwhu iru wkuhh lqwldo

lqwhudfwlrq sdudphwhuv Q3 @ i3=4> 4> 43j/ dqg F�5 @ 3=71 Zh dv|pswrwlfdoo|

uhdfk d frqvwdqw ydoxh Q� � 6=;/ jlyhq e| +:8,1

7151 Frpsdulvrq zlwk h{shulphqwv1 Wkh h{shulphqwv e| Dohpdq| hw do1 ^4`

phdvxuhg wkh u1p1v1 yhorflw| sdudooho zlwk wkh pdjqhwlf �hog/ xn/ dqg wkh sdudooho

lqwhjudo vfdoh/ on +iurp wkh rqh0glphqvlrqdo vshfwuxp lq wklv gluhfwlrq,1 Wkh

PKG wxuexohqfh prgho zh zdqw wr frpsduh zlwk/ rq wkh rwkhu kdqg/ ihdwxuhv wkh
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lqghshqghqw yduldeohv N/ %/ �/ dqg U66> rqo| U66 fdq eh frpsduhg gluhfwo| zlwk

wkh phdvxuhg x5n1 Edvhg rq suhylrxvo| lqwurgxfhg vfdoh hvwlpdwhv/ zh wkhuhiru

dvvxph wkdw d wxuexohqw ohqjwk vfdoh O dqg d sdudooho ohqjwk vfdoh On fdq eh

uhodwhg wr wkh forvxuh yduldeohv wkurxjk

O @ D
N6@5

%
> +:;,

�
O

On

�5
@

�

�lvr
> +:<,

zkhuh D lv d frqvwdqw ri rughu rqh/ dqg �lvr @ 4@6 lv wkh lvrwurslf ydoxh ri �1

Olnh Dohpdq| hw do1/ zh zloo suhvhqw uhvxowv zlwk wkh qrq0glphqvlrqdo wlph

vfdoh ] � ]3 @ wX@P / zkhuh P @ 5 fp lv wkh phvk vl}h/ ]3 @ 7 lv wkh orfdwlrq

ri wkh h�hfwlyh ruljlq/ dqg w lv uhdo wlph lq wkh vlpxodwlrq1 Lqlwldo frqglwlrqv duh

frpsxwhg iurp phdvxuhg gdwd lq ] �]3 @ 5/ fruuhvsrqglqj wr d wlph w4 lq wkh

vlpxodwlrqv1 Dq RGH vroyhu fdq wkhq eh uxq iruzdugv dqg edfnzdugv lq wlph/

vr zh fdq fkhfn wkh prgho ehkdylru qhdu wkh h�hfwlyh ruljlq1

715141 Ylvfrxv ghfd| +E @ 3,1 Dohpdq| hw do1 shuiruphg h{shulphqwv zlwk dqg

zlwkrxw pdjqhwlf �hog/ dqg iru wkuhh gl�huhqw phdq yhorflwlhv/ X @ ^8> 43> 53`

fp2v1 Zlwkrxw pdjqhwlf �hog/ zh vkrxog �qg jrrg djuhhphqw ehwzhhq wkh

vwdqgdug N0% prgho dqg h{shulphqwv li wkh Uh|qrogv qxpehu lv kljk hqrxjk1

H{shulphqwdo gdwd dw ] � ]3 @ 5 jlyhv dssur{lpdwho| x5n@X
5 @ 4; � 43�6/ dqg

on @ 3=5: fp1 Zh dvvxph X @ 53 fp2v/ dqg vshfl�| lqlwldo frqglwlrqv dw w @ w4

dv U66>4 @ x5n/ dqg gxh wr lvrwurslf frqglwlrqv/ N4 @ 6U66>4@5 dqg O4 @ on1 Wkh

lqlwldo %4 lv wkhq frpsxwhg iurp +:;,/ zkhuh D @ 3=64 lv fkrvhq wr pdwfk wkh

phdvxuhg hqhuj| ghfd|1

Uhvxowv duh vkrzq lq Iljv1 : dqg ;1 Wkh suhglfwhg hyroxwlrq ri wkh ohqjwk vfdoh

djuhh zhoo zlwk phdvxuhphqwv rqo| iru wkh kljkhvw phdq yhorflw|/ X @ 53 fp2v1

Iru wkh orzhu phdq yhorflwlhv/ wkh phdvxuhg ohqjwk vfdoh hyroxwlrq lv lqfrqvlvwhqw

zlwk wkh revhuyhg hqhuj| ghfd|1 Wklv lv suredeo| dq h�hfw ri wkh orz Uh|qrogv

qxpehuv uhdol}hg lq wkh h{shulphqwv> edvhg rq xn dqg on phdvxuhg dw ]�]3 @ 5/

wkh wxuexohqw Uh|qrogv qxpehu zdv Uh @ i48:> 648> 95<j/ iru phdq yhorflwlhv

X @ i8> 43> 53j fp2v/ uhvshfwlyho|1 Lq wkh iroorzlqj zh frqvlghu rqo| uhvxowv

rewdlqhg zlwk X @ 53 fp2v1

715151 Zlwk pdjqhwlf �hog1 Wr jhw wkh ghvluhg dv|pswrwlf hyroxwlrq ri hqhuj|

dqg ohqjwk vfdohv/ zh xvh wkh prgho frh�flhqwv gh�qhg lq +::,/ wrjhwkhu zlwk

F�5 @ 3=71

Iru pdjqhwlf �hog E @ 3=58 W dqg phdq yhorflw| X @ 53 fp2v/ wkh �uvw

phdvxuhphqw lq ] � ]3 @ 5 jlyhv x5n@X
5 @ 4: � 43�6/ dqg on @ 3=69 fp1 Iru wkh

wlph w @ w4/ wkh h{shulphqwdo gdwd wkxv surylgh wkh lqlwldo frqglwlrqv U66>4 @ x5n/

dqg On>4 @ on1 Dvvxplqj zh fdq hvwlpdwh O dqg U44 dw wlph w @ w4/ zh fdq

frpsxwh wkh uhpdlqlqj lqlwldo frqglwlrqv dv iroorzv= +l, N4 @ +5U44>4 . U66>4,/
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+ll, �4 lv frpsxwhg iurp Ht1 +:<,/ dqg +lll, %4 lv frpsxwhg xvlqj Ht1 +:;,1 Zh

kdyh fkrvhq O4 @ 3=584 fp dqg U44>4 @ 3=;8U66>4> zlwk wkhvh ydoxhv/ edfnzdug

lqwhjudwlrq wr wkh yluwxdo ruljlq +w @ 3/ ] � ]3 @ 3, jlyhv U44>3 � U66>3/ dqg

O3 � On>3 +lvrwurslf wxuexohqfh,1 Dv lq wkh ylvfrxv fdvh/ zh dgmxvw D lq +:;, wr

pdwfk wkh phdvxuhg hqhuj| ghfd|> khuh D @ 3=551

Iljxuh < vkrzv phdvxuhg dqg suhglfwhg ghfd| ri wkh �hog0sdudooho Uh|qrogv

vwuhvv1 Uhvxowv zlwk E @ 3 duh lqfoxghg iru frpsdulvrq1 Wkh Uh|qrogv vwuhvv

dqlvrwurslhv duh uhodwlyho| vpdoo/ vr wkhuh lv olwwoh gl�huhqfh ehwzhhq wkh hyroxwlrq

ri N/ dqg wkh lqglylgxdo vwuhvv frpsrqhqwv +qrw vkrzq khuh,1

Htxdwlrqv +:;, dqg +:<, fdq eh xvhg wr frpsxwh O dqg On iurp suhglfwhg

ydoxhv ri N/ %/ dqg �1 Frpsxwhg ohqjwk vfdohv duh frpsduhg zlwk wkh phdvxuhg

sdudooho vfdoh on lq Ilj1 431 Qrq0pdjqhwlf uhvxowv duh vkrzq iru frpsdulvrq1

Frpsduhg wr wkh qrq0pdjqhwlf fdvh/ wkh lqwhjudo vfdoh O hyroyhv vorzhu lq wkh

suhvhqfh ri d pdjqhwlf �hog/ zkloh wkh sdudooho vfdoh On jurzv idvwhu1

81 Glvfxvvlrq dqg vxppdu|

Lq hduolhu sdshuv/ Zlgoxqg hw do1 sursrvhg wr prgho PKG wxuexohqfh e| lqfoxglqj

dq h{wud wudqvsruwhg vfdodu � lq vwdqgdug hgg|0ylvfrvlw| dqg Uh|qrogv vwuhvv
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forvxuhv ^45/ 46`1 Wkh qhz vfdodu phdvxuhv dqlvrwurs| ri ohqjwk vfdohv/ zlwk

uhvshfw wr wkh gluhfwlrq ri wkh pdjqhwlf �hog1

Lq wklv sdshu zh kdyh vwxglhg wkh g|qdplfdo surshuwlhv ri ri sursrvhg prgho

htxdwlrqv/ iru wkh fdvh ri krprjhqhrxv ghfd|lqj wxuexohqfh1 Rq sk|vlfdo jurxqgv/

zh sursrvhg d prgl�fdwlrq ri wkh qrqolqhdu uhwxuq0wr0lvrwurs| whup �� lq wkh �

htxdwlrq/ vr wkdw �� idoov r� olqhduo| wrzdugv }hur zkhq zh dssurdfk wkh 5G olplw

+� @ 3,1 Zh frxog wkhq ghwhuplqh d frqvlvwhqw vhw ri prgho frh�flhqwv/ wkdw

pdnhv wkh dv|pswrwlf ehkdylru ri wkh prgho iru odujh wlphv frqvlvwhqw zlwk wkh0

ru| dqg h{shulphqwv/ iru lqwhudfwlrq sdudphwhuv Q udqjlqj iurp }hur wr lq�qlw|1

Zkhq Q @ 3/ wkh prgho frlqflghv zlwk d vwdqgdug N~% prgho1 Iru wkh olqhdu

uhjlph ri odujh Q / wkh prgho suhglfwv hqhuj| ghfd| N � w�4@5 dqg On � w4@5/ lq

djuhhphqw zlwk hduolhu wkhruhwlfdo uhvxowv +Pr�dww ^8` dqg Gdylgvrq ^6`,1 Iru lq0

whuphgldwh ydoxhv ri Q / �qdoo|/ wkh prgho uhsurgxfhv wkh hqhuj| ghfd|N � w�4=:

dqg wkh ohqjwk vfdoh hyroxwlrq phdvxuhg lq wkh fodvvlfdo h{shulphqw e| Dohpdq|

hw do1 ^4`1

Gdylgvrq ^6` rewdlqhg klv uhvxowv iru odujh Q iurp vfdoh hvwlpdwhv/ dvvxplqj

frqvhuydwlrq ri dqjxodu prphqwxp derxw dq d{lv sdudooho zlwk wkh pdjqhwlf

�hog1 Iru lqwhuphgldwh lqwhudfwlrq qxpehuv/ w|slfdoo| Q � 4/ Vuhhqlydvdq dqg

Doerxvvl�huh ^44` dqdo|vhg wkh g|qdplfv ri d vlqjoh yruwh{ lq wkh odwh qrqolqhdu
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skdvh ri ghfd|/ zkhuh wkhuh lv dq htxloleulxp ehwzhhq Mrxoh glvvlsdwlrq dqg

qrqolqhdu hqhuj| wudqvihu1 Wkh| dvvxphg frqvhuydwlrq ri dqjxodu prphqwxp/

dqg ixuwkhu wkdw d wuxh lqwhudfwlrq sdudphwhuQw @ Q+O@On,
5 whqgv wr d frqvwdqw

ydoxh ri rughu rqh1 Iurp d prgholqj shuvshfwlyh/ wkhvh dvvxpswlrqv duh qrw

qhfhvvdu|1 Wkh surshuwlhv wkhpvhoyhv duh frq�uphg/ krzhyhu/ surylghg wkdw

wkh sursrvhg prgho htxdwlrqv fdswxuh wkh hvvhqwldo surshuwlhv ri wkh xqghuo|lqj

sk|vlfdo phfkdqlvpv1 Wkh prvw lpsruwdqw dvshfwv zh kdyh vhhq khuh duh/ +l,

dq h{dfw h{suhvvlrq ri wkh Mrxoh glvvlsdwlrq lq whupv ri wkh forvxuh yduldeohv

+� � �N@�,/ +ll, d glphqvlrqdoo| fruuhfw olqhdu prgho ri Mrxoh ghvwuxfwlrq lq

wkh % htxdwlrq +64,/ +lll, d pdjqhwlf ghvwuxfwlrq ri � pdwfklqj wkh dv|pswrwlf

ehkdylru ri wkh h{dfw whup lq wkh olqhdul}hg htxdwlrqv +Ilj1 4,/ dqg �qdoo|/ +ly,

d uhwxuq0wr0lvrwurs| whup lq wkh � htxdwlrq/ zklfk dssurdfkhv }hur lq wkh 5G

olplw1

Wkh qrqolqhdu hqhuj| wudqvihu phfkdqlvpv duh vwloo qrw zhoo xqghuvwrrg1 Zh

kdyh/ iru h{dpsoh/ qrw frqvlghuhg wkh h�hfw ri wkh pdjqhwlf �hog rq wkh qrqolqhdu

hqhuj| wudqvihu udwh1 Wkh pdjqhwlf �hog pd| h�hfw wkh udwh ri qrqolqhdu dqjxodu

hqhuj| wudqvihu +wkh uhwxuq whup lq wkh � htxdwlrq,/ dqg lqwhufrpsrqhqw wudqvihu/

exw dovr wkh hqhuj| fdvfdgh ohdglqj wr ylvfrxv glvvlsdwlrq ri hqhuj| lq wkh vpdoo

vfdohv1 Wkh vwxg| ri qrqolqhdu h�hfwv zloo eh rqh ri wkh sulrulwlhv iru ixwxuh zrun1

Uhihuhqfhv

^4` D1 Dohpdq|/ U1 Pruhdx/ S1 O1 Vxohp/ dqg X1 Iulvfk1 Lq�xhqfh ri dq h{whuqdo

pdjqhwlf �hog rq krprjhqhrxv pkg wxuexohqfh1 Mrxuqdo gh P�hfdqltxh/

5;=5::~646/ 4<:<1

^5` Sk1 Fdshudq dqg D1 Dohpdq|1 Wxuexohqfh krprj�hqh p1k1g1 d idleoh qrpeuh

gh uh|qrogv pdjq�hwltxh1 �Hwxgh gh od wudqvlwlrq yhuv od skdvh txdvl elgl0

phqvlrqqhooh hw fkdudfw�hulvdwlrq gh vrq dqlvrwurslh1 Mrxuqdo gh P�hfdqltxh

wk�hruhwltxh hw dssoltx�hh/ 7+5,=4:8~533/ 4<;81

^6` S1 D1 Gdylgvrq1 Wkh uroh ri dqjxodu prphqwxp lq wkh pdjqhwlf gdpslqj

ri wxuexohqfh1 Mrxuqdo ri Ioxlg Phfkdqlfv/ 669=456~483/ 4<<:1

^7` E1 H1 Odxqghu dqg G1 E1 Vsdoglqj1 Wkh qxphulfdo frpsxwdwlrq ri wxuexohqw

�rzv1 Frpsxwhu Phwkrgv lq Dsso1 Phfk1 dqg Hqj1/ 6=59<~5;</ 4<:71

^8` K1 N1 Pr�dww1 Rq wkh vxssuhvvlrq ri wxuexohqfh e| d xqlirup pdjqhwlf

�hog1 Mrxuqdo ri Ioxlg Phfkdqlfv/ 5;=8:4~8<5/ 4<9:1

^9` Zlooldp F1 Uh|qrogv1 H�hfwv ri urwdwlrq rq krprjhqhrxv wxuexohqfh1 Lq

Surf1 43wk Dxvwudodvldq Ioxlg Phfkdqlfv Frqihuhqfh/ Phoerxuqh/ Dxvwudold/

4<;<1 Xqlyhuvlw| ri Phoerxuqh1

^:` Zlooldp F1 Uh|qrogv dqg V1 F1 Ndvvlqrv1 Rqh0srlqw prghoolqj ri udslgo|

ghiruphg krprjhqhrxv wxuexohqfh1 Surfhhglqjv ri wkh Ur|do Vrflhw| ri Orq0

grq/ Vhulhv D/ 784+4<74,=;:~437/ Rfw 4<<81

^;` V1 Vdundu dqg F1 J1 Vsh}ldoh1 D vlpsoh qrqolqhdu prgho iru wkh uhwxuq wr

lvrwurs| lq wxuexohqfh1 Sk|vlfv ri Ioxlgv D/ 5+4,=;7~<6/ 4<<31



ROD ZLGOXQG 53:

^<` X1 Vfkxpdqq1 Qxphulfdo vlpxodwlrq ri wudqvlwlrq iurp wkuhh0 wr wzr0

glphqvlrqdo wxuexohqfh xqghu d xqlirup pdjqhwlf �hog1 Mrxuqdo ri Ioxlg

Phfkdqlfv/ :7=64~8;/ 4<:91

^43` M1 Vrpphuld dqg U1 Pruhdx1 Zk|/ krz/ dqg zkhq/ PKG wxuexohqfh eh0

frphv wzr0glphqvlrqdo1 Mrxuqdo ri Ioxlg Phfkdqlfv/ 44;=83:~84;/ 4<;51

^44` E1 Vuhhqlydvdq dqg W1 Doerxvvl�huh1 Hyroxwlrq ri d yruwh{ lq pdjqhwlf �hog1

Hxu1 M1 Phfk1 E 0 Ioxlgv/ 4<=736~754/ 53331

^45` R1 Zlgoxqg/ V1 ]dkudl/ dqg I1 K1 Edun1 Ghyhorsphqw ri d Uh|qrogv vwuhvv

forvxuh iru prgholqj ri krprjhqhrxv PKG wxuexohqfh1 Sk|vlfv ri Ioxlgv/

43+;,=4<;:~4<<9/ 4<<;1

^46` R1 Zlgoxqg/ V1 ]dkudl/ dqg I1 K1 Edun1 Vwuxfwxuh lqirupdwlrq lq udslg

glvwruwlrq dqdo|vlv dqg rqh0srlqw prgholqj ri d{lv|pphwulf pdjqhwrk|gur0

g|qdplf wxuexohqfh1 Sk|vlfv ri Ioxlgv/ 45+43,=593<~5953/ 53331
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