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Devwudfw
Wkh irfxv ri wklv wkhvlv lv rq wkh ghyhorsphqw ri phwkrgv ri dqdo|vlv dqg frqwuro ri
uhfxuuhqw prwlrqv lq qrqvprrwk g|qdplfdo v|vwhpv/ zlwk sduwlfxodu hpskdvlv rq orz0
glphqvlrqdo prghov ri wzr0ohjjhg zdonlqj1 Lq sduwlfxodu/ sdvvlyh zdonhuv�elshgdo
uljlg0erg| phfkdqlvpv wkdw dfklhyh vxvwdlqhg jdlw grzq lqflqhg sodqhv zlwk judylw|
dv wkh rqo| vrxufh ri hqhuj|�duh dqdo|}hg wr ghprqvwudwh wkh h{lvwhqfh ri d ydulhw|
ri jdlw0olnh uhfxuuhqw prwlrqv/ vxfk dv shulrglf/ txdvlshulrglf/ dqg fkdrwlf jdlw> dqg
wr hvwdeolvk wkh vhqvlwlylw| ri vxfk prwlrqv wr fkdqjhv lq v|vwhp sdudphwhuv dqg wr
vpdoo shuwxuedwlrqv1 Dv dq h{dpsoh/ wkh suhvhqw vwxg| frqwdlqv d fduhixo dqdo|vlv
ri wkh wudqvlwlrq ehwzhhq jdlw prwlrqv suhyhqwhg iurp h{klelwlqj odwhudo g|qdplfv
dqg wkrvh ri ixoo| wkuhh0glphqvlrqdo zdonhuv1 Lw lv vkrzq wkdw lqvwdelolw| phfkdqlvpv
dsshdu iru wkh odwwhu phfkdqlvpv wkdw fdqqrw eh dqwlflsdwhg e| d vwxg| ri wkh frq0
vwudlqhg prghov/ vxjjhvwlqj rqo| olplwhg dssolfdelolw| ri d wzr0glphqvlrqdo dqdo|vlv
wr xqghuvwdqglqj dfwxdo kxpdq jdlw1 Wr vxjjhvw zd|v wr dsso| wkh suhvhqw vwxg| wr
wkh folqlfdo frqwh{w/ dq lghd rq krz wr h{sdqg wkh wkuhh0glphqvlrqdo sdvvlyh zdonhuv
wr lqfoxgh pxvfohv lv dovr glvfxvvhg1

D frqwuro dojrulwkp lv suhvhqwhg wkdw uholhv rq wkh suhvhqfh ri glvfrqwlqxlwlhv iru
frqwuroolqj wkh orfdo vwdelolw| ri shulrglf dqg rwkhu uhfxuuhqw prwlrqv1 Wkh phwkrg
doorzv rqh wr suhglfw wkh h�hfwv ri wkh frqwuro vwudwhj| hqwluho| iurp lqirupdwlrq
derxw wkh xqfrqwuroohg v|vwhp1 Wklv phwkrg lv dssolhg wr wkh sdvvlyh zdonhuv wr
vwdelol}h kljko| xqvwdeoh shulrglf jdlw dqg wr vzlwfk ehwzhhq gl�huhqw zdonlqj sdw0
whuqv1 Ilqdoo|/ d phwkrg edvhg rq wkh glvfrqwlqxlw|0pdsslqj dssurdfk lv ghulyhg wr
suhglfw wkh fkdudfwhulvwlf fkdqjhv lq v|vwhp ehkdylru wkdw rffxu iroorzlqj d jud}lqj
lqwhuvhfwlrq ri d txdvlshulrglf dwwudfwru zlwk d vwdwh0vsdfh glvfrqwlqxlw|1 Wkh phwkrg
lv dssolhg wr d vlpsoh prgho h{dpsoh uhsuhvhqwlqj d wzr0iuhtxhqf|/ txdvlshulrglf rv0
floodwlrq ri d irufhg ydq0ghu0Sro rvfloodwru zlwk d wzr0glphqvlrqdo lpsdfw vxuidfh lq d
wkuhh0glphqvlrqdo vwdwh vsdfh1

Ghvfulswruv= g|qdplfdo v|vwhpv/ qrqvprrwk g|qdplfv/ uhfxuuhqw prwlrqv/ vwdelolw|
dqdo|vlv/ vroxwlrq frqwlqxdwlrq/ Srlqfduì pdsv/ sdvvlyh zdonlqj/ jdlw fkdudfwhulvwlfv/
pxvfxorvnhohwdo prgholqj
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Fkdswhu 4

Lqwurgxfwlrq

Prvw ri xv h{shulhqfh phfkdqlfdo ghylfhv � fudqhv/ r!fh fkdluv/ elf|fohv/ dqg hohyd0
wruv � rq d gdlo| edvlv/ riwhq zlwkrxw uh hfwlqj rq wkhlu suhvhqfh ru ixqfwlrq1 Wkhlu
uhodwlyho| vlpsoh frqvwuxfwlrq ohdgv xv wr h{shfw wkhvh phfkdqlvpv wr rshudwh zlwkrxw
frpsolfdwlrqv zlwk olwwoh ru qr xqghuvwdqglqj ri wkh frqqhfwlrq ehwzhhq shuirupdqfh/
uholdelolw|/ dqg hdvh ri uhsdlu dqg wkh xqghuo|lqj ghwdlov ri wkh hqjlqhhulqj ghvljq1 Wr
hqkdqfh rxu xqghuvwdqglqj ri krz wkhvh dqg rwkhu phfkdqlfdo v|vwhpv ixqfwlrq dv
zhoo dv wr eh deoh wr h{dplqh srvvleoh lpsuryhphqwv wr wkhlu ghvljq/ hqjlqhhuv xvxdoo|
uho| rq wkh ghulydwlrq dqg dqdo|vlv ri pdwkhpdwlfdo prghov/ lq uhfhqw wlphv riwhq
zlwk wkh dlg ri frpsxwhu vriwzduh1 Wkhuh duh/ dw ohdvw/ wzr fkdudfwhulvwlfdoo| gl�huhqw
dssurdfkhv wr fuhdwlqj vxfk pdwkhpdwlfdo prghov1 Lq wkh ghyhorsphqw dqg whvwlqj
ri qhz ru uhghvljqhg phfkdqlfdo surgxfwv/ ghvludeoh prghov duh xvxdoo| lqwhqghg wr
ehkdyh dv forvho| wr wkh dfwxdo phfkdqlvp dv srvvleoh1 Lq frqwudvw/ zkhq wkhuh lv d
qhhg iru d ghwdlohg dqdo|vlv ri d vshfl�f ghylfh ehkdylru/ vlpsol�hg prghov duh xvhg
wkdw vwloo h{klelw wkh vdph ehkdylru dv wkh dfwxdo phfkdqlvp1 Wkh odwwhu dssurdfk lv
dovr wkdw riwhq xvhg lq edvlf uhvhdufk1

Wzr �hogv ri uhvhdufk lq zklfk erwk prghv ri prgho ghyhorsphqw duh xvhg duh
elrphfkdqlfv dqg urerwlfv1 Wkh fkrlfh ehwzhhq wkh vlpsol�hg dqg wkh frpsuhkhqvlyh
prghov lv yhu| vxewoh dqg xvxdoo| uhtxluhv vljql�fdqw h{shulhqfh1 Wkhuh duh/ w|slfdoo|/
qr jhqhudo uxohv dv wr zkdw dssurdfk wr iroorz1 Lq urerwlfv/ lw lv frpprq wr �uvw
fuhdwh d frpsuhkhqvlyh frpsxwhu0edvhg prgho dqg vxevhtxhqwo| wr exlog dq dfwxdo
phfkdqlvp1 Wkh olplwlqj idfwru lq wklv surfhgxuh lv xvxdoo| ri d sudfwlfdo qdwxuh
udwkhu wkdq dw wkh ohyho ri wkh pdwkhpdwlfdo prgho1 Lq elrphfkdqlfv/ rq wkh rwkhu
kdqg/ frpsxwhu0edvhg prghov ri rqh ru vhyhudo erg| sduwv ri d olylqj rujdqlvp uho|
rq wkh xvh ri phdvxuhphqwv +vd| ri erqh ru vriw0wlvvxh surshuwlhv, rq wkh rujdqlvp iru
duulylqj dw vxlwdeoh dssur{lpdwlrqv1 Lw lv qrw kdug wr xqghuvwdqg wkdw wkh frpsxwhu
prgho ri wkh urerwlf ghylfh xvxdoo| djuhhv pruh forvho| zlwk wkh dfwxdo ghylfh wkdq
wkh elrphfkdqlfdo prgho djuhhv zlwk wkh elrorjlfdo phfkdqlvp1

Wkh zd| lq zklfk wkh �qdo pdwkhpdwlfdo prghov duh xvhg dovr gl�huv vljql�fdqwo|
ehwzhhq wkh �hogv ri urerwlfv dqg elrphfkdqlfv1 Iru lqvwdqfh/ frqwuro dojrulwkpv gh0
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5 FKDSWHU 41 LQWURGXFWLRQ

yhorshg iru wkh frpsxwhu prgho ri d urerw fdq riwhq eh wudqvihuuhg wr wkh uhdo0zruog
urerw +zlwk vrph prgl�fdwlrqv, dqg wkhq lpsohphqwhg lq lqgxvwuldo surgxfwlrq1 Lq
elrphfkdqlfv/ rq wkh rwkhu kdqg/ d frpsxwhu prgho riwhq dfwv dv d wrro dqg d frp0
sohphqw wr wkh nqrzohgjh dqg h{shulhqfh ri d sudfwlflqj sk|vlfldq1 Dv dq h{dpsoh/
frpsxwhu0edvhg dqwkursrprusklf prgho phfkdqlvpv frxog eh xvhg wr shuirup ylu0
wxdo vxujhulhv lq rughu dvvlvw lq suhrshudwlyh hydoxdwlrq ri wkh rxwfrph ri dq dfwxdo
vxujhu|1

Wkh irfxv ri wklv wkhvlv duh phfkdqlfdo v|vwhpv dqg pdwkhpdwlfdo prghov wkdw duh
lq xhqfhg e| dqg kdyh lpsolfdwlrqv wr erwk urerwlfv dqg elrphfkdqlfv1 D sulpdu|
hpskdvlv zloo eh sodfhg rq d txdolwdwlyh vwxg| ri wkh g|qdplfv ri wkh kxpdq zdon0
lqj dssdudwxv wkurxjk d frxsoh ri gl�huhqw pdwkhpdwlfdo prghov1 Hyhq wkrxjk wkh
prghov vwxglhg khuh duh yhu| vlpsoh dqg idu iurp ehlqj dv frpsolfdwhg dv wkh kxpdq
ohjv/ wkh| vwloo dffrxqw iru wkh nh| lqjuhglhqwv ri wkh kxpdq orfrprwlrq/ vxfk dv irrw0
wr0jurxqg lpsdfwv dqg wkh suhyhqvlrq ri nqhh k|shuh{whqvlrq1 Vhyhudo ri wkh sdshuv
ghyhors zd|v ri dqdo|}lqj wkh htxdwlrqv fruuhvsrqglqj wr wkhvh prghov hvwdeolvklqj/
dprqj rwkhu wklqjv/ wkh vlplodulwlhv ehwzhhq prgho ehkdylruv dqg fkdudfwhulvwlfv ri
kxpdq zdonlqj1 Wkdw vlpsoh prghov ri wkh zdonlqj dssdudwxv duh deoh wr vkrz frp0
soh{ dqwkursrprusklf jdlw kdv reylrxv lpsolfdwlrqv wr wkh frqvwuxfwlrq ri kxpdqrlg
urerwv dv zhoo dv wr h{sodlqlqj dqg h{sorulqj vrph fkdudfwhulvwlf ihdwxuhv ri kxpdq
orfrprwlrq1

Ehiruh lqwurgxflqj wkh pdwkhpdwlfdo wrrov qhhghg iru wkh dqdo|vlv ri wkh htxdwlrqv
ghvfulelqj wkh prwlrq ri wkh wzr0ohjjhg phfkdqlvpv prghohg lq wklv wkhvlv d vkruw
edfnjurxqg rq wzr0ohjjhg zdonlqj zloo eh suhvhqwhg1 Wklv lqwurgxfwlrq zloo irfxv rq
erwk kxpdq dqg duwl�fldo zdonlqj1

414 Wzr0ohjjhg zdonlqj

Kxpdqv dqg prvw ohjjhg pdppdov kdyh vlplodu orfrprwlrq vwudwhjlhv/ qdpho| wr
pryh wkhpvhoyhv iurp rqh srlqw wr dqrwkhu e| fkdqjlqj wkh ohj frq�jxudwlrqv lq d
shulrglf0olnh zd|1 Wkhuh duh pdq| gl�huhqw fkdudfwhulvwlfv dqg vw|ohv ri orfrprwlrq
wkdw ghshqg rq zkhuh dqg krz idvw wkh prwlrq lv shuiruphg1 Wkh wzr pdlq vxejurxsv
ri orfrprwlrq duh zdonlqj dqg uxqqlqj/ glvwlqjxlvkhg sulpdulo| e| wkh dvvrfldwhg
vshhg1 Lq wklv wkhvlv zh zloo irfxv rq zdonlqj/ dowkrxjk uxqqlqj lv dovr dq lqwhuhvwlqj
duhd wkdw zrxog eh d vxemhfw iru dqrwkhu wkhvlv1

Dqrwkhu glvwlqfwlrq ehwzhhq gl�huhqw nlqgv ri jdlw lv wkh qxpehu ri ohjv xvhg1 Prvw
pdppdov duh irxu0ohjjhg +txdguxshgdo, dqg wkhlu prwlrq sdwwhuqv fdq eh udwkhu frp0
soh{/ dw ohdvw zkhq wkh| duh zdonlqj vorzo|1 Iurp d vwdelolw| srlqw ri ylhz txdguxshgdo
zdonhuv kdyh wkh dgydqwdjh ryhu wzr0ohjjhg +elshgdo, dqlpdov/ vlqfh wkh| xvxdoo| kdyh
dw ohdvw wkuhh ihhw lq frqwdfw zlwk wkh jurxqg dw dq| jlyhq prphqw1 Elshgdo zdon0
lqj lv pruh vlpsoh lq qdwxuh exw lv qrw w|slfdoo| vwdwlfdoo| vwdeoh dqg uhtxluhv pruh
+qhxudo, frqwuro wr vxvwdlq d ghfhqw jdlw1
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41414 Kxpdq zdonlqj

Wkh ghyhorsphqw ri kxpdq zdonlqj iurp jrulood0olnh jdlw wr sxuho| xsuljkw jdlw pljkw
kdyh ehhq rqh ri wkh uhdvrqv ri wkh udslg h{sdqvlrq ri wkh kxpdqv srsxodwlrq/ erwk
lq vl}h dqg glvwulexwlrq1 Wklv/ ri frxuvh/ jrhv kdqg0lq0kdqg zlwk lqfuhdvhg eudlq fd0
sdflw|/ wkh delolw| wr xvh wrrov/ dqg wkh ghyhorsphqw ri d odqjxdjh1 Dw wkh vdph wlph/
wkh delolw| wr vwdqg/ zdon/ dqg uxq rq wzr ohjv lv suhww| xqltxh dprqj pdppdov1
Wkh kxpdq zdonlqj dssdudwxv fdq eh vhhq dv d yhu| vlpsoh phfkdqlvp/ dq lqyhuwhg
grxeoh shqgxoxp zlwk d prylqj vxssruw/ exw vr idu wkhuh lv qr frpsuhkhqvlyh xqghu0
vwdqglqj ri krz lw zrunv1 Zkdw pdnhv kxpdq jdlw vr kdug wr pdvwhu dqg dqdo|}h lv
wkh mrlqw lq xhqfh ri wkh frqvwlwxwlrq ri wkh ohjv/ wkh qdwxuh ri wkh pxvfohv/ dqg wkh
orfdo dqg joredo frqwuro dffrpsolvkhg e| wkh vslqdo frug dqg wkh eudlq/ uhvshfwlyho|1
Dw wkh vdph wlph/ wkh frpsoh{ qdwxuh ri kxpdq jdlw pdnhv lw vhqvlwlyh dqg dq hdv|
wdujhw iru d glyhuvlw| ri sureohpv dqg jdlw sdwkrorjlhv1

Jdlw sdwkrorjlhv

Wkhuh duh qxphurxv zhoo0xqghuvwrrg surfhvvhv ohdglqj wr sdwkrorjlhv lq kxpdqv jdlw1
Vrph ri wkhp duh fdxvhg e| *qrupdo* dfflghqwv � ohj iudfwxuhv/ vsudlqhg dqnohv/ dqg vr
rq1 Rwkhu frpprq fdxvhv ri jdlw sdwkrorjlhv/ dqg xvxdoo| kdughu dqg pruh frpsol0
fdwhg wr wuhdw wkdq wkrvh uhvxowlqj iurp dfflghqwv/ duh glvhdvhv wkdw jhqhudwh sureohpv
ri orfrprwlrq lq wkh dgxow1 Hyhq pruh vhyhuh duh sureohpv wkdw fdq eh wudfhg edfn
wr eluwk ru ihwdo ghyhorsphqw dqg wkdw rffxu douhdg| lq wkh lqidqw fklog/ vxfk dv wkrvh
ri d qhxurorjlfdo qdwxuh1

D frpprq fdxvh ri jdlw sureohpv dqg dq looxvwudwlyh h{dpsoh ri phwkrgv xvhg
lq fodvvli|lqj jdlw g|vixqfwlrq lv fhuheudo sdov| +FS,1 Dowkrxjk wkh fdxvh ri FS lv
qrw frpsohwho| xqghuvwrrg/ lw lv zhoo0nqrzq wkdw suhpdwxuh lqidqwv duh pruh olnho| wr
ghyhors wkh glvrughu wkdq ixoo0whup lqidqwv1 FS lv prvw olnho| fdxvhg e| dq lqmxu| wr
wkh lppdwxuh eudlq wkdw xvxdoo| rffxuv gxulqj ru vkruwo| diwhu eluwk1 Lw zdv ruljlqdoo|
ghvfulehg e| Zlooldp Mrkq Olwwoh lq 4;95/ dqg lv dovr uhihuuhg wr dv Olwwoh*v Glvhdvh1
Wkh zd|v lq zklfk FS lv h{suhvvhg ydulhv iurp rqh sdwlhqw wr wkh qh{w dqg wkhuhiruh
d fodvvl�fdwlrq ri wkh v|pswrpv lv qhfhvvdu|1 Fhuheudo sdov| lv xvxdoo| fodvvl�hg e|
wkh w|sh ri pryhphqw sureohp ru e| wkh erg| sduwv lqyroyhg1 Vsdvwlflw| uhihuv wr
wkh lqdelolw| ri d pxvfoh wr uhod{/ zkloh dwkhvwrvlv uhihuv wr wkh dq lqdelolw| wr frqwuro
wkh pryhphqw ri wkh pxvfoh1 Khplsohjld lv fhuheudo sdov| wkdw lqyroyhv rqh dup dqg
rqh ohj rq wkh vdph vlgh ri wkh erg|/ zkhuhdv glsohjld sulpdulo| lqyroyhv erwk ohjv1
Txdgulsohjld uhihuv wr d FS0uhodwhg g|vixqfwlrq wkdw lqyroyhv doo irxu h{wuhplwlhv dv
zhoo dv wuxqn dqg qhfn pxvfohv1 D iuhtxhqwo| xvhg fodvvl�fdwlrq ri FS lv dwd{ld/ zklfk
uhihuv wr edodqfh dqg frruglqdwlrq sureohpv1 Iru pruh lqirupdwlrq rq fhuheudo sdov|/
vhh Jdjh ^48`1
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Dqdo|vlv ri zdonlqj

D zlgh0vsuhdg phwkrg wr dqdo|}h qrupdo dqg sdwkrorjlf jdlw lv wr xvh d ylghr0edvhg
prwlrq0fdswxuh v|vwhp edvhg rq d vhw ri ylghr fdphudv wkdw wudfn pdunhuv dwwdfkhg
wr wkh ydulrxv erg| vhjphqwv ri wkh vxemhfw ri wkh h{shulphqw frxsohg zlwk irufh
sodwhv dqg hohfwurp|rjudsk| +vhh Zklwwoh ^78`,1 Wkhuh duh d qxpehu ri gl�huhqw jdlw0
dqdo|vlv v|vwhpv dqg dvvrfldwhg frpsxwhu vriwzduh rq wkh pdunhw +iru h{dpsoh/ wkh
Ylfrq v|vwhp ^77`,1 Wkh w|slfdo vhwxs iru surihvvlrqdo jdlw dqdo|vlv frqvlvwv ri vl{
ylghr fdphudv/ wzr irufh sodwhv/ dqg hohfwurghv iru ghwhfwlqj qhxurqdo dfwlylw|1 D
frpsxwhu zlwk vxlwdeoh vriwzduh shuirupv gdwd dqdo|vlv rq wkh vljqdov rewdlqhg iurp
wkh ylghr0uhfruglqj ghylfhv wr jhqhudwh txdqwlwdwlyh lqirupdwlrq rq wkh srvlwlrqv dqg
rulhqwdwlrqv ri wkh ydulrxv erg| vhjphqwv1 Wkh irufh sodwhv +xvxdoo| rqh ru wzr,
phdvxuh wkh jurxqg0uhdfwlrq irufhv rq wkh ihhw1 Wrjhwkhu zlwk wkh gdwd iurp wkh
ylghr v|vwhp/ lw lv srvvleoh wr fdofxodwh wkh irufhv dqg wrutxhv dfwlqj rq wkh gl�huhqw
mrlqwv1 Hohfwurp|rjudsk| lv xvhg wr phdvxuh zklfk pxvfoh lv dfwlyh dw gl�huhqw wlphv1
D jrrg frpsohphqw wr wkh ylghr v|vwhp/ wkh irufh sodwhv/ dqg hohfwurp|rjudsk| lv d
fdorulphwhu wkdw fdofxodwhv wkh dprxqw ri hqhuj| xvhg gxulqj jdlw1 Wklv lv grqh e|
phdvxulqj wkh dprxqw ri fduerq glr{lgh wkdw wkh vxemhfw h{kdohv lq hyhu| euhdwk1

Iljxuh 414= Wkh nqhh dqjoh +lq ghjuhhv, gxulqj rqh ixoo vwulgh dyhudjhg iurp 63 vxemhfw/
zkhuh wkh xsshu dqg orzhu fxuyhv derxw wkh lghdo fxuyh vkrz wkh vwdqgdug ghyldwlrq
iru wklv vdpsoh1 Wkh gdwd lv iurp Pxuud| P S/ Dphulfdq M Sk|vlfdo Phglflqh/ 79+4,/
s15<3/ 4<9:

Wkhuh duh vrph ixqgdphqwdo sureohpv wkdw duh riwhq hqfrxqwhuhg zkhq xvlqj
jdlw dqdo|vlv iru gldjqrvlv dqg hydoxdwlrq ri wuhdwphqw ri sdwkrorjlf jdlw1 Wkh pdlq
sureohp lv wkh juhdw yduldelolw| lq jdlw sdwwhuq ehwzhhq gl�huhqw lqglylgxdov pdnlqj
lw gl!fxow wr hvwdeolvk d *qrupdo* jdlw1 Jdlw fkdudfwhulvwlfv iru dq lghdo kxpdq duh
lqvwhdg edvhg rq dyhudjhv dfurvv odujh vdpsoh srsxodwlrqv1 Folqlfdo jdlw dqdo|vlv lv
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wkhq xvhg wr vhh zkhwkhu wkh vxemhfw*v jdlw gl�huv vljql�fdqwo| iurp qrupdo jdlw1
Iljxuh 414 vkrzv wkh wlph klvwru| ri wkh nqhh dqjoh gxulqj rqh vwulgh dyhudjhg ryhu
d vdpsoh ri 63 vxemhfwv1 Wkh duhd +iruphg e| wkh wklq fxuyhv, derxw wkh lghdo fxuyh
fruuhvsrqgv wr wkh vwdqgdug ghyldwlrq ri wkh wlph klvwrulhv ri wkh nqhh dqjohv1

Uholdeoh jdlw gdwd lv dovr lpsruwdqw dqg qhhghg zkhq fuhdwlqj prghov plplfnlqj
kxpdq ru urerwlf jdlw1 Khuh/ dq dgglwlrqdo sureohp rffxuv/ qdpho| wkh gl!fxow|
lq fruuhfwo| phdvxulqj erg|0vhjphqw sdudphwhuv olnh ohqjwkv/ pdvvhv/ prphqwv ri
lqhuwld/ dqg orfdwlrqv ri wkh fruuhvsrqglqj fhqwhuv ri pdvv1 Wkhvh sdudphwhu ydo0
xhv duh qhhghg iru ghvfulelqj g|qdplfdo ehkdylruv +ghulylqj htxdwlrqv ri prwlrq, ri
elrphfkdqlfdo prghov ri kxpdqv1 Klvwrulfdoo|/ erg| vhjphqwv ri fdgdyhuv kdyh ehhq
zhljkhg wr �qg wkh pdvvhv dqg wr orfdwh wkh fhqwhuv ri pdvv1 Prphqwv ri lqhuwld ri
erg| vhjphqwv kdyh ehhq ghwhuplqhg e| �qglqj wkh qdwxudo shulrgv ri rvfloodwlrq/ e|
xvlqj erwk fdgdyhuv dqg olylqj lqglylgxdov1 Dqrwkhu whfkqltxh wr �qg pdvvhv ri erg|
sduwv lv wr �uvw �qg wkhlu yroxphv dqg wkhq xvlqj ghqvlwlhv dyhudjhg ryhu erqh dqg
vriw wlvvxh1 Iru pruh lqirupdwlrq rq wklv lvvxh vhh ^<`/ ^53`/ ^54`/ ^56`/ ^57`/ dqg ^45`1

Zh frqfoxgh wklv glvfxvvlrq zlwk d vxppdu| ri vrph ri wkh dssolfdwlrqv ri jdlw
dqdo|vlv/ jdlw gdwd/ dqg wkh phdvxuhphqwv ri erg|0vhjphqw sdudphwhuv/ qdpho|

� wkh dqdo|vlv ri wkh nlqhpdwlfv/ nlqhwlfv/ dqg hqhuj| frqvxpswlrq ri kxpdq jdlw>

� suh0 dqg srvwvxujlfdo hydoxdwlrq dv zhoo dv orqj0whup prqlwrulqj ri wkh ghyho0
rsphqw ri jdlw sdwkrorjlhv> dqg

� wkh ghyhorsphqw ri elrphfkdqlfdo prghov ri kxpdqv1

41415 Duwl�fldo zdonhuv

Wkhuh duh doprvw dv pdq| lghdv iru krz wr uhsurgxfh kxpdq0olnh jdlw lq dq duwl�fldo
phfkdqlvp dv wkhuh duh uhvhdufkhuv lq wkh �hog ri urerwlfv1 Wkh lghdv fryhu hyhu|0
wklqj iurp wrwdoo| xqdfwxdwhg ihz0ghjuhh0ri0iuhhgrp zdonhuv wr frpsohwho| frqwuroohg/
kljko| frpsoh{ urerwv1 Zkloh wkh xowlpdwh ghvluh lq frqvwuxfwlqj wzr0ohjjhg urerwv
fdsdeoh ri vxvwdlqhg orfrprwlrq lv wr plplf kxpdq jdlw/ qr shuihfw kxpdq0olnh jdlw
kdv |hw ehhq shuiruphg e| d urerw1

Lq wklv wkhvlv/ d glvwlqfwlrq lv pdgh ehwzhhq xqdfwxdwhg dqg dfwxdwhg wzr0ohjjhg
zdonhuv/ zlwk sulpdu| hpskdvlv rq wkh iruphu w|sh wr eh glvfxvvhg lq juhdwhu ghwdlo
lq vhfwlrq 61 Wr sxw wklv lq shuvshfwlyh/ krzhyhu/ ohw xv wdnh d jolpsvh lqwr wkh �hog
ri frqwuroohg zdonhuv1 Wkhuh duh d qxpehu ri gl�huhqw rqjrlqj surmhfwv ghdolqj zlwk
frqwuroohg wzr0ohjjhg urerwv/ ri zklfk zh zloo phqwlrq rqo| d ihz1

� Wkh PLW Ohj Oderudwru| kdv d orqj klvwru| ri frqvwuxfwlqj d ydulhw| ri elshgdo
urerwv1 Rqh ri wkhlu prvw zhoo0nqrzq elshgv lv wkh Vsulqj Wxunh|1 Wklv wkuhh0
glphqvlrqdo phfkdqlvp lv frqvwudlqhg e| dq xqdfwxdwhg errp/ wkxv uhvwulfwlqj
lwv prwlrq wr d wzr0glphqvlrqdo jdlw sdwwhuq1 Wkh Vsulqj Wxunh| lv dfwxdwhg lq
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wkh klsv dqg nqhhv dqg zdonlqj dojrulwkpv duh lpsohphqwhg wr dfklhyh d ghvluhg
jdlw1 D vxffhvvru ri wkh Vsulqj Wxunh|/ wkh Vsulqj Iodplqjr/ kdv dq lqfuhdvhg
qxpehu ri ghjuhhv ri iuhhgrp/ exw lv vwloo frqvwudlqhg e| d errp1 Iru erwk
urerwv/ irufh dfwxdwlrq lv dfklhyhg wkurxjk vhuyr prwruv orfdwhg lq wkh xsshu
erg| dqg frxsohg wr wkh erg| vhjphqwv e| hodvwlf vsulqjv1

Fxuuhqw zrun dw wkh OhjOde irfxvhv rq wkh P5 urerw1 Lw lv d wkuhh0glphqvlrqdo/
elshgdo phfkdqlvp zlwk 45 ghjuhhv ri iuhhgrp +6 lq hdfk kls/ 4 lq hdfk nqhh/
dqg 5 lq hdfk dqnoh,1 Wr gdwh/ wkh phfkdqlvp kdv ehhq exlow dqg jdlw kdv ehhq
vxffhvvixoo| vlpxodwhg rq d frpsxwhu1 Iru pruh lqirupdwlrq vhh ^66`

� Dq rqjrlqj surmhfw dw Oderudwrluh gh Pìfdqltxh ghv Vrolghv dqg LQULD Uk÷qh0
Doshv lq Iudqfh lv wkh frqvwuxfwlrq ri wzr ELS 5333 Urerwv +vhh ^7`,1 Wkh �uvw
urerw/ ELS4/ kdv ; ghjuhhv ri iuhhgrp/ zkloh ELS5 kdv 48 ghjuhhv ri iuhhgrp
lqfoxglqj d shoylv dqg d 60ghjuhhv0ri0iuhhgrp wuxqn1 ELS4 wrrn lwv �uvw vwhsv
lq Pdufk 53331

� Rqh ri wkh juhdwhvw whfkqrorjlfdo dfklhyhphqwv lq wklv duhd lv wkh Krqgd kx0
pdqrlg urerw surmhfw/ zlwk wkh urerwv S5/ S6 dqg DVLPR1 Lq 4<<9/ Krqgd
ghyhorshg wkh kxpdq0olnh urerw S5/ zklfk lv 4;5 fp wdoo dqg zhljkv 543 nj1 Lw
kdv fdphudv lq lwv khdg/ dq rq0erdug srzhu vxsso| dqg fdq shuirup d ydulhw|
ri zdonlqj prwlrqv1 Wkh S6 urerw lv 55 fp vpdoohu wkdq S5 dqg zhljkv 463
nj1 Wkh S6 urerw srvvhvvhv 49 mrlqwv wkdw fdq eh lqglylgxdoo| dfwxdwhg1 Lq
5333/ Krqgd odxqfkhg wkhlu odwhvw urerw/ DVLPR/ zklfk lv 455 fp wdoo/ zhljkv
85 nj dqg kdv 59 ghjuhhv ri iuhhgrp +glvwulexwhg ryhu 49 mrlqwv,1 Vlqfh wkhvh
duh frpphufldo surgxfwv/ d idlu dprxqw ri vhfuhf| revfxuhv wkh ghwdlov ri wkh
frqvwuxfwlrq +vhh ^55`,1

� Wzr Vzhglvk kxpdqrlg urerwv fdoohg Hoylv dqg Hoylqd duh ehlqj ghyhorshg
dw Fkdophuv Lqvwlwxwh ri Whfkqrorj| +vhh Qruglq hw do1 ^6:` dqg ^74`,1 Wkhlu
ixqgdphqwdo frqwuro dojrulwkpv duh ghyhorshg wkurxjk d ohduqlqj surfhvv/ zkhuh
jhqhwlf dojrulwkpv doorz rswlpl}dwlrq edvhg rq suhylrxv huuruv dqg vxffhvvhv1

H{shulphqwdo revhuydwlrqv rq kxpdq jdlw vxjjhvw wkdw doprvw qr pxvfoh dfwlylw|
lv suhvhqw gxulqj wkh vzlqj skdvh1 Lqvwhdg/ wkh qdwxudo shqgxoxp prwlrq ri wkh
vzlqj ohj dsshduv wr pdnh elshgdo jdlw hqhujhwlfdoo| h!flhqw dqg uhdvrqdeo| urexvw
djdlqvw h{whuqdo shuwxuedwlrqv1 Wklv glvfryhu| kdv jlyhq lpshwxv wr lghdv rq krz
wr prgho zdonlqj phfkdqlvpv zlwk sdvvlyh hohphqwv/ vxfk dv vsulqjv dqg gdpshuv/
xvlqj judylw| dv wkh rqo| hqhuj| vrxufh1 Vxfk phfkdqlvpv duh xvxdoo| uhihuuhg wr dv
sdvvlyh1 E| doorzlqj wkh sdvvlyh phfkdqlvpv wr ghvfhqg grzq dq lqfolqh/ wkh hqhuj|
glvvlsdwhg lq jurxqg frqwdfw dqg lq wkh mrlqwv lv edodqfhg e| wkdw jdlqhg iurp wkh
ghvfhqglqj prwlrq1 Prvw dwwhpswv wr prgho sdvvlyh zdonhuv wu| wr plplf wkh kxpdq
erg| frqvwlwxwlrq/ l1h1 zlwk d wruvr/ xsshu ohjv/ dqg orzhu ohjv frqqhfwhg wkurxjk
mrlqwv zlwk ydu|lqj qxpehu ri ghjuhhv ri iuhhgrp1
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Rqh ri wkh pdlq jrdov lq wkh dqdo|vlv ri wkhvh vrphzkdw vlpsol�hg prghov ri
elshgdo zdonhuv lv dq lpsuryhg xqghuvwdqglqj ri kxpdq jdlw1 Dv glvfxvvhg deryh/
wklv frxog eh xvhg wr frqvwuxfw pruh hqhuj| h!flhqw wzr0ohjjhg urerwv1 D vhsdudwh
duhd ri dssolfdwlrq lv wkh ghvljq ri qhz ohj survwkhvhv zlwk g|qdplfdo ehkdylru pruh
olnh kxpdq ohjv/ dqg wkdw hqdeoh idvwhu dqg hdvlhu uhfryhu| diwhu dfflghqwv1

Dv lq wkh fdvh ri frqwuroohg wzr0ohjjhg urerwv/ wkhuh duh vrph surmhfwv zruwk
phqwlrqlqj1

� Wdg PfJhhu ^64`/ ^65` zdv wkh �uvw wr vkrz wkdw d sdvvlyh elshgdo phfkdqlvp
frxog zdon vwdeo| grzq dq lqfolqh zlwk judylw| dv lwv rqo| hqhuj| vrxufh1 Dv
zh zloo lqglfdwh lq odwhu vhfwlrqv/ wklv zdv dq d sulrul xqh{shfwhg uhvxow/ wkdw
kdv surylghg d euhhglqj jurxqg iru doo vxevhtxhqw zrun lq sdvvlyh zdonlqj1 Dv
dq dvlgh/ PfJhhu dovr vwxglhg sdvvlyh uxqqlqj/ gl�huhqwldwhg iurp zdonlqj e|
uhshdwhg  ljkw skdvhv1 Iru pruh ghwdlov vhh PfJhhu ^63` dqg Prfkrq hw do1 ^69`1

� Iroorzlqj PfJhhu*v h{dpsoh/ Dqg| Uxlqd dqg klv jurxs dw Fruqhoo Xqlyhuvlw|
kdv ixuwkhu vwxglhg wkh jdlw sdwwhuv ri sdvvlyh elshgdo zdonhuv/ erwk qxphulfdoo|
dqg h{shulphqwdoo|1 Rqh ri wkh duhdv ri lqwhuhvw kdv ehhq wkh h{lvwhqfh ri
shulrglf jdlw lq wkh olplw ri }hur vorsh +vhh/ iru lqvwdqfh/ Fkdwwhumhh hw do1 ^8`,1
D vhsdudwh irfxv kdv ehhq rq dfklhylqj vwdeoh jdlw lq prghov zlwk dv ihz ghjuhhv
ri iuhhgrp dv srvvleoh dqg zlwk dv vlpsoh jurxqg lqwhudfwlrqv dv srvvleoh1 Iru
lqvwdqfh/ d Wlqnhuwr| prgho kdv ehhq vxffhvvixoo| frqvwuxfwhg wkdw shuirupv
vwdeoh shulrglf jdlw erwk lq h{shulphqwv dqg vlpxodwlrqv +vhh Frohpdq hw do1 ^9`
dqg ^:`,1 Lq 5333/ d sdvvlyh zdonhu zlwk dup0olnh olpev zdv exlow1 Wkh lqfoxvlrq
ri sdvvlyh dupv vhuyhg wr uhgxfh wkh vlgh0wr0vlgh urfnlqj e| wudqvihuulqj vrph
ri wkh dvvrfldwhg dqjxodu prphqwxp wr dq rxw0ri0skdvh vzlqjlqj ri wkh dupv
+vhh ^;`,1

� Dqrwkhu dssurdfk wr wkh dqdo|vlv ri sdvvlyh zdonhuv lv edoolvwlf zdonlqj1 Lq
edoolvwlf zdonlqj/ dq lpsxovh lv jlyhq wr wkh phfkdqlvp dw hdfk grxeoh0vxssruw
skdvh/ vxfk wkdw wkh phfkdqlvp uhwxuqv wr lwv lqlwldo frq�jxudwlrq diwhu rqh
vwhs zlwk wkh ohiw dqg uljkw ihhw vkliwhg1 Edoolvwlf zdonlqj kdv ehhq vwxglhg e|
Prfkrq hw do1 ^68` dqg Irupdo*vn| ^46`1

Dqdo|vlv

Wkhuh duh vljql�fdqw gl�huhqfhv ehwzhhq wkh dqdo|vlv ri kxpdq jdlw dqg wkdw ri
kxpdq0olnh prghov/ vxfk dv sdvvlyh zdonhuv dqg elshgdo urerwv1 Zkloh wkh phwk0
rgv iru vwxg|lqj kxpdq jdlw duh pdlqo| h{shulphqwdo dqg ri d sudfwlfdo qdwxuh +vhh
vhfwlrq 41414,/ wkh dqdo|vlv ri duwl�fldo zdonhuv lq jhqhudo/ dqg ri frpsxwhu0edvhg
prghov ri sdvvlyh zdonhuv lq sduwlfxodu/ lv pruh wkhruhwlfdo lq qdwxuh1 Vxfk dqdo|0
vlv lqfoxghv pdwkhpdwlfdo prgholqj dqg dssur{lpdwlrqv ri elrphfkdqlfdo v|vwhpv/
ghulylqj htxdwlrqv ri prwlrq/ dqg qxphulfdo frpsxwdwlrqv1 Pxfk uhvhdufk lv dovr
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ghyrwhg wr dfwlyh frqwuro ri elshgdo phfkdqlvpv/ ri reylrxv lpsruwdqfh lq urerwlfv1
Vxfk uhvhdufk lv erwk irfxvhg rq wkh xqghuvwdqglqj ri krz pxvfohv zrun dv zhoo dv
rq fuhdwlqj surshu frqwuro dojrulwkpv1

415 Wkhvlv rxwolqh

Wkh lqwhqw ri wkh zrun suhvhqwhg khuh lv

� wr ixuwkhu lqyhvwljdwh wkh sdvvlyh g|qdplfv ri elshgdo phfkdqlvpv>

� wr vwxg| wkh g|qdplfv ri d pruh jhqhudo fodvv ri v|vwhpv zlwk vxgghq dqg
deuxsw fkdqjhv lq v|vwhp fkdudfwhulvwlfv/ vxfk dv wkh froolvlrqv ehwzhhq wkh ihhw
dqg wkh jurxqg lq wkh fdvh ri wkh sdvvlyh zdonhuv>

� dqg wr ghyhors phdqv iru xvlqj vxfk vxgghq dqg deuxsw fkdqjhv lq wkh ghvljq
ri orz0frvw frqwuro ri v|vwhp g|qdplfv1

Wkh rxwolqh ri wkh wkhvlv lv dv iroorzv1 Fkdswhu 5 lqwurgxfhv wkh pdwkhpdwlfdo
wrrov dqg frqfhswv xvhg lq wklv wkhvlv1 Lq fkdswhu 6/ zh glvfxvv wkh prgholqj ri wkh
sdvvlyh zdonhuv/ wkh ghulydwlrq ri wkh htxdwlrqv ri prwlrq/ wkh gl�huhqw jdlw sdwwhuqv
h{klelwhg e| wkh zdonhuv/ dqg jdlw elixufdwlrqv xqghu sdudphwhu yduldwlrqv1 Wkh sudf0
wlfdo lpsohphqwdwlrq ri wkh qxphulfdo dojrulwkpv lv ghvfulehg eulh | lq fkdswhu 61:1 Lq
fkdswhu 7/ d frqfoxglqj glvfxvvlrq ri wkh vxemhfw ri wkh wkhvlv lv suhvhqwhg1 D suhvhq0
wdwlrq ri wkh vhyhq sdshuv frqvwlwxwlqj wkh euxqw ri wkh wkhvlv dqg wkh frqwulexwlrqv
ri wkh suhvhqw dxwkru lv jlyhq lq fkdswhu 8/ zklfk lv iroorzhg e| wkh vhyhq sdshuv1



Fkdswhu 5

Dqdo|vlv ri prwlrq

Lq wklv fkdswhu zh zloo lqwurgxfh vrph pdwkhpdwlfdo frqfhswv dqg wrrov xvhg lq wkh
dqdo|vlv ri prwlrq lq jhqhudo dqg iru wkh sdvvlyh zdonhuv glvfxvvhg lq ghwdlo lq vhf0
wlrq 6 lq sduwlfxodu1 Iroorzlqj d jhqhudo glvfxvvlrq ri g|qdplfdo v|vwhpv/ zh wxuq
wr wkh lpsruwdqw frqfhsw ri d Srlqfduì pdsslqj dqg lwv xvh iru dqdo|}lqj wkh vwd0
elolw| ri uhfxuuhqw prwlrqv lq vprrwk dv zhoo dv qrqvprrwk g|qdplfdo v|vwhpv1 Zh
suhvhqw d xvhixo phwkrg iru orfdwlqj dqg frqwlqxlqj uhfxuuhqw prwlrqv xqghu sdudp0
hwhu yduldwlrqv/ iroorzhg e| d glvfxvvlrq derxw elixufdwlrqv dqg wkhlu dqdo|vlv xvlqj
qrupdo irupv1 Ilqdoo|/ zh uhylhz d jhqhudo phwkrgrorj| iru ghulylqj wkh htxdwlrqv
ri prwlrq ri d pxowl0erg| phfkdqlfdo v|vwhpv dv zhoo dv vrph ixqgdphqwdo qrwlrqv
lqyroylqj wkh ri frqwuro ri vxfk v|vwhpv1 Wkh fkdswhu frqfoxghv zlwk d vxppdu| ri
wkh pdwkhpdwlfdo whfkqltxhv lqwurgxfhg khuh1

514 G|qdplfdo v|vwhpv dqg Srlqfduì pdsv

G|qdplfdo v|vwhpv duh frqyhqlhqw wrrov iru ghvfulelqj v|vwhpv wkdw hyroyh lq wlph1
Zkhq wkh hpskdvlv lv rq frqwlqxrxv fkdqjhv lq wlph/ wkh g|qdplfdo v|vwhp lv w|s0
lfdoo| uhsuhvhqwhg e| d +v|vwhp ri, gl�huhqwldo htxdwlrq+v,1 Vlploduo|/ lwhudwhg pdsv
prgho v|vwhpv zlwk glvfuhwh wlph hyroxwlrq1 Lq pdq| fdvhv/ krzhyhu/ vxfk dv phfkdq0
lfdo v|vwhpv zlwk lpsdfwv/ wkh g|qdplfdo0v|vwhp ghvfulswlrq lqfrusrudwhv erwk frq0
wlqxrxv dqg glvfuhwh vwdwhv1 Lw lv frqyhqlhqw wr gl�huhqwldwh ehwzhhq qrq0dxwrqrprxv
v|vwhpv/ iru zklfk wkh fkdqjhv ghshqg h{solflwo| rq wlph/ dqg dxwrqrprxv v|vwhpv
iru zklfk dq| fkdqjhv duh lqghshqghqw ri wkh fxuuhqw wlph1

D frqwlqxrxv g|qdplfdo v|vwhp fdq xvxdoo| eh uhsuhvhqwhg e| d v|vwhp ri �uvw0
rughu gl�huhqwldo htxdwlrqv

� ' u E c |�  5 U
?c +514,

zkhuh  lv wkh vwdwh yhfwru dqg U
? lv nqrzq dv wkh vwdwh vsdfh1 Wkh frpsoh{lw| ri

wkh g|qdplfdo v|vwhp ghshqgv rq wkh glphqvlrqdolw| ri wkh v|vwhp dqg ghjuhh ri
qrqolqhdulw| dqg vprrwkqhvv ri wkh ixqfwlrq u 1 Zkloh d orz0glphqvlrqdo v|vwhp lv

<
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hdvlhu wr ylvxdol}h/ wkh srvvleoh g|qdplfv duh olplwhg uhodwlyh wr wkh kljk0glphqvlrqdo
v|vwhpv1 Vlploduo|/ qrqolqhdu v|vwhpv fdq h{klelw qrqwudglwlrqdo ehkdylruv/ vxfk dv
vhqvlwlyh ghshqghqfh rq lqlwldo frqglwlrqv +jhqhudoo| nqrzq dv fkdrv, wkdw duh qrw
srvvleoh iru olqhdu v|vwhpv1 Pruhryhu/ zkloh jhqhudo irupxod h{lvwv iru wkh dqdo|vlv ri
olqhdu v|vwhpv/ qrqolqhdu v|vwhpv duh w|slfdoo| rqo| dqdo|vdeoh wkurxjk shuwxuedwlrq
phwkrgv dqg qxphulfdo dssur{lpdwlrq1 Wklv zloo eh glvfxvvhg odwhu lq vhfwlrq 514151

H{dpsoh 4 D odujh fodvv ri g|qdplfdo v|vwhpv ruljlqdwhv iurp htxdwlrqv ri prwlrq
ri phfkdqlfdo v|vwhpv1 Iru lqvwdqfh/ wkh htxdwlrqv ri prwlrq iru wkh irufhg/ rqh0
glphqvlrqdo shqgxoxp fdq eh zulwwhq

�%n �E%c �%� ' sE|�� +515,

zkhuh % uhsuhvhqwv wkh dqjoh ri wkh shqgxoxp1 Wklv vhfrqg0rughu ruglqdu| gl�huhqwldo
htxdwlrq fdq hdvlo| eh uhzulwwhq dv dq dxwrqrprxv v|vwhp ri �uvw rughu gl�huhqwldo
htxdwlrqv=

�% ' + +516,

�+ ' sEw�� �E%c +� +517,
�w ' �� +518,

Dv vkrzq lq wkh h{dpsoh/ lw lv dozd|v srvvleoh wr uhirupxodwh d qrq0dxwrqrprxv
v|vwhp dv dq dxwrqrprxv rqh/ dw wkh h{shqvh ri lqwurgxflqj dq dgglwlrqdo vwdwh
yduldeoh1 Wkxv/ zlwkrxw orvv ri jhqhudolw|/ zh uhvwulfw dwwhqwlrq wr v|vwhpv ri wkh irup

� ' uE �c  5 U
?� +519,

Vrph zhoo0nqrzq h{dpsohv zlwk frpsoh{ g|qdplfv duh wkh ydq0ghu0Sro rvfloodwru/
wkh Oruhq} dwwudfwru/ wkh Yrowhuud0Orwnd suhgdwru0suh| prgho dqg/ ri frxuvh/ sdvvlyh
zdonhuv1

Li zh lpdjlqh  dv uhsuhvhqwlqj wkh srvlwlrq ri d sduwlfoh lq vwdwh vsdfh/ wkhq
� uhsuhvhqwv wkh sduwlfoh*v yhorflw|1 Vlqfh Ht1 +519, lv wlph0lqghshqghqw/ wkh vl}h
dqg gluhfwlrq ri wkh yhorflw| � lv jlyhq e| wkh xqltxh yhfwru ixqfwlrq u ri  5 U

?�
Wkh wudmhfwru| iroorzhg e| wkh sduwlfoh wkurxjk vwdwh vsdfh lv d fxuyh zkrvh wdqjhqw
gluhfwlrq dw dq| jlyhq srlqw  lv sdudooho wr u E �1 Qrz lpdjlqh wkdw wkh hqwluh
vwdwh vsdfh lv �oohg zlwk vxfk wudmhfwrulhv/ vhwwlqj xs d  rz ri sduwlfohv +olnh lq d
 xlg,1 Zh pd| uhsuhvhqw wklv froohfwlrq ri wudmhfwrulhv e| d  rz ixqfwlrq xc vxfk wkdw
xE fc |� |f� fruuhvsrqgv wr wkh srlqw dw wlph | rq wkh wudmhfwru| wkdw sdvvhv wkurxjk
 f dw wlph |f1 Zkloh lw lv jhqhudoo| lpsrvvleoh wr �qg dq h{solflw uhsuhvhqwdwlrq iru
wkh vroxwlrqv ri Ht1 +519,/ dqg vlploduo| iru wkh  rz ixqfwlrq xc fodvvlfdo wkhru|
ri ruglqdu| gl�huhqwldo htxdwlrqv jxdudqwhhv wkh h{lvwhqfh ri wkh ixqfwlrq x zlwk dv
pxfk vprrwkqhvv dv wkh yhfwru �hog u 1 Lq sduwlfxodu rqh hdvlo| vkrzv wkdw

Y

Y|
xE c |� ' u Ex E c |�� +51:,

xE c f� '  c +51;,
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iru doo  dqg |1
Wkh irfxv ri wkh prghuq wkhru| ri g|qdplfdo v|vwhpv lv wkh h{sorudwlrq ri wkh

txdolwdwlyh surshuwlhv ri x� Lq sduwlfxodu/ hpskdvlv lv sodfhg rq wkh h{lvwhqfh ri uh0
fxuuhqw prwlrq/ vxfk dv htxloleuld/ shulrglf ruelwv/ dqg txdvl0shulrglf prwlrqv/ wkhlu
vwdelolw| surshuwlhv/ dqg wkhlu shuvlvwhqfh xqghu fkdqjhv lq wkh v|vwhp ghvfulswlrq1
Khuh/ uhfxuuhqw prwlrqv duh wkrvh wudmhfwrulhv wkdw duh erxqghg wr d �qlwh yroxph
ri vwdwh vsdfh dqg wkdw dssur{lpdwho| uhylvlw dq| duelwudu| srlqw rq wkh wudmhfwru|
lq�qlwho| pdq| wlphv lq iruzdug dqg edfnzdug wlph1

Htxloleuld duh vshfldo h{dpsohv ri vwdwh vsdfh wudmhfwrulhv wkdw frqvlvw ri d vlqjoh
srlqw1 Lq sduwlfxodu/ dq htxloleulxp  W lv fkdudfwhul}hg e|

xE Wc |� '  W +51<,

iru doo |1 Lw iroorzv wkdw

u E W� ' fc +5143,

l1h1/ htxloleuld duh }hur srlqwv ri wkh yhfwru �hog1 Vlploduo|/ shulrglf vroxwlrqv duh vwdwh
vsdfh wudmhfwrulhv wkdw irup forvhg fxuyhv1 Lw iroorzv wkdw wkhuh h{lvwv dw ohdvw rqh
srlqw  W/ vxfk wkdw

xE Wc A � '  Wc +5144,

iru vrph A : f� Lq idfw/ vlqfh

xEx E Wc |� cA � ' x E Wc |� c | 5 dfc A � c +5145,

dq| srlqw rq wkh wudmhfwru| pd| eh fkrvhq wr uhsuhvhqw  W1
Wkh h{lvwhqfh ri d xqltxh shulrg A ri d shulrglf prwlrqv vkrzv wkdw wkh wlph

hyroxwlrq ri dq| vwdwh yduldeoh fdq eh zulwwhq dv d Irxulhu h{sdqvlrq zlwk d vlqjoh
ixqgdphqwdo iuhtxhqf|1 Lq frqwudvw/ d txdvlshulrglf vroxwlrq lv d vwdwh vsdfh wudmhf0
wru| iru zklfk wkh wlph hyroxwlrq ri dq| vwdwh yduldeoh lv fkdudfwhul}hg e| d Irxulhu
h{sdqvlrq zlwk vhyhudo lqfrpphqvxudeoh ixqgdphqwdo iuhtxhqflhv1

51414 Vwdelolw| dqdo|vlv iru �{hg srlqwv dqg Srlqfduì pdsv

Dq lpsruwdqw frqfhsw lq g|qdplfdo0v|vwhp dqdo|vlv lv wkdw ri vwdelolw| ri d vwdwh0vsdfh
wudmhfwru|1 Wkh vwdelolw| ri d uhihuhqfh wudmhfwru| lv d phdvxuh ri lwv vhqvlwlylw| wr
shuwxuedwlrqv/ l1h1/ wkh h{whqw wr zklfk qhdue| wudmhfwrulhv zloo uhpdlq lq wkh ylflqlw|
ri wkh ruljlqdo wudmhfwru| ru ghyldwh iurp lw lq iruzdug wlph1 H{sorudwlrqv ri wkh
vwdelolw| fkdudfwhulvwlfv ri d uhihuhqfh wudmhfwru| duh shuiruphg e| orrnlqj dw wkh orfdo
 rz lq wkh ylflqlw| ri wkh wudmhfwru|1 Lq d �uvw dssur{lpdwlrq/ vxfk d orfdo dqdo|vlv
lv dfklhyhg e| d olqhdu dssur{lpdwlrq ri wkh  rz derxw wkh uhihuhqfh wudmhfwru|1
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Vshfl�fdoo|/ ohw  eh dq lqlwldo frqglwlrq lq wkh ylflqlw| ri d srlqw  uhi rq wkh uhihuhqfh
wudmhfwru|1 Wkhq/

xE c |�� x
�
 uhic |

�� Y x
�
 uhic |

� �
 �  uhi

�
c +5146,

zkhuh wkh Mdfreldq Y x
�
 uhic |

�
fdq eh vkrzq wr vdwlvi| wkh olqhdu lqlwldo0ydoxh sure0

ohp

�j ' Y u
�
x
�
 uhic |

��
jc j Ef� ' Wc +5147,

zkhuh wkh gl�huhqwldo htxdwlrq lv nqrzq dv wkh yduldwlrqdo htxdwlrq dqg W lv dq ?0e|0?
lghqwlw| pdwul{1

Dv dq h{dpsoh/ frqvlghu wkh vwdelolw| dqdo|vlv iru dq htxloleulxp  W� Lw iroorzv
wkdw wkh frh!flhqw pdwul{ lq wkh yduldwlrqdo htxdwlrq Y uE 

W� lv d frqvwdqw pdwul{1
Iurp wkh hohphqwdu| wkhru| ri olqhdu gl�huhqwldo htxdwlrqv zlwk frqvwdqw frh!flhqwv/
lw iroorzv wkdw vwdelolw| lv ghwhuplqhg e| wkh vljq ri wkh uhdo sduw ri wkh hljhqydoxhv
b�c � ' �c � � � c ?c ri Y uE W�� Vshfl�fdoo|/ li wkh uhdo sduw ri hyhu| hljhqydoxh lv ohvv
wkdq fc wkhq wkh vroxwlrq lv dv|pswrwlfdoo| vwdeoh/ l1h1 doo qhdue| lqlwldo frqglwlrqv duh
dwwudfwhg wr wkh htxloleulxp dv | $ 4� Rq wkh rwkhu kdqg/ li dw ohdvw rqh hljhqydoxh
kdv d srvlwlyh uhdo sduw/ lw lv xqvwdeoh1 W|slfdoo|/ vrph qhdue| lqlwldo frqglwlrqv zloo
ghyldwh vxevwdqwldoo| iurp wkh htxloleulxp lq iruzdug wlph1 Wkh olqhdu dqdo|vlv idoov
vkruw/ krzhyhu/ ri suhglfwlqj vwdelolw| zkhq doo hljhqydoxhv kdyh qrq0srvlwlyh uhdo sduwv
dqg dw ohdvw rqh olhv rq wkh lpdjlqdu| d{lv1 Lq wkh glvfxvvlrq ehorz/ zh zloo uhihu wr
htxloleuld zlwk doo hljhqydoxhv r� ri wkh lpdjlqdu| d{lv dv k|shuerolf1 Qrq0k|shuerolf
htxloleuld duh dovr vdlg wr eh ghjhqhudwh1

Dowkrxjk wkh yduldwlrqdo htxdwlrq pd| eh hpsor|hg iru wkh vwdelolw| dqdo|vlv ri
shulrglf vroxwlrqv/ zh zloo xvh d voljkwo| gl�huhqw dssurdfk wkdw kdv d pruh jhrphwulf
dsshdo/ qdpho| wkdw ri d Srlqfduì pds1 Wklv frqfhsw doorzv xv wr wuhdw d shulrglf
vroxwlrq dv d �{hg srlqw ri dq lwhudwhg pds1 Vlploduo|/ vwdelolw| surshuwlhv ri wkh
shulrglf vroxwlrq fruuhvsrqg wr wkrvh ri wkh �{hg srlqw1 Wr idflolwdwh wkh dqdo|vlv/ lw
lv frqyhqlhqw wr lqwurgxfh d frglphqvlrq0rqh vxuidfh lq vwdwh vsdfh/ dovr nqrzq dv d
Srlqfduì vhfwlrq/ iru h{dpsoh jlyhq e| wkh }hur0ohyho vxuidfh ri d vfdodu ixqfwlrq �/
vxfk wkdw d srlqw  olhv rq wkh vhfwlrq li

�E � ' f� +5148,

Lq sduwlfxodu/ zh slfn �/ vxfk wkdw wkh shulrglf vroxwlrq lqwhuvhfwv wkh fruuhvsrqglqj
Srlqfduì vhfwlrq P� wudqvyhuvdoo| dw d srlqw  W1 Zh gh�qh wkh Srlqfduì pds/ �c iru
srlqwv qhdu  W/ vxfk wkdw � pdsv d srlqw rq P� wr wkh vxevhtxhqw lqwhuvhfwlrq ri wkh
fruuhvsrqglqj wudmhfwru| zlwk P� qhdu  W/ surylghg vxfk dq lqwhuvhfwlrq fdq eh irxqg
+vhh ohiw sdqho lq Iljxuh 514,1 Lq sduwlfxodu/ lw iroorzv wkdw � E W� '  W1 Wkh Srlqfduì
pds lv vrphwlphv dovr uhihuuhg wr dv wkh �uvw uhwxuq pds1 Dv zlwk wkh  rz pdsslqj/
lw lv jhqhudoo| lpsrvvleoh wr �qg d forvhg irupxod iru ��
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Iljxuh 514= Ohiw= Wkuhh frqvhfxwlyh lqwhuvhfwlrqv + &c  &n�c dqg  &n2, zlwk wkh
Srlqfduì vhfwlrq P� dqg d �{hg srlqw  W ri d Srlqfduì pdsslqj1 Uljkw= D vfkhpdwlf
gudzlqj ri d glvfrqwlqxlw| mxps1

Wkh vwdelolw| ri d glvfuhwh wudmfhwru| ri � edvhg dw  W lv jlyhq e| wkh ghyldwlrq
+fi1 Ht1 5146,

� � � � � ��� ~} �
� wlphv

E ��� � � � � ��� ~} �
� wlphv

E W� � Y � E W� � � � Y � E W�� ~} �
� wlphv

E �  W� � +5149,

Lw iroorzv wkdw/ wr �uvw dssur{lpdwlrq/ wkh vwdelolw| ri d shulrglf ruelw lv jlyhq e|
wkh hljhqydoxhv ri Y � E W� � Vshfl�fdoo|/ zh nqrz wkdw iru pdsv/ �{hg srlqwv duh
dv|pswrwlfdoo| vwdeoh li doo hljhqydoxhv kdyh d pdjqlwxgh ohvv wkdq �c dqg xqvwdeoh li
dw ohdvw rqh hljhqydoxh idoov rxwvlgh wkh xqlw flufoh1 Djdlq zh uhihu wr d �{hg srlqw
zlwk doo lwv hljhqydoxhv r� ri wkh xqlw flufoh dv k|shuerolf dqg/ vlploduo|/ iru wkh
fruuhvsrqglqj shulrglf vroxwlrq1 Lq wkh ghjhqhudwh fdvh/ wkh olqhdu dqdo|vlv idlov wr
suhglfw wkh orfdo vwdelolw| ehkdylru1

Wr frpsxwh Y � E W� c ohw � E � eh wkh wlph ri  ljkw iru wkh ruelw wkurxjk  5 P�

wr wkh qh{w lqwhuvhfwlrq zlwk P�/ l1h1/

� Ex E c � E ��� ' f� +514:,

Wkhq wkh Srlqfduì pds fdq eh zulwwhq

� E � ' x E c � E �� c +514;,

zkhuh x lv wkh  rz lqwurgxfhg deryh1 Lq sduwlfxodu/ � E W� ' Ac wkh shulrg ri wkh
shulrglf prwlrq1 Iurp wkh lpsolflw ixqfwlrq wkhruhp/ lw iroorzv wkdw/ iru  qhdu  Wc
� lv d gl�huhqwldeoh ixqfwlrq ri  surylghg wkdw

Y � E 
W� Y|xE Wc A � 9' f� +514<,
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Lw lv hdv| wr vhh wkdw wklv frqglwlrq lv vdwlv�hg surylghg wkdw wkh lqwhuvhfwlrq ri wkh
shulrglf prwlrq zlwk P� lv wudqvyhuvdo1 Lw lv wkhq srvvleoh wr vkrz wkdw

Y � E 
W� ' �Y � E 

W� Y xE Wc A �

Y � E W� Y|xE Wc A �
� +5153,

E| wkh fkdlq uxoh/ gl�huhqwldwlqj Ht1 +514;, zlwk uhvshfw wr  dqg hydoxdwlqj dw  W/
zh �qg

Y � E W� ' Y xE Wc A � n Y|xE Wc A � Y � E 
W� � +5154,

Vxevwlwxwlqj Ht1 +5153, lq Ht1 +5154, |lhogv

Y �E 
W� ' Y xE Wc A �� Y|xE Wc A �

Y � E 
W� Y xE Wc A �

Y � E W� Y|xE Wc A �
+5155,

'

�
U � Y|xE Wc A � Y � E 

W�

Y � E W� Y|xE Wc A �

�
Y xE Wc A � � +5156,

Lw lv hdv| wr vkrz wkdw dw ohdvw rqh hljhqydoxh ri Y xE Wc A � pxvw htxdo �/ qdpho|
wkh hljhqydoxh fruuhvsrqglqj wr ghyldwlrqv wdqjhqwldo wr wkh shulrglf ruelw1 E| Ht1
+5156,/ wklv fruuhvsrqgv wr d }hur hljhqydoxh ri Y �E W��

Wkh Srlqfduì0pdsslqj frqfhsw lv dovr xvhixo lq wkh dqdo|vlv ri txdvlshulrglf pr0
wlrqv1 Frqwudu| wr shulrglf vroxwlrqv wkdw uhvxow lq �qlwho| pdq| glvfuhwh lqwhuvhfwlrqv
zlwk P�/ txdvlshulrglf ruelwv w|slfdoo| lqwhuvhfw wkh Srlqfduì vhfwlrq dorqj forvhg
fxuyhv1 Wklv doorzv iru fkdudfwhul}lqj txdvlshulrglf vroxwlrqv e| lqyduldqw fxuyhv ri
wkh Srlqfduì pdsslqj dqg iru vwxg|lqj wkh orfdo vwdelolw| ri wkh vroxwlrqv lq whupv ri
wkh fruuhvsrqglqj ehkdylru ri wkh Srlqfduì pdsslqj qhdu vxfk fxuyhv dowkrxjk wkh
dqdo|vlv lv jhqhudoo| pruh frpsolfdwhg1

Wr qxphulfdoo| vwxg| wkh vwdelolw| fkdudfwhulvwlfv ri txdvlshulrglf prwlrqv dv zhoo
dv pruh frpsolfdwhg uhfxuuhqw prwlrqv/ lw lv frqyhqlhqw wr fdofxodwh wkh O|dsxqry
h{srqhqwv +vhh ^6<`/ ^59`/ dqg ^4<`,1 Wklv whfkqltxh lv xvhg lq sdshu 6 iru d v|vwhp
wkdw h{klelwv erwk txdvlshulrglf dqg fkdrwlf ehkdylruv1

51415 Qrqvprrwk v|vwhpv

Vr idu wkh irfxv ri wkh glvfxvvlrq kdv ehhq rq vprrwk g|qdplfdo v|vwhpv/ l1h1 v|v0
whpv wkdw duh hyhu|zkhuh gl�huhqwldeoh1 Li wkh v|vwhp lqvwhdg h{shulhqfhv vxgghq
fkdqjhv lq wkh vwdwh yduldeohv ru wkh yhfwru �hog/ wkh g|qdplfdo v|vwhp lv vdlg wr eh
qrqvprrwk1 Wkh prvw w|slfdo h{dpsoh lq phfkdqlfv lv d�rughg e| wkh doprvw lqvwdq0
wdqhrxv fkdqjh lq d wkh uhodwlyh yhorflw| ri wzr froolglqj remhfwv/ zkhwkhu prghoohg
e| d wuxo| lqvwdqwdqhrxv mxps lq vwdwh vsdfh ru e| d glvfrqwlqxrxv fkdqjh lq iruflqj1
Jxlghg e| wklv revhuydwlrq/ Ohlqh ^5:` fodvvl�hv qrqvprrwk g|qdplfdo v|vwhpv lqwr
wkuhh gl�huhqw fdwhjrulhv/ qdpho|
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41 Qrq0vprrwk frqwlqxrxv v|vwhpv zlwk d glvfrqwlqxrxv Mdfreldq/ l1h1 v|vwhpv
zlwk d frqwlqxrxv exw qrqvprrwk yhfwru �hog1 Y u E c |� lv glvfrqwlqxrxv1

H{dpsoh= V|vwhpv zlwk d sxuho| hodvwlf rqh0vlghg vxssruwv1

51 Ilolssry v|vwhpv/ l1h1/ v|vwhpv zlwk glvfrqwlqxrxv yhfwru �hog1 u E c |� lv glvfrq0
wlqxrxv

H{dpsoh= V|vwhpv zlwk d ylvfr0hodvwlf vxssruw dqg gu| iulfwlrq1 Wklv lv wkh
prgho fkrvhq wr uhsuhvhqw jurxqg lpsdfwv iru wkh sdvvlyh zdonhuv vwxglhg
lq wklv wkhvlv1

61 V|vwhpv zlwk mxpsv lq wkh vwdwh1

H{dpsoh= Lpsdfwlqj v|vwhpv zlwk uhyhuvlqj yhorflwlhv/ olnh d erxqflqj edoo1
Wkh krsslqj phfkdqlvp dqg wkh Eudlooh sulqwhu lq sdshu 8 idoo lqwr wklv
fdwhjru|1

Lq wkh suhylrxv vhfwlrq/ wkh vwdelolw| ri d shulrglf prwlrq ri d vprrwk g|qdplfdo
v|vwhp zdv ghwhuplqhg1 Dv vhhq ehorz/ d vshfldo wuhdwphqw lv qhhghg wr ghwhuplqh
wkh vwdelolw| ri d wudmhfwru| lq d g|qdplfdo v|vwhp lqfoxglqj glvfrqwlqxlwlhv1

Djdlq/ dvvxph zh kdyh wkh g|qdplfdo v|vwhp

� ' u E � c  5 U
? +5157,

zkhuh u lv d frqwlqxrxv yhfwru �hog dqg vxssrvh wkdw wkhuh h{lvwv d _�rSJ?|�?��|+
r�os@Se +ru hyhqw vxuidfh, jlyhq e| wkh }hur0ohyho vxuidfh ri d ixqfwlrq �/ vxfk wkdw
dq lqfrplqj vwdwh rq wkh vxuidfh lv pdsshg e| d mxps ixqfwlrq } wr dqrwkhu srlqw
lq vwdwh vsdfh +vhh uljkw sdqho lq Iljxuh 514,1 Ilqdoo|/ lqwurgxfh d Srlqfduì vhfwlrq
PM jlyhq e| wkh }hur0ohyho vxuidfh ri d ixqfwlrq M/ vxfk wkdw wkh shulrglf wudmhfwru|
lqwhuvhfwlrqv wkh vhfwlrq dw wkh srlqw  W1 Lq sduwlfxodu/ vxssrvh wkdw

� Ex E Wc |glvf�� ' fc +5158,

l1h1/ |glvf lv wkh wlph ri  ljkw dorqj wkh wudmhfwru| wkurxjk  W xqwlo wkh glvfrqwlqxlw|
lv uhdfkhg dqg wkhuh h{lvwv d A : |glvf/ vxfk wkdw

 W ' xE Wc A � ' x E} Ex E Wc |glvf�� c A � |glvf� � +5159,

Wr fdofxodwh wkh vwdelolw| fkdudfwhulvwlfv ri wkh shulrglf wudmhfwru|/ frqvlghu wkh
Srlqfduì pds

� E � ' x E} Ex E c �glvf E ��� c � uhw E �� c +515:,
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zkhuh  lv d srlqw rq PM qhdu  W/ � glvf E � lv wkh wlph ri  ljkw dorqj wkh wudmhfwru|
wkurxjk  xqwlo wkh glvfrqwlqxlw| lv uhdfkhg dqg � uhw E � lv wkh wlph ri  ljkw dorqj
wkh vdph wudmhfwru| xqwlo wkh qh{w lqwhuvhfwlrq zlwk PM � Iurp wkh suhylrxv vhfwlrq/
lw iroorzv wkdw

Y �E 
W� '

�
U � Y|xE Wc A � Y M E W�

Y M E W� Y|xE Wc A �

�
Y xE Wc A � � +515;,

Lq frqwudvw zlwk wkh vprrwk fdvh/ krzhyhu/ lw lv srvvleoh wr vkrz wkdw

Y xE Wc A � ' Y xE} Ex E Wc |glvf�� c A � |glvf� � � Ex E Wc |glvf�� � Y xE Wc |glvf�c +515<,

zkhuh wkh fruuhfwlrq whup lv jlyhq e|

� Ex E Wc |glvf�� ' } Ex E Wc |glvf�� nCc +5163,

zkhuh

C '
Eu E} Ex E Wc |glvf���� } Ex E Wc |glvf�� u Ex E Wc |glvf���� Ex E Wc |glvf��

� Ex E Wc |glvf�� u Ex E Wc |glvf��
+5164,

+fi1 Dgroivvrq hw do1 ^5`/ Dl}hupdq ) Jdqwkpdnkhu ^6`/ dqg Pÿoohu ^67`,1 Pruh
ghwdlov rq wkh ghulydwlrq ri wkh fruuhfwlrq whup dqg vrph dssolfdwlrqv duh irxqg lq
Sdshu 8 dqg sdshu 91

51416 Frqwlqxdwlrq ri uhfxuuhqw prwlrqv

Ehiruh rqh fdq vwxg| wkh shuvlvwhqfh ri uhfxuuhqw prwlrqv xqghu wkh yduldwlrq ri vrph
v|vwhp sdudphwhu lw lv hvvhqwldo wr �uvw eh deoh wr orfdwh vxfk prwlrqv1 Frqvlghu/ dv
d vshfldo fdvh/ wkh iroorzlqj phwkrgrorj| iru orfdwlqj shulrglf wudmhfwrulhv1

Vxssrvh wkdw wkh shulrglf ruelw lv nqrzq wr wudqvyhuvdoo| lqwhuvhfw d Srlqfduì
vhfwlrq fruuhvsrqglqj wr wkh }hur0ohyho vxuidfh ri d ixqfwlrq � dw vrph xqnqrzq srlqw
 W1 Lw iroorzv wkdw

�E W� ' f +5165,

dqg

xE Wc A � '  W +5166,

iru vrph xqnqrzq shulrg A� Wkhvh wzr htxdwlrqv fruuhvsrqg wr d v|vwhp ri ? n �
vfdodu htxdwlrqv lq ? n � xqnqrzqv/ qdpho|  W dqg A� Zh fdq qrz irupxodwh wkh
pxowl0glphqvlrqdo Qhzwrq0Udskvrq phwkrg wr vroyh Htv1 +5165 0 5166,=�

 &n�

A&n�

�
'

�
 &
A&

�
�(3�

�
xE &c A&��  &

�E &�

�
c +5167,
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zkhuh

( '

�
Y xE &c A&�� U Y|xE &c A&�

Y �E &� f

�
� +5168,

Jlyhq d vx!flhqwo| jrrg lqlwldo jxhvv  f �  W dqg Af � A / zh h{shfw wkh deryh
lwhudwlrqv wr frqyhujh dw d udwh txdgudwlf lq wkh uhpdlqlqj huuru wr wkh fruuhfw ydo0
xhv1 Dowhuqdwlyho|/ uhirupxodwlqj wklv sureohp lq whupv ri wkh fruuhvsrqglqj Srlqfduì
pdsslqj/ +vhfwlrq 51414,/ Htv1 5167 dqg 5168 fdq eh uhgxfhg wr

 &n� '  & � Y � E &�
3�
� E &� c +5169,

zkhuh

Y �E &� '

�
W�Y|xE &c � E &�� Y � Ex E &c � E &���

Y � Ex E &c � E &��� Y|xE &c � E &��

�
Y xE &c � E &�� � +516:,

Iru h{dpsoh/ li d k|shuerolf shulrglf ruelw zlwk d wudqvyhuvdo lqwhuvhfwlrq zlwk wkh
Srlqfduì vhfwlrq kdv ehhq irxqg iru d jlyhq vhw ri sdudphwhu ydoxhv/ wkhq vwdqgdug
shuvlvwhqfh wkhru| jxdudqwhhv wkh frqwlqxhg suhvhqfh xqghu vpdoo yduldwlrqv lq wkh
sdudphwhuv ri vxfk d shulrglf ruelw lq wkh ylflqlw| ri wkh ruljlqdo ruelw/ zlwk txdolwd0
wlyho| lghqwlfdo vwdelolw| fkdudfwhulvwlfv1 Zh fdq wkxv hpsor| d frqwlqxdwlrq dojrulwkp
wr iroorz vwdeoh dv zhoo dv xqvwdeoh shulrglf vroxwlrqv xqghu sdudphwhu yduldwlrqv xqwlo
hlwkhu k|shuerolflw| lv orvw +l1h1/ lq d elixufdwlrq 0 vh ixuwkhu ehorz lq vhfwlrq 515, ru
wudqvyhuvdolw| lv orvw +lq zklfk fdvh zh vkrxog fkdqjh wr d gl�huhqw Srlqfduì vhfwlrq,1
Dv zlwk dq| lwhudwlyh phwkrg/ frqyhujhqfh uholhv rq d vdwlvidfwru| lqlwldo jxhvv1 Lq
wkh lpsohphqwdwlrq ri wkh Qhzwrq0Udskvrq vfkhph ghvfulehg khuh/ zh ohw wkh lqlwldo
jxhvv eh ghwhuplqhg e| h{wudsrodwlrq wdnlqj lqwr dffrxqw vroxwlrqv irxqg iru qhdue|
sdudphwhu ydoxhv1 Iru lqvwdqfh/ wkh prvw vlpsoh phwkrg lv wr xvh olqhdu h{wudsrod0
wlrq/ lq zklfk wzr suhylrxvo| irxqg �{hg srlqwv  WR� dqg  WR2 +iru wkh sdudphwhuv R�
dqg R2c uhvshfwlyho|, duh xvhg wr �qg dq lqlwldo jxhvv  R�/ vxfk wkdw

 R� ' 2 WR2 �  WR�c +516;,

zkhuh lw lv dvvxphg wkdw R��R2 ' R2�R�1 Rwkhu/ pruh frpsoh{ h{wudsrodwlrq phwk0
rgv duh fhuwdlqo| srvvleoh dqg pd| lpsuryh frqyhujhqfh zkhq wkh shulrglf vroxwlrq
fkdqjhv udslgo| lq vwdwh vsdfh xqghu yduldwlrqv ri vrph vwdwh sdudphwhu1

Li wkh uhfxuuhqw prwlrq lqfoxghv d glvfrqwlqxlw|/ wkh Mdfreldq Y xE &c A&� kdv wr
eh prgl�hg vr wkdw

Y xE &c A&� ' Y xE} Ex E &c |S�� c A& � |S� � � Ex E &c |S�� � Y xE &c |S� c +516<,

zkhuh |S lv wkh wlph ri  ljkw iurp  & wr wkh glvfrqwlqxlw|1 Wkh fruuhfwlrq whup
� Ex E &c |S�� Efi1 Ht1 E516<�� lv fdofxodwhg dv ghvfulehg lq vhfwlrq 514151

Frqwlqxdwlrq phwkrgv iru txdvlshulrglf prwlrqv uhtxluh d vrphzkdw gl�huhqw ds0
surdfk wkdq wkh rqh suhvhqwhg deryh iru shulrglf prwlrqv1 Dv vxjjhvwhg deryh/ d
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txdvlshulrglf prwlrq fruuhvsrqgv wr dq lqyduldqw fxuyh iru wkh Srlqfduì pdsslqj1
Wkh frqwlqxdwlrq dojrulwkp zloo frqvhtxhqwo| kdyh wr iroorz forvhg fxuyhv xqghu wkh
yduldwlrq ri vrph v|vwhp sdudphwhu1 Rqh zd| wr frpsohwh wklv lv wr pdnh d glv0
fuhwl}dwlrq ri wkh fxuyh dqg xvh vsolqhv wr exlog xs wkh forvhg fxuyh1 Wkhq wkh
Qhzwrq0Udskvrq vfkhph frxog eh xvhg iru hdfk glvfuhwl}dwlrq srlqw/ exw lqvwhdg ri
wu|lqj wr orfdwh �{hg srlqwv 0 srlqwv wkdw duh pdsshg rqwr wkhpvhoyhv 0 hdfk srlqw
xvhg iru glvfuhwl}dwlrq vkrxog eh pdsshg rqwr wkh forvhg fxuyh1 Wkh qxpehu ri xq0
nqrzqv iru wklv phwkrg lv vljql�fdqwo| odujhu wkdq zkhq �qglqj �{hg srlqwv/ vlqfh
odujh qxpehu ri glvfuhwl}dwlrq srlqwv duh qhfhvvdu| wr hqvxuh jrrg dffxudf|1

515 Orfdo elixufdwlrqv ri wkh Srlqfduì pds

Prvw g|qdplfdo v|vwhpv uhsuhvhqwlqj phfkdqlfdo v|vwhpv kdyh vhyhudo sdudphwhuv
d�hfwlqj wkhlu ehkdylru1 Fohduo|/ wkh h{lvwhqfh dqg vwdelolw| ri wkh w|shv ri prwlrqv
glvfxvvhg lq wkh suhylrxv vhfwlrq ghshqg rq wkh ydoxhv ri wkh v|vwhp sdudphwhuv1 Zh
duh hvshfldoo| lqwhuhvwhg lq fodvvli|lqj fkdqjhv gxh wr vpdoo sdudphwhu yduldwlrqv1 Lq
sduwlfxodu/ zh zloo ghqrwh d fkdqjh lq wkh qxpehu ri vroxwlrqv ru wkhlu vwdelolw| dv
d elixufdwlrq dqg wkh fruuhvsrqglqj srlqw lq sdudphwhu vsdfh dv d elixufdwlrq srlqw1
D srlqw rq d sduwlfxodu eudqfk ri htxloleuld/ �{hg srlqwv/ ru shulrglf vroxwlrqv lq d
frpelqhg sdudphwhu dqg vwdwh vsdfh lv vdlg wr eh uhjxodu li qr elixufdwlrq rffxuv1 Dv
dq h{dpsoh/ lw lv srvvleoh wr vkrz wkdw srlqwv lq wklv vsdfh fruuhvsrqglqj wr k|shuerolf
htxloleuld ru shulrglf ruelwv duh uhjxodu1

Wkh deryh frqfoxvlrqv duh rqo| ydolg iru v|vwhpv zlwk d frqwlqxrxv yhfwru �hog1
Dv douhdg| glvfxvvhg/ pdq| g|qdplfdo v|vwhpv srvvhvv vwdwh0vsdfh glvfrqwlqxlwlhv/ iru
h{dpsoh/ prgholqj lpsdfwv ru iulfwlrq lq phfkdqlfdo v|vwhpv1 Elixufdwlrqv fdq rffxu
gxh wr lqwhudfwlrqv zlwk wkhvh glvfrqwlqxlwlhv/ hyhq lq wkh suhvhqfh ri k|shuerolflw|1
Iru h{dpsoh/ lq wkh fdvh ri wkh zdonlqj phfkdqlvp/ irrw vfx!qj pd| rffxu gxulqj wkh
vzlqj skdvh +vhh fkdswhu 617,/ uhvxowlqj lq d udslg fkdqjh lq h{lvwhqfh dqg vwdelolw|
fkdudfwhulvwlfv ri uhfxuuhqw jdlw dqg vxevhtxhqw froodsvh1

Lq wkh ylflqlw| ri d elixufdwlrq srlqw/ d qrqolqhdu wuhdwphqw lv qhfhvvdu| vlqfh
wkh olqhdu dqdo|vlv suhglfwv d ghjhqhudwh vroxwlrq dw wkh elixufdwlrq srlqw1 Dv zh
zloo vkrz ehorz/ lw lv srvvleoh wr ghulyh d uhgxfhg ghvfulswlrq ri wkh g|qdplfv/ d
qrupdo irup/ zklfk doorzv d frpsohwh xqiroglqj ri wkh orfdo elixufdwlrq ehkdylru1
Wkh qxpehu ri iuhh sdudphwhuv ri wkh qrupdo irup lv nqrzq dv wkh frglphqvlrq ri
wkh elixufdwlrq1 Lq wklv wkhvlv/ zh uhvwulfw dwwhqwlrq wr frglphqvlrq0rqh elixufdwlrqv1
Krzhyhu/ frglphqvlrq06 elixufdwlrqv gr rffxu iru sdvvlyh zdonhuv dqg pljkw eh d
irfxv ri dqrwkhu wkhvlv1

51514 Fhqwhu pdqlirog dqg qrupdo irupv iru pdsv

Vlqfh rxu pdlq frqfhuq duh shulrglf dqg rwkhu uhfxuuhqw prwlrqv wkh iroorzlqj glv0
fxvvlrq lv olplwhg wr Srlqfduì pdsv1 Vlplodu uhvxowv fdq eh irxqg iru wkh frqwlqxrxv
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fdvh1 Jlyhq d �{hg srlqw  W ri wkh Srlqfduì pds/ zh fdq dvvrfldwh wkuhh glvmrlqw
vxevsdfhv fruuhvsrqglqj wr gluhfw vxpv ri wkh jhqhudol}hg hljhqvsdfhv iru hljhqydoxhv
ri Y �E W� lqvlgh/ rxwvlgh/ dqg rq wkh xqlw flufoh1 Wkhvh duh ghqrwhg e|

.r ' vsdqi?r jhqhudol}hg hljhqyhfwruv zkrvh hljhqydoxh kdv prgxoxv 	 �jc

.� ' vsdqi?� jhqhudol}hg hljhqyhfwruv zkrvh hljhqydoxh kdv prgxoxv : �jc

.S ' vsdqi?S jhqhudol}hg hljhqyhfwruv zkrvh hljhqydoxh kdv prgxoxv ' �jc
zkhuh ?r n ?� n ?S ' ?/ wkh glphqvlrqdolw| ri wkh glvfuhwh g|qdplfdo v|vwhp1 Wkhvh
duh lqyduldqw iru wkh olqhdul}hg g|qdplfv qhdu  W� Lq sduwlfxodu/ iru wkh olqhdul}hg pds/
vroxwlrqv o|lqj rq .r ghfd| h{srqhqwldoo| +prqrwrqlfdoo| ru rvfloodwru|, wr  W/ vlqfh
d jhqhudo vroxwlrq lv jlyhq e|

�� E � '
[
�

T�E��b
�
�c +5173,

zkhuh wkh T�v duh yhfwruldo sro|qrpldov lq �/ dqg wkh b�v duh wkh fruuhvsrqglqj hljhq0
ydoxhv1 Vlploduo|/ vroxwlrqv lq .� jurz h{srqhqwldoo| lq glvfuhwh wlph dqg vroxwlrqv
lq .S jurz dw prvw sro|qrpldoo| idvw lq glvfuhwh wlph1

Iru k|shuerolf �{hg srlqwv/ .S lv hpsw| dqg e| wkh vwdeoh0pdqlirog wkhruhp +vhh
h1j1 Jxfnhqkhlphu ) Krophv ^4<` dqg Vwurjdw} ^76`,/ zh fdq jxdudqwhh wkh h{lvwhqfh
ri orfdoo| lqyduldqw +iru wkh ixoo qrqolqhdu g|qdplfv, pdqlirogv ` r

,JS dqg `�
,JS forvh wr

%f� Wkh g|qdplfv rq ` r
,JS dqg `�

,JS duh txdolwdwlyho| lghqwlfdo wr wkrvh rq wkh olqhdu
vsdfhv .r dqg .�c uhvshfwlyho|1 Iurp wklv zh fdq frqfoxgh wkdw wkh vwdelolw| ghulyhg
iru wkh olqhdul}hg Srlqfduì pds dovr krogv iru wkh ruljlqdo pds lq d qhljkerukrrg ri
wkh �{hg srlqw1

Lq dgglwlrq wr orfdo vwdeoh dqg xqvwdeoh pdqlirogv/ iru ghjhqhudwh �{hg srlqwv dqg
vx!flhqwo| vprrwk Srlqfduì pdsv/ wkh fhqwhu0pdqlirog wkhruhp hqvxuhv wkh h{lvwhqfh
ri dq lqyduldqw pdqlirog` S

,JS/ nqrzq dv d fhqwhu pdqlirog/ wkdw lv wdqjhqw wr wkh fhqwhu
hljhqvsdfh .S dw wkh �{hg srlqw1 Zkloh ` r

,JS dqg ` �
,JS duh xqltxh/ `

S
,JS qhhg qrw eh1

Vlqfh ` S
,JS lv d pdqlirog dqg lwv glphqvlrq htxdov ?S/ wkhuh h{lvwv d olqhdu frruglqdwh

wudqvirupdwlrq vxfk wkdw ` S
,JS lv sdudphwhul}hg e| wkh �uvw ?S frruglqdwhv

 ' �E3c��c +5174,

zkhuh  ' E^�c � � � c ^?� c 3 ' E^�c � � � c ^?S� c dqg � ' E>�c � � � c >&� � Zlwkrxw orvv ri
jhqhudolw|/ dvvxph wkdw  '  W fruuhvsrqgv wr 3 ' f dqg wkh elixufdwlrq srlqw lv
jlyhq e| � ' f� Wkhq/ vlqfh ` S

,JS lv wdqjhqwldo wr .Sc

 W ' �Efcf� +5175,

dqg

Y3�Efcf� ' f� +5176,
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Zh qrz pdnh d Wd|oru0h{sdqvlrq dqvdw}/ zklfk zh hyhqwxdoo| wuxqfdwh dw vrph
orz rughu=

 ' �E3c�� '
[

��c��� c�&Df

 d��c��� c�& oE3�
�

��- � � � �&->
��
� � � �>�&& c +5177,

zkhuh

 d��c��� c�& oE3� '
Y6�E3c��

Y��>� � � � Y�&>&
dqg 6 ' �� n � � �n �&� +5178,

Vlqfh  '  W iru 3 ' f dqg � ' fc lw pxvw krog wkdw  dfc��� cfoEf� '  W� Vlqfh wkh
pdqlirog lv lqyduldqw/ zh zulwh wkh g|qdplfv lq 3 dv

3?n� ' UE3?c�� '
[

��c��� c�&Df

Ud��c��� c�&oE3?�
�

��- � � � �&->
��
� � � �>�&& � +5179,

zkhuh

Ud��c��� c�&oE3?� '
Y6UE3c��

Y��>� � � � Y�&>&
dqg 6 ' �� n � � �n �&� +517:,

Vlqfh 3 ' f dqg � ' f lv d �{hg srlqw/ zh pxvw kdyh Udfc��� cfo Ef� ' f� Wr �qg wkh
frh!flhqw ixqfwlrqv/ zh vxevwlwxwh Htv1 +5177, dqg +5179, lq

 ?n� ' � E ?c�� +517;,

dqg rewdlq

� E�E3?c��c��� �EUE3?c��c�� ' f� +517<,

Wklv fdq eh Wd|oru h{sdqghg derxw � ' f wr |lhog wkh htxdwlrqv iru wkh frh!flhqw
ixqfwlrqv1

Ohw xv orrn dw wkh iroorzlqj vlpsoh h{dpsoh +wdnhq iurp Jxfnhqkhlphu ) Krophv
^4<`, wkdw vkrzv krz wr ghulyh wkh fhqwhu pdqlirog dqg wkh fruuhvsrqglqj g|qdplfv=

H{dpsoh 5 Frqvlghu wkh pds

%?n� ' %? n %?+?c +5183,

+?n� ' >+? � %2?c f 	 > 	 �� +5184,

Wkh Mdfreldq dw wkh �{hg srlqw E%?c +?� ' Efc f� lv

a mEfcf� '
�

� f
f >

�
c +5185,
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zlwk wkh hljhqydoxhv b� ' � dqg b2 ' >� Wkh fhqwhu hljhqvsdfh fruuhvsrqgv wr wkh
%0d{lv1 Wkh fhqwhu pdqlirog lv wkxv rqh0glphqvlrqdo dqg sdudphwhul}hg e| %c l1h1/
+ ' �E%c >�� Wkh wdqjhqf| frqglwlrqv lpso| wkdw �Efc >� ' ��Efc >� ' f� Li zh Wd|oru
h{sdqg �E%c >� lq % zh jhw

+ ' @ E>� %2 n K E>�%� nRE%e�c +5186,

zkhuh @ E>� ' ���Efc >� dqg K E>� ' ����Efc >�� Vxevwlwxwlqj +5186, lqwr Ht1 +5184, dqg
xvlqj Ht1 +5183, zh jhw

@ E>� E%n %E@ E>� %2 n � � � ��2 n K E>� E%n %E@ E>�%2 n � � � ���

�>E@ E>� %2 n K E>�%�� n %2 ' RE%e�
+5187,

ru

@ E>� %2 n K E>�%� � >@ E>� %2 � >K E>�%� n %2 ' RE%e� +5188,

vr wkdw

@ E>� '
�

>� �
c +5189,

dqg

K E>� ' f� +518:,

Wkxv zh rewdlq

+ '
%2

>� �
nRE%e� +518;,

iru wkh fhqwhu pdqlirog/ dqg

%?n� ' %? n
%�?

>� �
nRE%e?� +518<,

iru wkh fruuhvsrqglqj g|qdplfv1 Lw lv vwudljkwiruzdug wr vkrz wkdw iru %f 	
s
�� >c

%? $ f dv ? $ 4c ��e�c wkh �{hg srlqw E%?c +?� ' Efc f� lv orfdoo| dv|pswrwlfdoo| vwdeoh
iru wkh ixoo g|qdplfv1

Zkloh wkh dqdo|vlv deryh dssolhv wr vx!flhqwo| vprrwk v|vwhpv/ pdq| lqwhuhvwlqj
dssolfdwlrq lqyroyh vlqjxodulwlhv ri vrph vruw1 Iru h{dpsoh/ dq lqwhuhvwlqj olplw ri rxu
zdonhu fruuhvsrqgv wr lq�qlwho| zlgh ihhw/ iru zklfk wkh g|qdplfv lq fhuwdlq ghjuhhv
ri iuhhgrp ehfrph lq�qlwho| idvw1 Wklv uhvhpeohv wkh vlqjxoduo| shuwxuehg g|qdplfdo
v|vwhpv

�% ' sE%c +� +5193,

0 �+ ' }E%c +�c +5194,

zkhuh iru vpdoo 0 wkh fkdqjhv lq + rffxu rq d wlph vfdoh pxfk vkruwhu wkdq wkh
fruuhvsrqglqj wlph vfdoh iru %� Qhyhuwkhohvv/ dv glvfxvvhg lq juhdw ghwdlo lq sdshu 4
dqg sdshu 5/ wkh fhqwhu0pdqlirog dssurdfk dsshduv wr zrun hyhq qhdu wkh vlqjxodu
olplw1 Iru d qlfh sdshu rq vlqjxodu olplwv ri g|qdplfdo v|vwhpv/ vhh Jxfnhqkhlphu
^4;`1
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516 Rq wkh ghulydwlrq ri wkh htxdwlrqv ri prwlrq

Wr ghulyh wkh htxdwlrqv ri prwlrq +HRP, ri phfkdqlfdo v|vwhpv lq jhqhudo dqg wkh
sdvvlyh zdonhuv ghvfulehg lq vhfwlrq 6 lq sduwlfxodu/ Ndqh*v phwkrg +vhh Ndqh )
Ohylqvvrq ^58` dqg Ohvvhu ^5<`, lv xvhg khuh1 Ndqh*v phwkrg lv edvhg rq g�Dohpehuwv
sulqflsoh ri yluwxdo zrun1 Wkh lghd ehklqg wklv lv wkdw wkh wrwdo srzhu frqvxphg e|
wkh frqvwudlqw irufhv gxulqj doorzdeoh prwlrqv lv }hur1 Wklv dvvxpswlrq doorzv wkh
holplqdwlrq ri wkh xqnqrzq frqvwudlqw irufhv iurp wkh dqdo|vlv wkurxjk d surmhfwlrq
ri wkh ixoo Qhzwrqldq htxdwlrqv ri prwlrq rqwr wkh srvvleoh gluhfwlrqv ri doorzdeoh
prwlrqv1

Dvvxph zh kdyh d phfkdqlfdo v|vwhp frqvlvwlqj ri & uljlg erglhv1 Wkhq wkh
srvlwlrq yhfwru ri wkh fhqwhu ri pdvv/ wkh fruuhvsrqglqj yhorflw| yhfwru/ dqg wkh
dqjxodu yhorflw| yhfwru ri wkh �wk erg| uhodwlyh wr vrph lqhuwldo uhihuhqfh iudph Q
fdq eh zulwwhq h��� ' h�E^c |�/ ���� ' ���� E�c ^c |�c dqg $� ' $�E�c ^c |�c uhvshfwlyho|1
Khuh ^ ' E^�c � � � c ^}�

A lv d vhw ri frq�jxudwlrq frruglqdwhv froohfwhg lq d froxpq
pdwul{ dqg � ' E��c � � � c �_�

A lv d plqlpdo vhw ri lqghshqghqw yhorflw| frruglqdwhv/
dovr nqrzq dv jhqhudol}hg vshhgv/ vxfk wkdw

�̂ ' gE^c |��n &E^c |�� +5195,

Wkhvh htxdwlrqv duh nqrzq dv wkh nlqhpdwlf gl�huhqwldo htxdwlrqv dqg doorz wkh frp0
sohwh lqwhjudwlrq ri wkh prwlrq jlyhq wkh wlph0ghshqghqfh ri wkh jhqhudol}hg vshhgv1
Iroorzlqj wkh qrwdwlrq ri Gdqnrzlf} ^43`/ wkh olqhdu dqg dqjxodu yhorflw| yhfwruv fdq
eh froohfwhg lq d froxpq pdwul{ � vxfk wkdw

� '
�
���� $� � � � ���& $&

�A
' qE^c |��n q|E^c |� +5196,

zkhuh

q '
�
�� � � � �_

�
dqg q| '

�
�|c� � � � �|c&

�A
+5197,

dqg wkh ��v duh olqhduo| lqghshqghqw wdqjhqw yhfwruv wr wkh frq�jxudwlrq pdqlirog1
Wkh prphqwxp ghvfulswlrq ri wkh phfkdqlfdo v|vwhp lv jlyhq e| wkh urz pdwul{

R '
�
6��

��
� W��� � $� � � � 6&�

��
& W��& � $&

�
� +5198,

zkhuh 6� lv wkh pdvv ri wkh �wk uljlg erg| dqg W��� lv prphqw ri lqhuwld g|dg ri wkh
vdph erg|1 Iurp Qhzwrq*v vhfrqg odz ri prwlrq lw lv jlyhq wkdw

8@ n 8S n �R ' fc +5199,

zkhuh �R lv wkh udwh ri fkdqjh ri wkh prphqwxp ghvfulswlrq +5198, uhodwlyh wr wkh
lqhuwldo uhihuhqfh iudph dqg zkhuh

8@ '
�
6@c� A��

@c� � � � 6@c& A��
@c&

�
+519:,
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dqg

8S '
�
6Sc� A��

Sc� � � � 6Sc& A��
Sc&

�
+519;,

duh irufh ghvfulswlrqv ri wkh dssolhg dqg frqvwudlqw irufhv dqg wrutxhv/ uhvshfwlyho|1
g*Dohpehuwv sulqflsoh/ lq wklv frqwh{w/ vwdwhv wkdw

8S � q ' fc +519<,

l1h1 wkdw wkh frqvwudlqw irufh ghvfulswlrqv duh *shushqglfxodu* wr wkh wdqjhqw yhfwruv
��1 Khuh wkh � ghqrwhv d uhjxodu yhfwru grw surgxfw glvwulexwhg dfurvv d pdwul{
surgxfw1 Iurp Qhzwrq*v vhfrqg odz ri prwlrq +5199, dqg Ht1 +519<,/ zh jhw wkh �qdo
irup ri wkh htxdwlrqv ri prwlrq

f ' E8@ n 8S � �R� � q +51:3,

' E8@ � �R� � q� +51:4,

Wklv irup ri wkh htxdwlrqv ri prwlrq ri wkh phfkdqlvpv vwxglhg lq wklv wkhvlv kdv
ehhq lpsohphqwhg qxphulfdoo| zlwk juhdw vxffhvv1 Rwkhu phwkrgv wr ghulyh wkh HRP
duh fhuwdlqo| srvvleoh/ exw wkh �qdo uhvxowv vkrxog dozd|v eh wkh vdph/ uhjdugohvv ri
wkh phwkrg xvhg1

517 Olqhdu frqwuro ri g|qdplfdo v|vwhpv

Prvw lqwhuhvwlqj g|qdplfdo frqwuro v|vwhpv duh qrqolqhdu dqg qrupdoo| uhtxluh qrq0
olqhdu frqwuro phwkrgv1 E| xvlqj olqhdul}dwlrq whfkqltxhv lw lv vwloo srvvleoh wr frqwuro
vxfk v|vwhpv/ dv zh zloo vh ehorz1

Frqvlghu wkh frqwlqxrxv qrqolqhdu frqwuro v|vwhp

�j ' u EjcN� c +51:5,

zkhuh j lv wkh vwdwh dqg N lv wkh frqwuro lqsxw1 Ohw 	j eh d vroxwlrq ri +51:5,
jhqhudwhg e| wkh lqsxw 	N� E| zulwlqj

 E|� ' j E|�� 	j E|� dqg +51:6,

� E|� ' N E|�� 	N E|� +51:7,

wkh olqhdul}hg frqwuro v|vwhp fdq eh zulwwhq

� ' � E|� n� E|��/  5 U
? +51:8,

zkhuh

� E|� '
Yu

Yj

�
	j E|� c 	N E|�

�
dqg � E|� '

Yu

YN

�
	j E|� c 	N E|�

�
+51:9,
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li j E|� lv vx!flhqwo| forvh wr 	j E|�1 Wkh jrdo ri wkh frqwuro dojrulwkp pd| eh wr
ghyhors d ihhgedfn odz zkhuhe| � lv frpsxwhg lq rughu wr hqvxuh dq dv|pswrwlf
ehkdylru duelwudulo| forvh wr 	j E|�1

Lq wkh vshfldo fdvh zkhuh 	j dqg 	N duh lqghshqghqw ri wlph/ wkh pdwulfhv � dqg
� duh frqvwdqw1 Wkhuh duh d qxphurxv ri gl�huhqw fkrlfhv dqg dssurdfkhv wr �qg d
ihhgedfn � iru wkh fruuhvsrqglqj olqhdul}hg frqwuro v|vwhp +51:8,1 Wkh prvw vlpsoh
frqwuro lv jlyhq e| wkh vwdwh ihhgedfn

� ' � +51::,

zkhuh � lv d frqvwdqw jdlq pdwul{1 Vxevwlwxwlqj +51::, lqwr +51:8, wkhq |lhogv

� ' � n�� ' 8 c +51:;,

zkhuh 8 ' � n ��� Dv glvfxvvhg lq dq hduolhu vhfwlrq/ wkh vwdelolw| ri +51:;, lv
jlyhq e| wkh hljhqydoxhv b� ri 8� Xqghu vxlwdeoh frqglwlrqv rq wkh pdwulfhv � dqg
�c lw lv srvvleoh wr dvvljq duelwudu| hljhqydoxhv wr 8 e| fkrrvlqj wkh hohphqwv ri �
dssursuldwho|1

Iru d glvfuhwh qrqolqhdu g|qdplfdo v|vwhp wkh vdph dssurdfk dv deryh fdq eh
dssolhg/ vxfk wkdw

 ?n� ' � ? n��? +51:<,

dqg wkh vwdwh ihhgedfn fdq djdlq eh jlyhq wkh irup

�? ' � ? +51;3,

|lhoglqj

 ?n� ' � ? n�� ? ' 8 ?c +51;4,

Wkh hljhqydoxhv ri 8 duh wkh jlyhq e| vroylqj

_i| E�n�� � bU� ' fc +51;5,

dqg wkh glvfuhwh v|vwhp +51:<, lv vwdeoh zkhq doo hljhqydoxhv olh zlwklq wkh xqlw flufoh
lq wkh frpsoh{ sodqh/ l1h1/ mb�m � � iru doo �1

Lq sdshuv 8 dqg 9/ d frqwuro dojrulwkp lv ghyhorshg wkdw vkduhv vrph ihdwxuhv lq
frpprq zlwk wkh glvfuhwh yhuvlrq ri wkh frqwuro glvfxvvhg deryh1 Wkhuh/ wkh ihhgedfn
dfklhyhv rqo| dq lqgluhfw lq xhqfh rq wkh v|vwhp g|qdplfv e| d�hfwlqj wkh wlplqj ri
vxevhtxhqw lpsdfwv ri d phfkdqlvp zlwk lwv vxuurxqglqj hqylurqphqw1 Wkh phwkrg
lv edvhg rq wkh delolw| wr fdofxodwh wkh vwdelolw| ri glvfrqwlqxrxv v|vwhpv +fi1 vhfwlrq
51415,1
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518 Frqfoxvlrqv

Lq frqfoxvlrq/ zh fdq hpsor| wkh phwkrgv ri g|qdplfdo0v|vwhpv dqdo|vlv wr

� lghqwli| uhohydqw ihdwxuhv ri wkh v|vwhp g|qdplfv/

� vwxg| wkhlu vwdelolw| fkdudfwhulvwlfv/

� hydoxdwh wkhlu shuvlvwhqfh xqghu sdudphwhu yduldwlrqv/ dqg

� suhglfw orfdo g|qdplfv lq wkh ylflqlw| ri elixufdwlrqv1

Krzhyhu/ zh jhqhudoo| kdyh qr d sulrul phwkrgv iru

� dujxlqj wkh h{lvwhqfh ri shulrglf ruelwv lq wkh �uvw sodfh/

� orfdwlqj wkhp li zh kdyh uhdvrq wr eholhyh wkh| h{lvwv/ ru

� hydoxdwlqj wkh shuvlvwhqfh ri vxfk ruelwv wkdw dssurdfk jud}lqj lqflghqfh zlwk
glvfrqwlqxlw| vxuidfhv1

Lq oljkw ri wkhvh revhuydwlrqv/ lw lv txlwh xqh{shfwhg wr �qg shulrglf vroxwlrqv iru
wkh phfkdqlvpv vwxglhg lq wklv wkhvlv/ sduwlfxoduo| wkh sdvvlyh zdonhuv1 Kdylqj irxqg
rqh vxfk shulrglf vroxwlrq zh fdq xvh wkh frqwlqxdwlrq phwkrgv glvfxvvhg deryh wr
�qg dgglwlrqdo prwlrqv iru qhdue| sdudphwhu ydoxhv1 Hyhq pruh vxusulvlqj/ krzhyhu/
lv wkh shuvlvwhqfh ri shulrglf vroxwlrqv ryhu odujh sdudphwhu udqjhv1 Diwhu doo/ vroxwlrq
eudqfkhv frxog whuplqdwh lq vdggoh0qrgh elixufdwlrqv ru wkurxjk irrw0vfx!qj1 Lq idfw/
txlwh iuhtxhqwo| wklv lv wkh idwh iru pdq| vroxwlrq eudqfkhv1 Phwkrgv iru vwxg|lqj
wkh lq xhqfh ri irrw vfx!qj ri shulrglf jdlw sdwwhuqv fdq eh irxqg lq wkh olwhudwxuh1
Vrph dwwhpswv wr suhglfw wkh lq xhqfh ri vxfk vfx!qj rq lqlwldoo| txdvlshulrglf jdlw
sdwwhuqv duh ghvfulehg lq sdshuv 6 dqg 71
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Fkdswhu 6

Sdvvlyh zdonhuv

Lq wklv fkdswhu/ zh glvfxvv dvshfwv ri wkh prgholqj ri sdvvlyh zdonhuv/ vxfk dv prgho
nlqhpdwlfv/ irufhv/ wrutxhv/ dqg wkh ghulydwlrq ri wkh htxdwlrqv ri prwlrq dv zhoo dv
gl�huhqw jdlw sdwwhuqv dqg elixufdwlrqv xqghu sdudphwhu yduldwlrqv iru erwk wzr0 dqg
wkuhh0glphqvlrqdo sdvvlyh zdonhuv1

614 Whuplqrorj|

Vlqfh wkh hpskdvlv ri wklv wkhvlv lv wkh g|qdplfv ri wzr0ohjjhg sdvvlyh zdonhuv/ zh
zloo khuh lqwurgxfh vrph ri wkh whuplqrorj| frpprqo| xvhg lq erwk phglfdo dqg
hqjlqhhulqj glvflsolqhv1 Prvw ri wkhvh whupv duh xvhg e| d pdmrulw| ri wkh uhvhdufkhuv
lq wkh �hog ri zdonlqj exw vrph zhuh suhylrxvo| lqwurgxfhg e| wkh suhvhqw dxwkru dqg
frooderudwruv lq Dgroivvrq ^4` dqg Sllurlqhq ^73`1

Wkh whup zdonlqj lpsolhv orfrprwlrq iru zklfk dw ohdvw rqh ri wkh wzr ihhw lv lq
frqwdfw zlwk wkh jurxqg dw dq| jlyhq prphqw1 Zdonlqj lv pdgh xs iurp ri d qxpehu
ri jdlw f|fohv ru vwhsv wkdw iroorz hdfk rwkhu1 D vwhs lv frpsohwhg rqfh erwk ohjv kdyh
shuiruphg d ixoo uhyroxwlrq1 D jdlw f|foh fdq eh glylghg lqwr wzr glvwlqfw skdvhv/
qdpho|/ wkh vlqjoh0vxssruw skdvh dqg wkh grxeoh0vxssruw skdvh1 Lq wkh vlqjoh vxssruw
skdvh/ rqh ohj�wkh vwdqfh ohj�lv lq frqwdfw zlwk wkh jurxqg zkloh wkh rwkhu ohj�
wkh vzlqj ohj�shuirupv d shqgxoxp0olnh prwlrq derxw lwv +prylqj, vxssruw1 Wkh
wlph lqwhuydo gxulqj zklfk erwk ohjv duh vlpxowdqhrxvo| lq frqwdfw zlwk wkh jurxqg lv
uhihuuhg wr dv wkh grxeoh0vxssruw skdvh1 D jdlw lv shulrg0? li ? lv wkh vpdoohvw lqwhjhu/
vxfk wkdw wkh frq�jxudwlrq ri wkh ohjv lv lghqwlfdo wr wkhlu lqlwldo frq�jxudwlrq diwhu
? vwhsv1 Wkhuh duh +dw ohdvw, wzr gl�huhqw shulrglf jdlwv wkdw qhhg vrph ixuwkhu
h{sodqdwlrqv1 Lq v|pphwulf jdlw/ wkh ohiw dqg uljkw ohjv shuirup wkh vdph prwlrq
zlwk d wlph vkliw ri kdoi d shulrg/ zkloh lq dv|pphwulf jdlw ru olpslqj jdlw/ wkh ohiw
dqg uljkw ohjv gr qrw shuirup wkh vdph prwlrq1

Li wkh vzlqj0ohj irrw klwv wkh jurxqg gxulqj lwv shqgxoxp skdvh sulru wr wkh
vzlqj0ohj nqhh uhdfklqj lwv ixoo h{whqvlrq/ wkh jdlw h{shulhqfhv d irrw vfx�1 Iru wkh
sdvvlyh zdonhuv vwxglhg khuh irrw vfx!qj w|slfdoo| kdv d qhjdwlyh h�hfw/ uhvxowlqj lq

5:
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d glvfrqwlqxhg jdlw dqg vxevhtxhqw froodsvh1 Kxpdqv/ rq wkh rwkhu kdqg/ xvh wkhlu
pxvfohv wr ryhufrph wkh uhwduglqj dfwlrq ri wkh suhpdwxuh jurxqg frqwdfw dqg wkh jdlw
fdq eh frqwlqxhg dv li qrwklqj hyhu kdsshqhg1 Wkh olplwlqj fdvh/ zkhq wkh vzlqj0ohj
irrw eduho| wrxfkhv wkh jurxqg gxulqj lwv shqgxoxp prwlrq/ lv fdoohg jud}lqj1 Zkloh
kxpdqv kdugo| qrwlfh vxfk oljkw jurxqg wrxfkhv/ wkh jdlw ri sdvvlyh zdonhuv pljkw
wxuq fkdrwlf +vhh vhfwlrq 617,1

Wkuhh sodqhv duh uhihuuhg wr uhshdwhgo| lq rxu glvfxvvlrqv/ qdpho|

� wkh jurxqg � wkh lqfolqhg sodqh uhvwulfwlqj wkh prwlrq ri wkh phfkdqlvp/

� wkh vdjlwwdo sodqh � wkh v|pphwu| sodqh ri wkh phfkdqlvp +wklv dvvxphv wkdw
wkh uljkw dqg ohiw ohjv dv zhoo dv wkh wruvr duh lghqwlfdo xqghu uh hfwlrq,/ dqg

� wkh qrplqdo sodqh � dq| sodqh shushqglfxodu wr wkh jurxqg wkdw frqwdlqv wkh
judylw| yhfwru1

Zh frqfoxgh wklv vhfwlrq e| d glvfxvvlrq ri wkh gl�huhqw zdonhuv dqdo|}hg lq wklv
wkhvlv1 Wkh vlpsohvw zdonhu prgho lv wkh 5G zdonhu/ zkrvh prwlrq dqg jhrphwu| lv
frqvwudlqhg wr d qrplqdo sodqh dqg odfnv vlgh0wr0vlgh prwlrq1 Lqwhudfwlrqv ri wkh
zdonhu ihhw zlwk wkh jurxqg duh prghohg wkurxjk d vlqjoh frqwdfw srlqw shu irrw1 D
uhodwlyh ri wkh 5G zdonhu lv wkh sodqdu zdonhu wkdw kdv }hur kls zlgwk/ exw lq�qlwho|
zlgh ihhw zlwk rqh frqwdfw srlqw rq hlwkhu hqg1 Zkloh d sodqdu zdonhu lv deoh wr pryh
iuhho| lq vsdfh/ wkh irrw jhrphwu| h�hfwlyho| frqvwudlqv lwv prwlrq wr vrph sodqh
shushqglfxodu wr wkh jurxqg/ l1h1/ wkh prwlrq kdv frqvwdqw khdglqj uhodwlyh wr wkh
qrplqdo sodqh1 Dq h{whqghg 5G zdonhu gl�huv iurp wkh sodqdu zdonhu lq wkdw wkh ihhw
kdyh �qlwh zlgwk exw uhpdlq v|pphwulf derxw wkh }hur0zlgwk kls1 Wklv uhpryhv wkh
h�hfwlyh sodqdu frqvwudlqw/ doorzlqj lw wr h{klelw vlgh0wr0vlgh prwlrq1 Ehfdxvh ri wkhlu
ghvljq/ h{whqghg 5G zdonhuv pd| h{klelw doo wkh prwlrqv ri wkh uhjxodu 5G zdonhuv1
Zh kdyh pdlqo| vwxglhg wzr w|shv ri 6G zdonhuv/ qdpho| wkh 6G zdonhu zlwk wrh olqh
dqg wkh 6G zdonhuv zlwk khhov1 Erwk w|shv kdyh wkuhh0glphqvlrqdo fkdudfwhulvwlfv dqg
d qrqydqlvklqj kls zlgwk/ exw zkloh wkh iruphu w|sh kdv d vlplodu irrw jhrphwu| wr
wkh h{whqghg 5G zdonhu/ wkh odwwhu w|sh kdv wzr dgglwlrqdo irrw srlqwv rq hdfk irrw
iruplqj d khho1

615 Prgho frqvlghudwlrqv

Dv zlwk wkh prgholqj ri dq duelwudu| frpsoh{ phfkdqlfdo v|vwhp/ d qxpehu ri prg0
holqj frqvlghudwlrqv qhhg wr eh dffrxqwhg iru sulru wr dfwxdo dqdo|vlv1

Fkrlfh ri phfkdqlfdo prgho iru frqvwlwxhqw erglhv1

Zh kdyh wkh rswlrq ri prgholqj wkh erglhv dv uljlg ru ghirupdeoh1 Dq dgydqwdjh ri
xvlqj ghirupdeoh hohphqwv lv wkh srvvlelolw| ri hvwlpdwlqj wkh jurzwk ri fudfnv/ olnhol0
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krrg ri idloxuh/ hwf1 Rq wkh rwkhu kdqg/ wkh uhvxowlqj pdwkhpdwlfdo prgho lv lq�qlwh0
glphqvlrqdo/ uhtxluhv vroylqj SGHv/ dqg lv surklelwlyho| kdug wr dqdo|}h1 Vlqfh/ lq
wkh suhvhqw vwxg|/ dq| ghirupdwlrqv duh h{shfwhg wr eh vpdoo/ uljlg erglhv surylgh d
�uvw vwde dw prgholqj wkh g|qdplfv ri wkh phfkdqlvp1 Lq Dsshqgl{ D/ zh kdyh olvwhg
wkh gl�huhqw sdudphwhuv +vxfk dv pdvvhv/ ohqjwkv/ dqg lqhuwld pdwulfhv, xvhg lq wkh
qxphulfdo dqdo|vhv uhsruwhg khuh1

Fkrlfh ri prgho jhrphwu|1

Wkh zdonhuv glvfxvvhg khuh frqvlvw ri d wruvr/ wzr xsshu olpev/ dqg wzr orzhu olpev
+h{fhsw lq sdshu :/ zkhuh wzr duwlfxodwhg ihhw duh lqfoxghg,1 Wkurxjkrxw wklv wkhvlv/
wkh wruvr fhqwhu ri pdvv frlqflghv zlwk wkh plg0srlqw ri wkh olqh frqqhfwlqj wkh kls
mrlqwv1 Lq dgglwlrq wr ehlqj v|pphwulf derxw wkh vdjlwwdo sodqh/ lwv pdvv surshuwlhv
duh fkrvhq vxfk wkdw wkh wruvr kdv urwdwlrqdo v|pphwu| derxw wkh kls olqh1 D pruh
dqwkursrprusklf wruvr zrxog olnho| uhtxluh dfwlyh frqwuro/ zklfk olhv rxwvlgh ri wklv
dqdo|vlv1 Rqh pljkw fhuwdlqo| lpdjlqh doorzlqj wkh irrw wr pryh uhodwlyh wr wkh orzhu
ohjv1 Lq wklv vlwxdwlrq/ krzhyhu/ lw lv xqfohdu li jdlw frxog eh vxvwdlqhg zlwkrxw dfwlyh
frqwuro +fi1 sdshu :,1 Dv phqwlrqhg lq vhfwlrq 614/ zh gl�huhqwldwh ehwzhhq wzr0 +5G,
dqg wkuhh0glphqvlrqdo +6G, zdonhuv1 Zkloh d 5G zdonhu lv frqvwudlqhg wr pryh lq
d qrplqdo sodqh/ wkh 6G zdonhuv duh iuhh wr pryh lq wkh hqwluh sk|vlfdo vsdfh1 5G
zdonhuv duh uhodwlyho| hdvlhu wr dqdo|}h gxh wr wkhlu ihzhu ghjuhhv ri iuhhgrp/ exw pd|
qrw fdswxuh prwlrq h{klelwhg e| dfwxdo zdonhuv1 Rq wkh rwkhu kdqg/ dfwxdo elshgdo
zdonlqj dsshduv wr eh idluo| wzr0glphqvlrqdo lq qdwxuh1

Suhylrxv zrun rq sdvvlyh zdonhuv xvhg fxuyhg ihhw wr doorz iru uroolqj prwlrq ri
wkh vwdqfh irrw gxulqj wkh vzlqj skdvh/ wkhuhe| plplfnlqj wkh vkliw ri wkh suhvvxuh
srlqw rq wkh irrw gxulqj kxpdq jdlw +fi1 Frohpdq hw do1 ^9`,1 Lq Gdqnrzlf} hw do1
^44` dqg Dgroivvrq hw do1 ^5`/ lw zdv vkrzq wkdw vwdeoh jdlwv shuvlvwhg hyhq zkhq wkh
udglxv ri wkh irrw zdv ghfuhdvhg wr }hur1 Lq wklv wkhvlv/ zh prgho hdfk irrw wr eh
pdgh xs ri wzr +vhh looxvwudwlrq lq sdshu 4, ru irxu frqwdfw srlqwv +sdshu 9 dqg :,1
Wkh �uvw fdvh plplfv d kxpdq zdonlqj rq khu wrhv1 Dfwxdoo|/ pdq| pdppdov +vxfk
dv fdwv dqg grjv, zdon hqwluho| rq wkhlu wrhv1

Mrlqw prelolw|1

Kxpdq mrlqwv srvvhvv d frqvlghudeoh qxpehu ri ghjuhhv ri iuhhgrp +GRI,1 Wkh kls
mrlqwv hdfk kdyh wkuhh GRI/ wkh nqhhv kdyh rqh GRI hdfk/ dqg wkh dqnohv kdyh dw
ohdvw wzr GRI hdfk1 Rxu prghov/ krzhyhu/ duh olplwhg wr klqjh mrlqwv dw wkh klsv
dqg nqhhv dqg frpsohwho| orfnhg dqnohv +h{fhsw sdshu :,1 Vlplodu frqvlghudwlrqv dv
lq wkh fkrlfh ehwzhhq 5G dqg 6G zdonhuv dsso|1 Dgglwlrqdo GRI pljkw qhfhvvlwdwh
dfwlyh frqwuro iru vwdelol}dwlrq1
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Irufh lqwhudfwlrqv dw mrlqwv dqg zlwk wkh h{whuqdo hqylurqphqw1

Wkhruhwlfdoo| zh frxog doorz wkh mrlqwv wr eh wrwdoo| xqdfwxdwhg1 Ri frxuvh/ lq wkh
kxpdq nqhh/ pxvfohv/ whqgrqv dqg oljdphqwv frqvwudlq wkh prwlrq wr suhyhqw k|shu0
h{whqvlrq1 Lq wkh sdvvlyh zdonhuv ruljlqdoo| sursrvhg e| PfJhhu +vhh PfJhhu ^65`
dqg Jdufld hw do1 ^4:`,/ wkh nqhhv duh prghohg zlwk sodvwlf vwrsv1 Wkhvh jude rq wr
wkh ohj zkhq lw uhdfkhv ixoo h{whqvlrq dqg uhohdvh wkh ohj iurp lwv orfnhg prgh dw wkh
ehjlqqlqj ri wkh qh{w vlqjoh0vxssruw skdvh1 Lq rxu prgho/ zh uhsodfh wkh sodvwlf vwrsv
zlwk vsulqjv dqg gdpshuv/ dfwlyh rqo| gxulqj k|shuh{whqvlrq1

Wkh v|pphwu| dvvxpswlrqv rq wkh wruvr dqg wkh wzr0glphqvlrqdo fkdudfwhu ri
wkh jdlw uhvxow lq d zhdn frxsolqj ehwzhhq wkh wruvr urwdwlrq derxw wkh kls olqh dqg
wkh prwlrq ri wkh uhvw ri wkh phfkdqlvp1 Wkxv/ wr dyrlg iuhh urwdwlrq ri wkh wruvr/
gdpshuv duh dgghg wr wkh kls mrlqwv1

Dv zlwk wkh nqhh/ wkh jurxqg frqwdfw fdq eh prghohg lq d qxpehu ri gl�huhqw
zd|v1 Lpsdfw prghov duh hdvlhu wr vlpxodwh dqg kdyh ihzhu sdudphwhuv wkdq d prgho
zlwk vsulqjv/ gdpshuv/ dqg vrph nlqg ri iulfwlrq1 Wkh odwwhu prghov/ krzhyhu/ pd|
eh ehwwhu dgdswhg wr uhdo frqwdfw1 Lq wklv wkhvlv/ wkh jurxqg frqwdfw lv prghohg zlwk
vsulqjv dqg gdpshuv/ zkhuh wkh iruphu wu| wr eulqj wkh wrh srlqw edfn wr lwv ruljlqdo
srlqw ri frqwdfw1

Dv wkh zdonhu surfhhgv grzq wkh lqfolqh/ wkh irufhv gxh wr wkh vsulqjv dqg gdpshuv
lq wkh nqhhv dqg wkh jurxqg duh wxuqhg rq dqg r� dw glvfuhwh hyhqwv wuljjhuhg e|
fkdqjhv lq wkh frq�jxudwlrq1 Vrph ri wkhvh hyhqwv dovr lqfoxgh glvfuhwh mxpsv lq wkh
vwdwh yduldeohv1 Wkh uhvxowlqj g|qdplfdo ghvfulswlrq lv d k|eulg v|vwhp lqyroylqj erwk
frqwlqxrxv dqg glvfuhwh g|qdplfv1 Iru d ghwdlohg h{sodqdwlrq ri wklv vhh Dgroivvrq hw
do1 ^5` dqg sdshu 91

616 Prgholqj 0 ghulylqj wkh htxdwlrqv ri prwlrq

Wkh prgholqj ri sdvvlyh zdonhuv wkurxjkrxw wklv wkhvlv lv edvhg odujho| rq wkh zrun
e| Dgroivvrq ^4`1 Wkh lpsohphqwdwlrq lq sdshuv 4 dqg 5 gl�huv vrphzkdw iurp wklv
prgho lq rughu wr ehwwhu �w wkh suhvhqw sureohp vwdwhphqw1 D ixuwkhu h{whqvlrq wr
wklv prgho lv dovr suhvhqwhg lq sdshu :1 Wkh glvfxvvlrq ehorz lv pruh ru ohvv frpsohwh/
dqg vkrxog uhdg dv d frpsohphqw wr wkh Pdsoh frgh jlyhq lq Dsshqgl{ F/ frqwdlqlqj
wkh ghulydwlrq ri wkh htxdwlrqv ri prwlrq iru d 6G sdvvlyh zdonhu zlwk khhov1

Wkh ghulydwlrq ri wkh htxdwlrqv ri prwlrq lv grqh dv iroorzv1 Iluvw d nlqhpdwlfdo
ghvfulswlrq ri wkh zdonhu lv ghyhorshg1 Wklv lqyroyhv wkh lqwurgxfwlrq ri frq�jxudwlrq
frruglqdwhv dqg lqghshqghqw yhorflw| frruglqdwhv +jhqhudol}hg vshhgv,1 Zh frqwlqxh
e| hvwdeolvklqj d ghvfulswlrq ri wkh glvwulexwlrq ri pdvv iru hdfk uljlg0erg| vhjphqw1
Wklv lv qhhghg iru wkh fdofxodwlrq ri wkh olqhdu dqg dqjxodu prphqwd1 Wkh srvlwlrqv
ri wkh irrw frqwdfw srlqwv duh dovr gh�qhg1 Ilqdoo|/ wkh dssolhg irufhv dqg wrutxhv duh
gh�qhg dqg wkh g|qdplfdo gl�huhqwldo htxdwlrqv duh ghulyhg1
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61614 Nlqhpdwlfv

Lq wklv vhfwlrq/ zh ghvfuleh d vwdqgdug prgho iru d 6G sdvvlyh zdonhu1 Wklv prgho lv d
uhvxow ri wkh prgho frqvlghudwlrqv pdgh lq wkh suhylrxv vhfwlrq dqg edvhg pdlqo| rq
wkh zrun suhvhqwhg lq Dgroivvrq ^4`1 Zdonhuv wkdw gl�huv vljql�fdqwo| iurp wkh prgho
suhvhqwhg khuh/ vxfk dv 5G sdvvlyh zdonhuv/ kdyh ehhq glvfxvvhg eulh | lq vhfwlrq 614
dqg zloo eh wuhdwhg odwhu lq vhfwlrq 6171

Zh ehjlq e| lqwurgxflqj vrph xvhixo qrwdwlrq wkdw zloo eh xvhg wkurxjkrxw wkh
wkhvlv1 Ohw � eh dq lqhuwldo uhihuhqfh iudph zlwk uhihuhqfh srlqw � dqg uljkw0kdqghg/
ruwkrqrupdo uhihuhqfh edvlv ? uhodwlyh wr zklfk wkh jurxqg lv vwdwlrqdu|1 Vshfl�fdoo|/
wkh jurxqg lv vsdqqhg e| ?� dqg ?2/ zkhuh ?� lv srlqwlqj grzqkloo lq wkh gluhfwlrq
ri wkh odujhvw vorsh/ dqg ?� lv shushqglfxodu wr wkh jurxqg lq wkh gluhfwlrq rssrvlwh
wr judylw|1 Wkh sdvvlyh zdonhu prgho frqvlvwv ri �yh uljlg erglhv/ qdpho| d wruvr/
wzr xsshu olpev/ dqg wzr orzhu olpev1 Hdfk uljlg erg| lv dvvrfldwhg zlwk d erg|0
�{hg uhihuhqfh iudph1 Vshfl�fdoo|/ W / X Eu�/ X E-�/ OEu�/ dqg OE-� duh wkh uhihuhqfh
iudphv fruuhvsrqglqj wr wkh wruvr/ wkh ohiw xsshu olpe/ wkh uljkw xsshu olpe/ wkh ohiw
orzhu olpe/ dqg wkh uljkw orzhu olpe/ uhvshfwlyho|1 Lq d vlplodu zd| dv iru wkh lqhuwldo
uhihuhqfh iudph/ hdfk erg|0�{hg uhihuhqfh iudph frqvlvwv ri d uhihuhqfh srlqw dqg d
uhihuhqfh edvlv/ h1j1/ wkh wruvr0�{hg uhihuhqfh iudph W frqvlvwv ri wkh uhihuhqfh srlqw
A dqg wkh uhihuhqfh edvlv |�

Wkh wruvr lv dvvxphg wr kdyh wkuhh wudqvodwlrqdo dqg wkuhh urwdwlrqdo ghjuhhv ri
iuhhgrp1 Wkh srvlwlrq ri wkh uhihuhqfh srlqw A rq wkh wruvr uhodwlyh wr wkh srlqw �
fdq qrz eh zulwwhq

hA ' ^�?� n ^2?2 n ^�?�� +614,

Wkh rulhqwdwlrq ri wkh wruvr uhodwlyh wr wkh jurxqg fdq eh jlyhq e| wkh vhtxhqfh ri vlp0
soh urwdwlrqv

�
?c |E��c �c ^e

�
c
�
|E��c |E2�c �c ^D

�
c dqg

�
|E2�c |c 2c ^S

�
c zkhuh wkh qrwdwlrq

i@c Kc �c wj lv xvhg wr pdun wkdw wkh uhihuhqfh edvlv K lv urwdwhg dq dqjoh w uhodwlyh wr wkh
uhihuhqfh edvlv @ derxw wkhlu frpprq �0d{lv/ l1h1 @� ' M�1 Wkh kls mrlqwv frqqhfwlqj
wkh wruvr dqg wkh xsshu olpev dqg wkh nqhh mrlqwv frqqhfwlqj wkh xsshu dqg orzhu olpev
duh prghohg dv vlpsoh klqjh mrlqwv1 Lw iroorzv wkdw wkh rulhqwdwlrq ri wkh olpev fdq eh
ghvfulehg e| wkh vhtxhqfh

�
|E2�c �Eu�c 2c ^.

�
c
�
�Eu�c ,Eu�c 2c ^H

�
c
�
|E2�c �E-�c 2c ^b

�
c dqg�

�E-�c ,Eu�c 2c ^�f
�
1 Wkh 43 frq�jxudwlrq frruglqdwhv ^�c � ' �c � � � c �f duh qhfhvvdu|

dqg vx!fh wr ghvfuleh dq duelwudu| frq�jxudwlrq ri wkh zdonhu1 Lw iroorzv wkdw wkh
jhqhudo 6G sdvvlyh zdonhu prgho glvfxvvhg khuh kdv whq ghjuhhv ri iuhhgrp1

Vlqfh wkhuh duh qr dgglwlrqdo nlqhpdwlf frqvwudlqwv/ 43 lqghshqghqw yhorflw| fr0
ruglqdwhv +jhqhudol}hg vshhgv, x�c � ' �c � � � c �f duh qhfhvvdu| dqg vx!fh wr ghvfuleh
wkh olqhdu dqg dqjxodu yhorflwlhv ri doo uljlg0erg| vhjphqwv ri wkh zdonhu1 Wkhvh duh
lqwurgxfhg dv iroorzv1 Ohw wkh olqhdu dqg dqjxodu yhorflwlhv ri wkh wruvr uhodwlyh wr
wkh lqhuwldo uhihuhqfh iudph eh jlyhq e|

�A ' ��?� n �2?2 n ��?� +615,
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dqg

�$9 ' �e|
E2�
� n �S|

E2�
2 n �D|

E2�
� � +616,

Vlploduo|/ ohw wkh dqjxodu yhorflwlhv ri wkh ohiw dqg uljkw xsshu olpev uhodwlyh wr wkh
wruvr eh h{suhvvhg dv

9 E2�

$FEu�

' �.|
E2�
2 +617,

9 E2�

$FE-�

' �b|
E2�
2 / +618,

dqg wkh dqjxodu yhorflwlhv ri wkh ohiw dqg uljkw orzhu olpev uhodwlyh wr wkh xsshu olpev
eh h{suhvvhg dv

FEu�

$nEu�

' �H|
E2�
2 +619,

FE-�

$nE-�

' ��f|
E2�
2 1 +61:,

Lw iroorzv wkdw wkh lqghshqghqw yhorflw| frruglqdwhv duh uhodwhg wr wkh udwhv ri fkdqjh
ri wkh frq�jxudwlrq frruglqdwhv e| wkh &�?e6@|�S@, _�sseoe?|�@, e^�@|�J?r

�̂ ' gE^�� +61;,

zkhuh ^ '
�
^� � � � ^�f

�A
c �̂ '

�
�̂� � � � �̂�f

�A
c � '

�
�� � � � ��f

�A
+fi1 Ht1

5195,/

g E^� '

3
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4
FFFFFFFFFFFFFFD

c +61<,

dqg r� ' t�? E^��/ S� ' ULt E^��/ dqg |� ' |@? E^��1

61615 Mrlqwv/ irrw srlqwv/ dqg fhqwhu ri pdvv orfdwlrqv

Wkh srvlwlrqv ri wkh ohiw dqg uljkw kls mrlqwv uhodwlyh wr wkh wruvr uhihuhqfh srlqw A
+vhh Ht1 614, duh jlyhq e|

hohiw kls mrlqw ' ookmc2|2 +6143,

huljkw kls mrlqw ' oukmc2|2� +6144,
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Vlploduo|/ wkh srvlwlrqv ri wkh nqhh mrlqwv uhodwlyh wr wkh fruuhvsrqglqj kls mrlqwv duh
jlyhq e|

hohiw nqhh mrlqw ' oonmc��
Eu�
� +6145,

huljkw nqhh mrlqw ' ounmc��
E-�
� � +6146,

Uhfdoo wkdw lqwhudfwlrqv ehwzhhq wkh orzhu olpev dqg wkh jurxqg duh prghohg zlwk d
qxpehu ri irrw frqwdfw srlqwv1 Vshfl�fdoo|/ wkh irrw srlqwv ri wkh ohiw dqg uljkw ihhw
uhodwlyh wr wkh fruuhvsrqglqj nqhh mrlqwv duh jlyhq e|

hohiw irrw srlqw � ' oois�c�*
Eu�
� n oois�c2*

Eu�
2 n oois�c�*

Eu�
� / � ' �c � � � c6 +6147,

huljkw irrw srlqw � ' ouis�c�*
E-�
� n ouis�c2*

E-�
2 n ouis�c�*

E-�
� / � ' �c � � � c6� +6148,

Qrwh wkdw 6 ' � iru wkh 5G zdonhu/ 6 ' 2 iru wkh 6G zdonhuv zlwk wrh olqhv/ dqg
6 ' e iru wkh 6G zdonhuv zlwk khhov1

Qh{w zh irfxv rq wkh fhqwhuv ri pdvv +FRP, ri wkh wruvr dqg xsshu dqg orzhu
ohjv1 Wkhlu srvlwlrqv zloo eh jlyhq uhodwlyh wr wkh uhihuhqfh srlqw � 1 Wkh fhqwhu ri
pdvv ri wkh shoylv lv jlyhq e|

h��wruvr ' hA n owc�|� n owc2|2 n owc�|�� +6149,

Wkurxjkrxw wkh wkhvlv +h{fhsw sdshu :, owc� ' owc2 ' owc� ' fc l1h1/ wkh wruvr uhihuhqfh
srlqw A frlqflghv zlwk wkh wruvr fhqwhu ri pdvv1 Wkh srvlwlrqv ri wkh FRP ri wkh ohiw
dqg uljkw xsshu olpev duh

h��ohiw xsshu olpe ' hA n hohiw kls mrlqw n ooxoc��
Eu�
� n ooxoc2�

Eu�
2 n ooxoc��

Eu�
� +614:,

h��uljkw xsshu olpe ' hA n huljkw kls mrlqw n ouxoc��
E-�
� n ouxoc2�

E-�
2 n ouxoc��

E-�
� � +614;,

Lq d vlplodu zd| wkh FRP ri wkh ohiw dqg uljkw orzhu olpev duh jlyhq e|

h��ohiw orzhu olpe ' hA n hohiw kls mrlqw n hohiw nqhh mrlqw n +614<,

ooooc�*
Eu�
� n ooooc2*

Eu�
2 n ooooc�*

Eu�
�

h��uljkw orzhu olpe ' hA n huljkw kls mrlqw n huljkw nqhh mrlqw n +6153,

ouooc�*
E-�
� n ouooc2*

E-�
2 n ouooc�*

E-�
� �



67 FKDSWHU 61 SDVVLYH ZDONHUV

61616 Olqhdu dqg dqjxodu prphqwxp

Wkh olqhdu prphqwd ri wkh wruvr/ ohiw dqg uljkw xsshu olpev/ dqg ohiw dqg uljkw orzhu
olpev uhodwlyh wr wkh lqhuwldo uhihuhqfh iudph duh jlyhq e|

�wruvr ' 6wruvr�
��
wruvrc +6154,

�ohiw xsshu olpe ' 6ohiw xsshu olpe�
��
ohiw xsshu olpec +6155,

�uljkw xsshu olpe ' 6uljkw xsshu olpe�
��
uljkw xsshu olpec +6156,

�ohiw orzhu olpe ' 6ohiw orzhu olpe�
��
ohiw orzhu olpec +6157,

dqg

�uljkw orzhu olpe ' 6uljkw orzhu olpe�
��
uljkw orzhu olpec +6158,

zkhuh/ h1j1/ 6wruvr lv wkh pdvv ri wkh wruvr dqg ���wruvr lv wkh yhorflw| ri wkh fhqwhu ri
pdvv ri wkh wruvr uhodwlyh wr � 1 Wkh dqjxodu prphqwd ri wkh wruvr/ ohiw dqg uljkw
xsshu olpev/ dqg ohiw dqg uljkw orzhu olpev uhodwlyh wr wkh lqhuwldo uhihuhqfh iudph duh
jlyhq e|

Owruvr ' Wwruvr � �$9 c +6159,

Oohiw xsshu olpe ' Wohiw xsshu olpe � �$FEu�

c +615:,

Ouljkw xsshu olpe ' Wuljkw xsshu olpe � �$FE-�

c +615;,

Oohiw orzhu olpe ' Wohiw orzhu olpe � �$nEu�

c +615<,

dqg

Ouljkw orzhu olpe ' Wuljkw orzhu olpe � �$nE-�

c +6163,

zkhuh/ h1j1/ Wwruvr lv wkh prphqw ri lqhuwld ri wkh wruvr dqg �$FEu�
' �$9 E2�

n9 E2�
$FEu�

�

61617 Irufhv dqg wrutxhv

Dv phqwlrqhg deryh/ wkh rqo| irufhv dqg wrutxhv dfwlqj rq wkh sdvvlyh zdonhu duh
wkrvh ri judylw|/ gdpshuv lq wkh klsv/ vsulqjv dqg gdpshuv lq wkh nqhhv/ dqg vsulqjv
dqg gdpshuv ehwzhhq wkh jurxqg dqg irrw frqwdfw srlqwv1 Vshfl�fdoo|/ ohw � 5 dfc Z�
eh wkh lqfolqdwlrq ri wkh jurxqg uhodwlyh wr wkh orfdo gluhfwlrq ri judylw|1 Wkhq/ wkh
gluhfwlrq ri judylwdwlrqdo dffhohudwlrq fdq eh zulwwhq

� ' t�? E��?� � ULt E��?�� +6164,

Wkh rqo| irufhv dfwlqj rq wkh wruvr dqg wkh xsshu olpev duh gxh wr judylw|/ zklfk zh
fdq zulwh dv

6wruvr ' 6wruvr}�c +6165,

6ohiw xsshu olpe ' 6ohiw wkljk}�c dqg +6166,

6uljkw xsshu olpe ' 6uljkw wkljk}�c +6167,
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zkhuh } � b�H� pv32 lv wkh judylw| frqvwdqw1 Lq dgglwlrq wr wkh judylwdwlrqdo irufhv
wkh orzhu olpev h{shulhqfh jurxqg uhdfwlrq irufhv zkhqhyhu rqh ru pruh ri wkh irrw
frqwdfw srlqwv duh lq frqwdfw zlwk wkh jurxqg/ l1h1

6ohiw orzhu olpe ' 6ohiw orzhu olpe}� n
[

6ohiw irrw srlqw � +6168,

6uljkw orzhu olpe ' 6uljkw orzhu olpe}� n
[

6uljkw irrw srlqw � +6169,

zkhuh/ h1j1/ wkh jurxqg uhdfwlrq irufh rq wkh �wk irrw srlqw rq wkh ohiw irrw lv

6ohiw irrw srlqw � ' 8ois�c�?� n 8ois�c2?2 n 8ois�c�?� +616:,

dqg

8ois�c� '

;AA?
AA=

�&jurxqgc � ERois�c� � ro�c� � ^��� Sjurxqgc� �Rois�c� Rois�c� � fc � ' �c 2
�&jurxqgc�Rois�c� � Sjurxqgc� �Rois�c� Rois�c� � fc �Rois�c� � fc � ' �
�&jurxqgc�Rois�c� Rois�c� � fc �Rois�c� : fc � ' �
f Rois�c� : f

c

+616;,

zkhuh &jurxqgc � dqg Sjurxqgc� duh wkh vsulqj dqg gdpshu frqvwdqwv lq wkh ?�0gluhfwlrq/
uhvshfwlyho|1 Wkh yduldeohv Rois�c� dqg ro�c� ghvfuleh wkh srvlwlrq ri wkh suhvhqw irrw
srlqw dqg lwv lqlwldo srlqw ri frqwdfw zlwk wkh jurxqg +vhh ixuwkhu Sdshu 4,1

Ohw &nqhh dqg Snqhh eh wkh vsulqj dqg gdpshu frqvwdqwv ri wkh nqhh prgho dqg Skls
eh wkh gdpshu frqvwdqw lq wkh kls mrlqw prghov1 Wkh fruuhvsrqglqj wrutxhv duh

Awruvr ' Skls E �̂. n �̂b � 2 �̂S� |
E2�
2 c +616<,

Aohiw xsshu olpe ' Aohiw nqhh n Skls E �̂S � �̂.� |
E2�
2 c +6173,

Auljkw xsshu olpe ' Auljkw nqhh n Skls E �̂S � �̂b� |
E2�
2 c +6174,

Aohiw orzhu olpe ' �Aohiw nqhh n
[

Ehfp<ois�c� � 6ohiw irrw srlqw �� c +6175,

dqg

Auljkw orzhu olpe ' �Auljkw nqhh n
[

Ehfp<uis�c� � 6uljkw irrw srlqw �� c +6176,

zkhuh hfp<ois� dqg hfp<uis� duh wkh srvlwlrq yhfwruv ri wkh �wk irrw srlqw uhodwlyh wr
wkh fruuhvsrqglqj irrw FRP/ uhvshfwlyho|1 Wkh wrutxhv lq wkh ohiw dqg uljkw nqhhv
duh jlyhq e|

Aohiw nqhh '

�
E&nqhh^H n Snqhh �̂H�|

E2�
2

f

^H � f
^H : f

+6177,

Auljkw nqhh '

�
E&nqhh^�f n Snqhh �̂�f�|

E2�
2

f

^�f � f
^�f : f

c +6178,

uhvshfwlyho|1
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61618 G|qdplfv

Xvlqj wkh phwkrgrorj| +Ndqh*v phwkrg, lqwurgxfhg lq vhfwlrq 516/ wkh g|qdplfdo
gl�huhqwldo htxdwlrqv duh jlyhq e|

E8@ � �R� � q ' fc +6179,

zkhuh wkh prphqwxp ghvfulswlrq lv +xvlqj Ht1 +615406163,,

R '
�
�wruvr Owruvr �ohiw xsshu olpe Oohiw xsshu olpe �uljkw xsshu olpe � � � +617:,

Ouljkw xsshu olpe �ohiw orzhu olpe Oohiw orzhu olpe �uljkw orzhu olpe Ouljkw orzhu olpe

�
dqg wkh dssolhg irufh ghvfulswlrq lv +iurp Ht1 +616506178,,

8@ '
�
6wruvr Awruvr 6ohiw xsshu olpe Aohiw xsshu olpe 6uljkw xsshu olpe � � � +617;,

Auljkw xsshu olpe 6ohiw orzhu olpe Aohiw orzhu olpe 6uljkw orzhu olpe Auljkw orzhu olpe

�
�

Iurp Ht1 +616061:, dqg e| wlph gl�huhqwldwlqj Ht1 +61490614<,/ dqg zulwlqj/ h1j1/
���wruvr ' �h��wruvr/ q lv rewdlqhg iurp

� '
k
���wruvr

�$9 ���ohiw xsshu olpe
�$FEu�

���uljkw xsshu olpe
�$FE-� � � � +617<,

���ohiw orzhu olpe
�$nEu�

���uljkw orzhu olpe
�$nE-�

l
' q E^c |� ��

Wkh g|qdplfdo gl�huhqwldo htxdwlrqv +vhh Ht1 6179, fdq eh zulwwhq rq wkh irup

� �� ' sE^c ��� +6183,

Wrjhwkhu zlwk wkh nlqhpdwlfdo gl�huhqwldo htxdwlrqv +fi1 Ht1 61;,

�̂ ' g�c +6184,

dqg d ghvfulswlrq ri wkh glvfuhwh mxpsv lq wkh iruflqj/ wkhvh frqvwlwxwh wkh frpsohwh
vhw ri htxdwlrqv ri prwlrq iru wkh sdvvlyh zdonhu prgho ghvfulehg khuh1 Zh frqwlqxh e|
looxvwudwlqj vrph w|slfdo jdlw prwlrqv ri 5G dqg 6G sdvvlyh zdonhuv1 Odwhu +vhfwlrq
618,/ zh zloo glvfxvv elixufdwlrqv/ h{lvwhqfh dqg vwdelolw| ri uhfxuuhqw jdlw prwlrqv
xqghu yduldwlrqv lq v|vwhp sdudphwhuv1

617 Jdlw sdwwhuqv

D uhshwlwlyh jdlw iru d zdonhu lv exlow xs iurp d vhtxhqfh ri glvfuhwh hyhqwv1 D w|slfdo
hyhqw vhtxhqfh iru rqh vwhs ri d 6G sdvvlyh zdonhu zlwk wzr irrw frqwdfw srlqwv shu
irrw lv jlyhq lq Wdeoh 6141 Lw lv srvvleoh iru vrph hyhqwv wr rffxu lq uhyhuvh rughu
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Qr1 Ohj Hyhqw Ixqfwlrq Skdvh
4 Ohiw rxwhu wrh uhohdvh vwdqfh ohj grxeoh0vxssruw
5 Ohiw lqqhu wrh uhohdvh vzlqj ohj vlqjoh0vxssruw
6 Ohiw nqhh uhohdvh vzlqj ohj vlqjoh0vxssruw
7 Ohiw nqhh lpsdfw vzlqj ohj vlqjoh0vxssruw
8 Ohiw rxwhu wrh lpsdfw vwdqfh ohj grxeoh0vxssruw
9 Ohiw lqqhu wrh lpsdfw vwdqfh ohj grxeoh0vxssruw
: Uljkw rxwhu wrh uhohdvh vwdqfh ohj grxeoh0vxssruw
; Uljkw lqqhu wrh uhohdvh vzlqj ohj vlqjoh0vxssruw
< Uljkw nqhh uhohdvh vzlqj ohj vlqjoh0vxssruw
43 Uljkw nqhh lpsdfw vzlqj ohj vlqjoh0vxssruw
44 Uljkw rxwhu wrh lpsdfw vwdqfh ohj grxeoh0vxssruw
45 Uljkw lqqhu wrh lpsdfw vwdqfh ohj grxeoh0vxssruw

Wdeoh 614= D jdlw vhtxhqfh iru d 6G zdonhu zlwk wrh olqhv iru rqh vwhs1

ru vlpxowdqhrxvo|1 Iru lqvwdqfh/ nqhh uhohdvh frxog rffxu ehiruh wkh irrw lv hqwluho|
uhohdvhg iurp wkh jurxqg1 Vxlwdeoh prgl�fdwlrqv dsso| lq wkh fdvh ri 5G zdonhuv1

Dv vxjjhvwhg lq fkdswhu 518/ wkhuh lv qr uhdvrq wr h{shfw wkdw uhfxuuhqw jdlw zloo
h{lvw iru d jlyhq fkrlfh ri v|vwhp sdudphwhuv1 Wkdw sdudphwhu fkrlfhv +uhvhpeolqj
wkrvh iru dq dfwxdo kxpdq, fdq qhyhuwkhohvv eh irxqg iru zklfk qdwxudo jdlw sdwwhuqv
duh h{klelwhg lv dq lqwuljxlqj revhuydwlrq1

61714 5G zdonhuv

Iljxuh 614 vkrzv d w|slfdo shulrg0� jdlw1 Wkh kls dqjoh +dv zhoo dv doo rwkhu vwdwh
yduldeohv, fdq eh pdsshg rqwr lwvhoi zlwk d wlph vkliw ri rqh shulrg/ dssur{lpdwho|
��D vhfrqgv1 Lq idfw/ iru wkh pdmrulw| ri shulrg04 jdlwv revhuyhg lq rxu dqdo|vlv wkh
shulrg olhv zlwklq 43 ( ri 418 vhfrqgv1 Lq Iljxuh 615/ zh looxvwudwh d w|slfdo shulrg05
jdlw1 Lq wkh xsshu sdqho lw lv doprvw lpsrvvleoh wr vhh wkdw wkh prwlrq lv qrw shulrg04/
zkloh wkh eorz0xs lq wkh orzhu sdqho glvsod|v wklv fohduo|1 Wklv vkrzv wkdw zh kdyh
wr eh fduhixo zkhq frqfoxglqj iurp ylvxdo revhuydwlrq dorqh wkdw d jdlw kdv d fhuwdlq
shulrglflw|1

Iljxuh 616 vkrzv wkh wlph hyroxwlrq ri wkh ohiw dqg uljkw kls dqjohv iru d shulrg04
jdlw ryhu rqh shulrg1 Vlqfh/ wkh wzr fxuyhv fdq eh pdsshg rqwr hdfk rwkhu zlwk d
wlph vkliw ri kdoi wkh shulrg/ wkh jdlw lv v|pphwulf1 Lq frqwudvw wr wklv/ dq dv|pphwulf/
olpslqj shulrg04 jdlw lv vkrzq lq Iljxuh 6171 Wkh wlph hyroxwlrqv ri wkh kls dqjohv
fdq fohduo| qrw eh pdsshg rqwr hdfk rwkhu1

Dv lqglfdwhg lq wkh suhylrxv fkdswhu/ vroxwlrq eudqfkhv pd| whuplqdwh dv d uhvxow
ri irrw vfx!qj1 Lqghhg/ lw lv srvvleoh wr vkrz wkdw wkh lqlwldo rqvhw ri irrw vfx!qj/
d jud}lqj frqwdfw/ pd| uhvxow lq gudpdwlf fkdqjhv lq vwdelolw| dqg shuvlvwhqfh ri
shulrglf vroxwlrqv xqghu ixuwkhu sdudphwhu yduldwlrqv1 Dv dq h{dpsoh ri wklv/ frqvlghu
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Iljxuh 614= Wkh kls dqjoh dv d ixqfwlrq ri wlph iru d shulrg04 jdlw ryhu wzr frqvhfxwlyh
vwulghv1

Iljxuh 615= Wkh kls dqjoh dv d ixqfwlrq ri wlph iru d shulrg05 jdlw ryhu irxu frqvhfxwlyh
vwulghv1



6171 JDLW SDWWHUQV 6<

Iljxuh 616= Wkh ohiw dqg uljkw kls dqjohv dv d ixqfwlrq ri wlph iru d v|pphwulf shulrg04
jdlw ryhu rqh vwulgh1

Iljxuh 617= Wkh ohiw dqg uljkw kls dqjohv dv d ixqfwlrq ri wlph iru d dv|pphwulf
shulrg04 jdlw ryhu rqh vwulgh1
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Iljxuh 618= D ghod| sorw iru wkh kls dqjoh ^b vkrzlqj dq dwwudfwlyh fkdrwlf prwlrq
zlwk qhdu0jud}lqj lpsdfwv1

wkh olpslqj jdlw +xsshu vwdeoh eudqfk ri Iljxuh 61;, dw vorsh � ' f�fSfb dqg fkdqjh
wkh vorsh voljkwo| wr � ' f�fSfH.� Iljxuh 618 lv d ghod| sorw ri wkh kls dqjoh dw
vxevhtxhqw lqwhuvhfwlrqv zlwk d Srlqfduì vhfwlrq1 Wkh doprvw yhuwlfdo eudqfk ri wkh
fkdrwlf dwwudfwru fruuhvsrqgv wr vwulghv wkdw lqfoxgh prphqwv ri irrw vfx!qj1 Wklv
w|sh ri gldjudp lv fkdudfwhulvwlf ri glvfrqwlqxrxv g|qdplfdo v|vwhpv qhdu jud}lqj/
iru h{dpsoh phfkdqlfdo v|vwhpv zlwk lpsdfwv +Iuhgulnvvrq hw do1 ^47`,1 Iru vxfk d
v|vwhp/ Qrugpdun ^6;` vkrzv wkdw li wkh odujhvw hljhqydoxh b iru wkh jud}lqj prwlrq
lv juhdwhu wkdq 2*�c exw ohvv wkdq 4/ wkhq wkh vxevhtxhqw dwwudfwru lv fkdrwlf1 Lq rxu
fdvh/ wkh odujhvw hljhqydoxh b lv f�b�Seec frq�uplqj wklv suhglfwlrq1 Zh dovr qrwh wkdw
wkh suhvhqfh ri wzr gldjrqdo qrq0lpsdfwlqj eudqfkhv ri wkh dwwudfwru fkdudfwhul}hv d
v|vwhp zlwk vhyhudo ghjuhhv ri iuhhgrp +Iuhgulnvvrq hw do1 ^47`,1

Wkh gl�huhqw jdlwv suhvhqwhg deryh h{hpsoli| wkh pdmrulw| ri jdlwv lq d 5G zdonhu1
Xqghu gl�huhqw prgholqj fkrlfhv/ vxfk dv iru wkh jurxqg frqwdfw dqg lq wkh nqhh mrlqwv/
lw pd| eh srvvleoh wr �qg fkdrwlf jdlwv zlwkrxw irrw vfx!qj/ vhh h1j1 Jdufld hw do1
^49`1

61715 6G zdonhuv

Wkh lqfoxvlrq ri dgglwlrqdo ghjuhhv ri iuhhgrp qdwxudoo| lqfuhdvhv wkh frpsoh{lw| ri
wkh revhuyhg prwlrq1 Zkloh wkh jdlwv pd| eh pdlqo| 5G/ 6G zdonhuv fdq h{klelw
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Iljxuh 619= Wkh yhuwlfdo surmhfwlrq ri wkh fhqwhu ri wkh kls olqh rq wkh jurxqg sodqh
iru wzr gl�huhqw 6G jdlwv1

vlgh0wr0vlgh vzd|lqj dqg fkdqjhv lq jdlw khdglqj1Iljxuh 619 vkrzv wzr gl�huhqw 6G
jdlwv zkhuh wkh rvfloodwlrqv duh odujho| gxh wr vlgh0wr0vlgh vzd|lqj1 Wkh prwlrq lq wkh
uljkw sdqho ghyldwhv iurp d qrplqdo sodqh e| dssur{lpdwho| 4 ghjuhh1

Dq h{dpsoh ri d txdvlshulrglf prwlrq lv vkrzq lq Iljxuh 61:1 Wkh �jxuh dovr
lqfoxghv wudqvlhqw g|qdplfv iurp dq lqlwldo frqglwlrq qhdu dq xqvwdeoh shulrglf ruelw
dw wkh fhqwhu ri wkh gldjudp1

618 Elixufdwlrqv dqg wkhlu h�hfw rq shulrglf jdlwv

Lq vhfwlrq 515/ zh lqwurgxfhg wkh frqfhsw ri elixufdwlrqv lq g|qdplfdo v|vwhpv1 Khuh
zh xvh wkh lqvljkwv jdlqhg wkhuh wrjhwkhu zlwk wkh glvfxvvlrq derxw jdlw sdwwhuqv lq
vhfwlrq 6171 Lw lv frqyhqlhqw wr vxppdul}h wkh gl�huhqw fkdqjhv lq jdlw w|shv wkdw zh
revhuyh xqghu sdudphwhu yduldwlrqv1

Zkhq h{sorulqj wkh g|qdplfdo v|vwhp ri wkh sdvvlyh zdonhu/ zh kdyh hqfrxqwhuhg
�yh gl�huhqw elixufdwlrqv1 Wkh elixufdwlrqv wkdw rffxu zkhq rqh ru pruh hljhqydo0
xhv ehfrph rqh lq pdjqlwxgh duh vdggoh0qrgh2irog/ slwfkirun/ shulrg grxeolqj2 ls/
dqg Krsi elixufdwlrqv1 Vxgghq fkdqjhv pd| dovr dsshdu qhdu jud}lqj1 Iljxuh 61;
lv d surmhfwlrq ri d elixufdwlrq gldjudp iru d 5G zdonhu xqghu ydu|lqj lqfolqdwlrq/
looxvwudwlqj d idplo| ri shulrglf vroxwlrqv1 Wklv gldjudp zloo eh glvfxvvhg lq ghwdlo lq
sdshu 4/ exw lw jlyhv d fohdu slfwxuh ri vrph ri wkh elixufdwlrqv1
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Iljxuh 61:= Prwlrq wrzdugv d txdvl0shulrglf vroxwlrq dw d Srlqfduì vhfwlrq1

Lq Wdeoh 615 dqg lq wkh fruuhvsrqglqj h{sodqdwlrqv 41 0 :1/ zh kdyh jdwkhuhg
wkh gl�huhqw elixufdwlrq vfhqdulrv fruuhvsrqglqj wr yduldwlrqv lq d sdudphwhu D dqg d
elixufdwlrq dw D ' Df1 Qrwlfh dovr wkh uhihuhqfhv wr wkh Urpdq qxphudov +elixufdwlrqv,
L 0 LY lq Iljxuh 61;1

Hljhqydoxh Elixufdwlrq 5G0jdlw 6G0jdlw
n� Vdggoh0qrgh2Irog vhh 41 vhh 41
n� Slwfkirun vhh 51 vhh 51 dqg 61
�� Shulrg grxeolqj2Iols vhh 71 vhh 71
e�

Z

2
�&c & 9' �c � � � c e Krsi vhh 81 vhh 91

dq| Jud}lqj vhh :1 vhh :1

Wdeoh 615= Dq ryhuylhz ri wkh gl�huhqw elixufdwlrqv dqg wkhlu lpsdfwv rq elshgdo
sdvvlyh zdonlqj1 Vhh dovr wkh h{sodlqlqj wh{w odehohg 410 ;1

41 Wzr vroxwlrqv/ rqh vwdeoh dqg rqh xqvwdeoh/ h{lvw iru D 	 Df dqg qr vroxwlrqv
h{lvwv iru D : Df1 Frpsduh zlwk elixufdwlrq L/ zkhuh wkh vroxwlrqv duh v|pphw0
ulf1

51 Iru D 	 Dfc wkhuh lv rqh v|pphwulf vroxwlrq/ dqg iru D : Df/ wkhuh duh wkuhh
vroxwlrqv1 Wkh v|pphwulf vroxwlrq fkdqjhv vwdelolw| lq wkh elixufdwlrq1 Wkh
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Iljxuh 61;= D surmhfwlrq ri wkh elixufdwlrq gldjudp iru d 5G zdonhu1 Wkh iroorzlqj
elixufdwlrqv duh uhsuhvhqwhg= L 0 vdggoh0qrgh2irog/ LL 0 slwfk0irun/ dqg LLL ) LY 0
shulrg0grxeolqj2 ls1 Wkh ohwwhuv D dqg F lqglfdwh xqvwdeoh v|pphwulf jdlw dqg wkh
ohwwhu E lqglfdwh vwdeoh olpslqj jdlw1

wzr qhz eudqfkhv fruuhvsrqg wr dv|pphwulf jdlw dqg kdyh rssrvlwh vwdelolw|
iurp wkh v|pphwulf prwlrq1 Wkh wzr dv|pphwulf vroxwlrqv duh pluuru lpdjhv
ri hdfk rwkhu xqghu d wlph vkliw ri kdoi d shulrg1 Iru v|pphwulf 5G jdlwv/ wkh
dv|pphwulf vroxwlrq pd| vwloo uhpdlq 5G1 Frpsduh zlwk elixufdwlrq LL1

61 Qhz vroxwlrqv duh eruq dv lq 51/ exw khuh dq dv|pphwulf jdlw vwudljkw grzq
wkh sodqh h{lvwv iru D 	 Df dqg wzr qhz dv|pphwulf jdlwv zdonlqj rq dq dqjoh
uhodwlyh wr d qrplqdo sodqh duh eruq lq wkh elixufdwlrq1

71 Dv iru wkh slwfkirun elixufdwlrq/ wkuhh vroxwlrqv ehfrph rqh ru ylfh yhuvd1 Wkh
vroxwlrq wkdw h{lvwv dorqh dozd|v vkrzv dv|pphwulf zdonlqj dqg fkdqjhv vwd0
elolw| lq wkh elixufdwlrq1 Wkh qhz vroxwlrq kdv wzlfh wkh shulrglflw| dqg wkh
rssrvlwh vwdelolw| ri wkh ruljlqdo vroxwlrq1 Frpsduh zlwk elixufdwlrqv LLL dqg
LY1

81 Wklv w|sh ri elixufdwlrq kdv qrw ehhq uhsruwhg1

91 D shulrglf vroxwlrq fkdqjhv vwdelolw| dv D jrhv wkurxjk Df1 Rq rqh vlgh ri wkh
elixufdwlrq d eudqfk ri txdvlshulrglf vroxwlrqv dsshduv1 Frpsduh zlwk Iljxuh
61:1
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:1 D shulrglf ruelw lpslqjhv wdqjhqwldoo| rq d glvfrqwlqxlw| vxuidfh lq vwdwh vsdfh
dv D uhdfkhv Df1 Ghshqglqj rq wkh w|sh ri glvfrqwlqxlw|/ d ixuwkhu fkdqjh lq
D w|slfdoo| uhvxowv lq d udslg/ dqg srvvleoh qrq0vprrwk/ fkdqjh lq hljhqydoxhv1
Wkh shulrglf vroxwlrq pd| fhdvh wr h{lvw ru h{shulhqfh d txlfn vxffhvvlrq ri
vwdqgdug elixufdwlrqv1 Lq wkh zdonhu/ wklv fruuhvsrqgv wr rqh ri wkh irrw frqwdfw
srlqwv mxvw wrxfklqj wkh jurxqg sulru wr nqhh0orfnlqj1 Frpsduh zlwk Iljxuh
6181

Rwkhu frpelqdwlrqv ri wkh elixufdwlrqv deryh duh fhuwdlqo| srvvleoh/ exw kdyh qrw
ehhq revhuyhg1

Dv vhhq lq wklv vhfwlrq/ sdvvlyh zdonhuv fdq xqghujr d ydulhw| ri gl�huhqw elixu0
fdwlrqv zkhuh vwdelolw| lv orvw1 Wklv odfn ri urexvwqhvv xqghu sdudphwhu yduldwlrqv
vxjjhvw wkdw dgglwlrqdo frqwuro zrxog qhhg wr eh lqfoxghg lq d urerwlf lpsohphqwd0
wlrq ri d sdvvlyh zdonhu wr hqvxuh d ghvludeoh uhfxuuhqw prwlrq1 Vrph lghdv iru krz
wr dfklhyh wklv duh suhvhqwhg lq wkh iroorzlqj vhfwlrq1

619 Frqwuro ri sdvvlyh zdonhuv

Wkh zkroh lghd zlwk sdvvlyh zdonhuv lv wkdw wkh| duh deoh wr h{klelw vxvwdlqhg +vwdeoh
ru xqvwdeoh, dqwkursrprusklf jdlw lq vslwh ri ehlqj xqdfwxdwhg dqg uho|lqj rqo| rq
judylw| iru hqhuj| lqsxw1 Lw zrxog eh ghvludeoh wr ghvljq d ihhgedfn0edvhg frqwuro
dfwxdwlrq wkdw frxog d�hfw wkh vwdelolw| ri d uhfxuuhqw jdlw lq d sdvvlyh zdonhu zkloh
lqyroylqj qr h{fkdqjh ri hqhuj| zlwk wkh phfkdqlvp1 Rqh dssurdfk zrxog eh wr pdnh
glvfuhwh fkdqjhv wr wkh irrw frqwdfw srlqw srvlwlrqv uhodwlyh wr wkh orzhu olpe rqfh
hyhu| uhyroxwlrq zkhqhyhu wkh fruuhvsrqglqj irrw lv qrw wrxfklqj wkh jurxqg1 Wklv
lv yhu| vlplodu wr lqwurgxflqj glvfuhwh fkdqjhv lq wkh rulhqwdwlrq ri d irrw derxw dq
dqnoh mrlqw nhhslqj wkh dqnoh uljlg dw doo rwkhu wlphv1 Wklv kdv wkh h�hfw ri lqgluhfwo|
fkdqjlqj wkh wlplqj dqg vwdwh ri wkh phfkdqlvp dw wkh vxevhtxhqw lpsdfw ri d irrw
frqwdfw srlqw zlwk wkh jurxqg/ wkhuhe| d�hfwlqj wkh vwdelolw| ri wkh jdlw1 Wklv lghd lv
vxffhvvixoo| lpsohphqwhg lq sdshu 9 +dqg ghulyhg lq sdshu 8, zkhuh khdylo| xqvwdeoh
5G dqg 6G zdonhuv duh vwdelol}hg1

Rqh gudzedfn zlwk wkh frqwuro lqwurgxfhg lq sdshuv 8 dqg 9 lv wkdw lw lv yhu|
orfdo dqg fdq rqo| frqwuro iru vx!flhqwo| vpdoo shuwxuedwlrqv dzd| iurp d uhihuhqfh
wudmhfwru|1 Wr ryhufrph wklv/ d prgho lv ghyhorshg lq sdshu : lqyroylqj wkh lqfoxvlrq
ri pxvfohv wr wkh sdvvlyh zdonhu lq rughu wr dfklhyh joredo vwdelolw| dqg dovr wr pdnh
lw hyhq pruh dqwkursrprusklf1

61: Qxphulfv

Wkh iroorzlqj qxphulfdo phwkrgv kdyh ehhq xvhg wr surgxfh wkh uhvxowv ghvfulehg lq
wklv wkhvlv=
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� Gluhfw qxphulfdo lqwhjudwlrq � xvhixo rqo| iru orfdwlqj dv|pswrwlfdoo| vwdeoh
jdlw1

� Sdudphwhu frqwlqxdwlrq � d whfkqltxh iru pdsslqj rxw vroxwlrq eudqfkhv lqgh0
shqghqwo| ri vwdelolw|1

� Yduldwlrqdo htxdwlrqv � d pdwkhpdwlfdo wrro iru vwxg|lqj olqhdu vwdelolw| surs0
huwlhv ri shulrglf vroxwlrqv dqg iru lpsohphqwlqj Qhzwrq0Udskvrq vfkhphv iru
orfdwlrq shulrglf vroxwlrqv1

� Qxphulfdo dssur{lpdwlrqv ri ghulydwlyhv � �qlwh gl�huhqfh phwkrgv xvhg lq wkh
qrupdo0irup fdofxodwlrqv1 +vhh dsshqgl{ E,

Wkh sudfwlfdo lpsohphqwdwlrq lv dv iroorzv1

Vriwzduh Wkh htxdwlrqv ri prwlrq +HRP, ri wkh phfkdqlvpv vwxglhg lq wklv wkhvlv
zhuh ghulyhg xvlqj wkh Pdsoh sdfndjh Vrskld/ ghyhorshg dw wkh Ghsduwphqw ri Ph0
fkdqlfv/ NWK/ ruljlqdoo| e| Pduwlq Ohvvhu dqg wkhq h{whqghg e| Dqghuv Ohqqduwvvrq
+vhh Ohvvhu ^5<`/ ^75`/ dqg Ohqqduwvvrq ^5;`,1 Vrskld lpsohphqwv Ndqh*v phwkrg +fi1
Ndqh hw do1 ^58`,/ zklfk lv edvhg rq g*Dohpehuwv sulqflsoh ri yluwxdo zrun +fi1 vhfwlrq
516,1 Vrskld dovr lqfoxghv surfhgxuhv iru h{sruwlqj wkh HRP dv zhoo dv dx{loldu| ixqf0
wlrqv iru lqwhuqdo dqg h{whuqdo irufhv lqwr F0frgh1 Wklv doorzv wkh xvhu wr lqwhuidfh
zlwk rwkhu dssolfdwlrqv1

Lq sduwlfxodu/ vlpxodwlrqv ri wkh phfkdqlvpv kdyh ehhq fduulhg rxw xvlqj Pdwode1
Pdwode*v exlow0lq 2f� ixqfwlrq/ zklfk xvhv d vwdqgdug F0frpslohu/ frpslohv wkh F0
frgh iru ixuwkhu xvh zlwklq wkh Pdwode hqylurqphqw1 Iru wkh vwdelolw| fdofxodwlrqv
dqg sdudphwhu frqwlqxdwlrqv zh kdyh xvhg wkh srvvlelolw| wr h{sruw yduldwlrqdo htxd0
wlrqv +YH, iurp Vrskld wr frpsdwleoh F0frgh1 Vhh Dsshqgl{ F iru wkh pdsoh frgh
jhqhudwlqj wkh HRP dqg YH1

Doo vlpxodwlrqv/ frqwlqxdwlrq dojrulwkpv/ dqg qrupdo0irup fdofxodwlrqv duh sur0
judpphg lq dqg fduulhg rxw zlwk Pdwode1
W|slfdo vl}hv ri F0�ohv xvhg khuh duh derxw 573 nE iru wkh HRP dqg 4733 nE iru
wkh yduldwlrqdo htxdwlrqv lqfoxglqj wkh HRP/ zkloh wkh vl}hv ri wkh frpslohg �ohv
fruuhvsrqglqj wr wkh HRP dqg yduldwlrqdo htxdwlrqv duh derxw 4<8 nE dqg ;83 nE/
uhvshfwlyho|1

Kdugzduh Wkh qxphulfdo frpsxwdwlrqv lq wklv wkhvlv duh shuiruphg rq d Ghoo Gl0
phqvlrq [SV 733 zlwk d 733 PK} Shqwlxp LL surfhvvru 4<5 PE UDP dqg rq d HY9
833 PK} surfhvvru zlwk dq dydlodeoh phpru| ri 6JE UDP1

Fsx wlph Zkloh qr ghwdlohg dqdo|vlv kdv ehhq fduulhg rxw wr ghwhuplqh wkh h!0
flhqf| ri wkh hpsor|hg dojrulwkpv/ iru uhihuhqfh zh phqwlrq wkdw d elixufdwlrq gld0
judp/ vxfk dv wkdw lq Iljxuh 61; wdnhv rq wkh rughu ri rqh gd| wr frpsxwh1
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Fkdswhu 7

Glvfxvvlrq dqg rxworrn

Wklv wkhvlv ghvfulehv wkh dqdo|vlv ri d qxpehu ri qrqvprrwk g|qdplfdo v|vwhpv
rujlqdwlqj lq phfkdqlfdo v|vwhpv1 Iurp d pdwkhpdwlfdo shuvshfwlyh/ wkh irfxv lv
rq wkh ghyhorsphqw ri wrrov iru �qglqj dqg vwxg|lqj fhuwdlq prwlrq fkdudfwhulvwlfv/
sulpdulo| wkh h{lvwhqfh dqg urexvwqhvv ri uhfxuuhqw prwlrqv1 Dv dq lpphgldwh dssol0
fdwlrq/ zh frqvlghu wkh vwxg| ri wzr0ohjjhg sdvvlyh zdonhuv wkdw h{klelw d ydulhw| ri
uhfxuuhqw jdlw0olnh prwlrqv1 Vshfl�fdoo|/ zh fdwhjrul}h wkh gl�huhqfhv dqg vlplodulwlhv
ehwzhhq wzr0 dqg wkuhh0glphqvlrqdo zdonhuv/ wkhuhe| yhuli|lqj wkdw hyhq vlpsoh wzr0
ohjjhg prghov pd| eh xvhg wr lqyhvwljdwh ixqgdphqwdo fkdudfwhulvwlfv ri kxpdq jdlw1
Wkh nqrzohgjh jdlqhg iurp wkh dqdo|vlv ri wzr0ohjjhg sdvvlyh zdonhuv frxog wkxv eh
xvhg lq pdq| duhdv lq lqgxvwu| dqg phglflqh1

Wr urerwlfv/ wkh sdvvlyh frpsrqhqw ri vxvwdlqhg kxpdq jdlw�dv h{hpsol�hg e|
wkh prgho sdvvlyh zdonhuv�vkrxog eh wdnhq lqwr dffrxqw zkhq vwxg|lqj wkh vwdelo0
lw| ri zdonlqj dv zhoo dv zkhq ghyhorslqj pruh hqhuj| h!flhqw frqwuro dojrulwkpv1
Rqh lghd iru vxfk d frqwuro dojrulwkp lv wr dfwlyho| vzlwfk ehwzhhq frqwuro |lhoglqj
vwdwlf vwdelolw| dqg wkdw |lhoglqj g|qdplf vwdelolw|/ ghshqglqj rq wkh ghvluhg prwlrq
fkdudfwhulvwlfv1 D vhsdudwh lghd lv wr ghvljq wkh ryhudoo frqwuro vwudwhj| iru d zdonlqj
urerw lq d klhudufklfdo vwuxfwxuh/ zkhuh wkh jrdo ri orz0ohyho frqwuro frxog eh wkh
orfdo vwdelol}dwlrq ri dq douhdg| h{lvwlqj jdlw dv vxjjhvwhg lq wklv wkhvlv/ zkloh qh{w
ohyho ri frqwuro frxog irfxv rq joredo frqwuro/ h1j1/ wudmhfwru| sodqqlqj/ dyrlglqj re0
vwdfohv/ suhyhqwlqj wkh urerw iurp idoolqj/ dqg vr rq1 Wklv zrxog dovr eh uh hfwhg lq
d glvwulexwlrq ri dfwxdwruv plplfnlqj pxvfoh dfwlylw|1

Wkh sdvvlyh qdwxuh ri wkh kxpdq jdlw dssdudwxv lv idploldu wr prvw sk|vlfldqv dqg
rwkhuv zrunlqj zlwk jdlw sdwkrorjlhv dqg jdlw dqdo|vlv1 Lq wkh elrphglfdo lqgxvwu|/
h1j1/ lq wkh ghvljq ri duwl�fldo ohj survwkhvhv/ lq dqdo|}lqj jdlw gdwd/ dqg lq fuhdwlqj
frpsxwhu0edvhg prghov ri kxpdq jdlw/ wklv lqvljkw lv ri juhdw lpsruwdqfh1

Orrnlqj dkhdg/ wkhuh duh reylrxv ehqh�wv wr eh uhdshg wr wkh duhdv ri urerwlfv/
elrphfkdqlfv/ dqg phglflqh iurp �qglqj d frpprq jurxqg iurp zklfk wr vwxg|
elshgdo zdonlqj1 Lw lv yhu| olnho| wkdw wkh dlp iru sduwv ri wkh urerwlfv frppxqlw|
zloo eh wr frqvwuxfw urerwv wkdw ehkdyh dv forvho| wr kxpdqv dv srvvleoh dqg wkhuhe|

7:
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pdnh wkhlu dsshdudqfh pruh dffhswdeoh1 Iru wkdw sxusrvh/ lw lv qhfhvvdu| wr xqghu0
vwdqg wkh vxewohwlhv ri kxpdq zdonlqj/ frqvlghulqj wkh ryhudoo g|qdplfv dqg wkh xq0
ghuo|lqj pxvfxodu dfwlylw|1 Iru wkrvh zrunlqj lq elrphfkdqlfv lw zloo eh +dqg douhdg|
lv, d vljql�fdqw fkdoohqjh wr ryhufrph wkh gl�huhqfhv ehwzhhq vflhqwlvw zrunlqj lq
phfkdqlfv dqg phglflqh1 Wkh gl�huhqfhv kdyh pdq| od|huv/ hyhu|wklqj iurp gl�huhqw
yrfdexodu| wr pdwkhpdwlfdo vnloov dqg xqghuvwdqglqj1 Lw lv/ iru h{dpsoh/ uhdvrqdeoh
wr h{shfw wkdw juhdw ydoxh lv wr eh irxqg lq frqyh|lqj wr vflhqwlvwv lq wkh phglfdo vfl0
hqfhv dq xqghuvwdqglqj ri krz vflhqwlvwv dqg hqjlqhhuv zrunlqj lq phfkdqlfv prgho
wkh zruog durxqg xv lq jhqhudo/ dqg prwlrq lq sduwlfxodu1

Zkdwhyhu wkh jrdov iru wkh ixwxuh duh/ wkhuh duh vwloo d juhdw qxpehu ri pruh
vshfl�f/ dowkrxjk txlwh dpelwlrxv/ sureohpv wr eh dgguhvvhg1 Iru lqvwdqfh/ wkh wrslf
ri wkh suhvhqw wkhvlv�wkh dqdo|vlv ri qrqvprrwk g|qdplfdo v|vwhpv�zloo eh dq hyhq
pruh lpsruwdqw �hog lq wkh ixwxuh1 Wkh frpsxwdwlrqdo dqg dqdo|wlfdo wrrov wkdw zloo eh
wkh surgxfwv ri ixuwkhu vwxg| lq wklv �hog zloo |lhog lqvljkw lqwr wkh h{shfwhg g|qdplfdo
ehkdylru ri vxfk v|vwhpv dqg zloo jhqhudwh qhz hqjlqhhulqj lqwxlwlrq hqdeolqj d frvw0
dqg wlph0h�hfwlyh xvdjh ri pruh dqg pruh frpsoh{ dqg frpsuhkhqvlyh frpsxwhu0
edvhg prghov ri hyhu|0gd| phfkdqlfdo v|vwhpv1



Fkdswhu 8

Vxppdu| ri sdshuv dqg dxwkruv
frqwulexwlrqv

Sdshu 4

Euhdnlqj V|pphwulhv dqg Frqvwudlqwv= Wudqvlwlrqv iurp 5G wr 6G lq Sdvvlyh Zdonhuv
Shwul Sllurlqhq +SS,/ Kduu| Gdqnrzlf} +KG,/ Duqh Qrugpdun +DQ,

Wkh lqkhuhqw g|qdplfv ri elshgdo/ sdvvlyh phfkdqlvpv duh vwxglhg wr lqyhvwljdwh
wkh uhodwlrq ehwzhhq prwlrqv frqvwudlqhg wr wzr0glphqvlrqdo sodqhv dqg wkrvh iuhh wr
pryh lq d wkuhh0glphqvlrqdo hqylurqphqw1 Lq sduwlfxodu/ zh ghyhors qxphulfdo dqg dq0
do|wlfdo whfkqltxhv xvlqj g|qdplfdo0v|vwhpv phwkrgrorj| wr dgguhvv wkh shuvlvwhqfh
dqg vwdelolw| fkdqjhv ri shulrglf/ jdlw0olnh prwlrqv gxh wr wkh uhod{dwlrq ri frq�jx0
udwlrq frqvwudlqwv dqg wkh euhdnlqj ri sureohp v|pphwulhv1 V|pphwu| surshuwlhv ri
vxfk phfkdqlvp duh glvfxvvhg dqg d ihz vshfldo v|pphwulhv duh gh�qhg1 Xvlqj wkhvh
v|pphwulhv/ zh fodvvli| d qxpehu ri gl�huhqw jdlwv1 Wkh uhvxowv lqglfdwh wkh olplwd0
wlrqv ri d wzr0glphqvlrqdo dqdo|vlv wr suhglfw wkh g|qdplfv lq wkh wkuhh0glphqvlrqdo
hqylurqphqw1 Iru h{dpsoh/ lw lv vkrzq krz wkh orvv ri frqvwudlqwv pd| lqwurgxfh
fkdudfwhulvwlfdoo| qrq05G lqvwdelolw| phfkdqlvpv/ dqg krz vpdoo v|pphwu|0euhdnlqj
whupv pd| uhvxow lq wkh whuplqdwlrq ri vroxwlrq eudqfkhv1

Lpsohphqwdwlrqv dqg frpsxwdwlrqv duh fduulhg rxw e| SS1 Wkh sdshu lv zulwwhq
e| SS zlwk ihhgedfn iurp KG dqg DQ1

Dffhswhg iru sxeolfdwlrq lq Pxowlerg| V|vwhp G|qdplfv/ 5335

Sdshu 5

Rq d Qrupdo0Irup Dqdo|vlv iru d Fodvv ri Sdvvlyh Elshgdo Zdonhuv
Shwul Sllurlqhq +SS,/ Kduu| Gdqnrzlf} +KG,/ Duqh Qrugpdun +DQ,

Sdshu 5 frqwlqxhv wkh zrun grqh lq sdshu 4 dqg lpsohphqwv d fhqwhu0pdqlirog whfk0
qltxh wr duulyh dw d qrupdo0irup iru wkh qdwxudo g|qdplfv ri d sdvvlyh/ elshgdo uljlg0
erg| phfkdqlvp lq wkh ylflqlw| ri lq�qlwh irrw zlgwk dqg qhdu0v|pphwulf erg| jhrp0

7<
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hwu|1 Lq sduwlfxodu/ qxphulfdo vfkhphv duh ghyhorshg iru �qglqj dssur{lpdwh irupv
ri wkh uhohydqw lqyduldqw pdqlirogv dqg wkh qhdu0vlqjxodu g|qdplfv rq wkhvh pdql0
irogv1 Wkh qrupdo0irup dssur{lpdwlrqv duh irxqg wr eh kljko| dffxudwh iru uhodwlyh
odujh irrw zlgwkv zlwk d udqjh ri ydolglw| h{whqglqj wr zlgwkv rq wkh rughu ri wkh
phfkdqlvpv* khljkw1

Lpsohphqwdwlrqv dqg frpsxwdwlrqv duh fduulhg rxw e| SS1 Wkh sdshu lv zulwwhq
e| SS zlwk ihhgedfn iurp KG dqg DQ1

Sxeolvkhg lq Lqwhuqdwlrqdo Mrxuqdo ri Elixufdwlrq dqg Fkdrv/ Yro1 44/ Qr1 </ ss
574405758/ 5334

Sdshu 6

Orz0yhorflw| Lpsdfwv ri Txdvl0shulrglf Rvfloodwlrqv
Kduu| Gdqnrzlf} +KG,/ Shwul Sllurlqhq +SS,/ Duqh Qrugpdun +DQ,

Lq wklv sdshu d phwkrg wr suhglfw wkh fkdudfwhulvwlfv ri v|vwhp dwwudfwruv wkdw iroorz
jud}lqj lqwhuvhfwlrqv zlwk d wzr0glphqvlrqdo lpsdfwv vxuidfh lv ghulyhg/ zkhuh wkh
ruljlqdo prwlrq lv d wzr0iuhtxhqf| txdvlshulrglf rvfloodwlrq lq d wkuhh glphqvlrqdo
vwdwh vsdfh1 Wkh dojkrulwkp lv edvhg rq wkh lghd ri glvfrqwlqxlw| pdsslqjv dqg lw
lv dssolhg wr dq h{dpsoh prgho +wkh ydq0ghu0Sro rvfloodwru, wr looxvwudwh wkh srzhu ri
wkh phwkrg1

SS pdgh doo wkh �jxuhv lq wkh sdshu/ fduulhg rxw doo wkh lpsohphqwdwlrqv dqg
qxphulfv/ dqg jdyh ihhgedfn wkurxjkrxw wkh zrun1

Sxeolvkhg lq Fkdrv/ Vrolwrqv dqg Iudfwdov 47/ ss 5740588/ 5335

Sdshu 7

Jud}lqj Elixufdwlrq ri Lqlwldoo| Txdvl0shulrglf V|vwhp Dwwudfwruv
Kduu| Gdqnrzlf} +KG,/ Shwul Sllurlqhq +SS,/ Duqh Qrugpdun +DQ,

Sdshu 7 ixuwkhu glvfxvvhv wkh glvfrqwlqxlw| pdsslqjv dssurdfk/ uljrurxvo| ghulyhg lq
sdshu 6/ wr suhglfw wkh fkdudfwhulvwlfv ri v|vwhp dwwudfwruv wkdw xqghujr orz0yhorflw|
lpsdfwv1 Qxphulfdo revhuydwlrqv iurp sdvvlyh zdonhuv duh ghvfulehg dqg wkh phwkrg
lv dssolhg wr d flufoh pdsslqj1

SS pdgh doo wkh �jxuhv lq wkh sdshu/ fduulhg rxw doo wkh lpsohphqwdwlrqv dqg
qxphulfv/ dqg jdyh ihhgedfn wkurxjkrxw wkh zrun1

Sxeolvkhg lq surfhhglqjv ri DVPH 5334 GHWF*34/ Shqqv|oydqld/ 5334

Sdshu 8

H{sorlwlqj Glvfrqwlqxlwlhv iru Vwdelol}dwlrq ri Uhfxuuhqw Prwlrqv
Kduu| Gdqnrzlf} +KG,/ Shwul Sllurlqhq +SS,
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Lq sdshu 8 d phwkrg lv dqdo|wlfdoo| ghulyhg wr orfdoo| frqwuro g|qdplfdo v|vwhp lq0
foxglqj glvfrqwlqxlwlhv/ e| xvlqj wkh idfw wkdw lw lv srvvleoh wr fdofxodwh wkh vwdelolw|
fkdudfwhulvwlfv +Iortxhw pxowlsolhuv, ri shulrglf prwlrqv ri vxfk v|vwhpv1 Zkhq d
shulrglf vroxwlrq kdv ehhq irxqg wkh phwkrg pdnhv lw srvvleoh qrw rqo| wr vwdelol}h
khdylo| xqvwdeoh g|qdplfdo v|vwhpv exw dovr wr ghvwdelol}h vwdeoh v|vwhpv1 Wkh pdlq
dgydqwdjh zlwk wklv phwkrg lv wkdw wkh h{dfw vwdelolw| fkdudfwhulvwlfv iru wkh frq0
wuroohg v|vwhp fdq eh irxqg/ hyhq zlwkrxw vlpxodwlqj lw rqfh/ exw rqo| e| xvlqj wkh
orfdo vwdelolw| iru d uhihuhqfh vroxwlrq1 Wkh phwkrg lv dssolhg rq d krsslqj urerw dqg
d Eudlooh sulqwhu/ zkhuh lw lv vkrzq krz wkh vwdelolw| fkdqjhv xqghu yduldwlrqv ri d
frqwuro sdudphwhu1 Qxphulfdo uhvxowv duh suhvhqwhg vkrzlqj wkh edvlq ri dwwudfwlrq
iru d vshfl�hg vhw ri frqwuro sdudphwhuv dv zhoo dv vzlwfklqj ehwzhhq gl�huhqw shulrglf
prwlrqv1

SS pdgh doo wkh �jxuhv lq wkh sdshu/ fduulhg rxw doo wkh lpsohphqwdwlrqv dqg
qxphulfv/ dqg jdyh ihhgedfn dqg vxjjhvwlrqv rq lpsuryhphqwv wkurxjkrxw wkh zrun1

Dffhswhg iru sxeolfdwlrq lq Qrqolqhdu G|qdplfv/ 5335

Sdshu 9

Orz0Frvw Frqwuro ri Uhshwlwlyh Jdlw lq Sdvvlyh Elshgdo Zdonhuv
Shwul Sllurlqhq +SS,/ Kduu| Gdqnrzlf} +KG,

Lq wklv sdshu/ wkh frqwuro dojrulwkp lqwurgxfhg lq sdshu 8 lv ghuhlyhg dqg lpsohphqwhg
iru 5G dqg 6G sdvvlyh zdonhuv1 Wkh phwkrg lv xvhg wr vzlwfk ehwzhhq gl�huhqw w|shv
ri jdlw dqg dovr wr vwdelol}h khdylo| xqvwdeoh prwlrq1

Doo lpsohphqwdwlrqv dqg frpsxwdwlrqv zhuh fduulhg rxw e| SS/ zkr dovr zurwh
wkh sdshu zlwk ihhgedfn iurp KG1

Vxeplwwhg wr Lqwhuqdwlrqdo Mrxuqdo ri Elixufdwlrq dqg Fkdrv/ 5335

Sdshu :

Pxvfxorvnhohwdo Prgholqj ri Wzr0Ohjjhg Elshgdo Zdonhuv
Shwul Sllurlqhq +SS,

Wklv sdshu jlyhv dq lghd rq krz wkh 6G sdvvlyh zdonhuv frxog eh pdgh pruh dqwkur0
srprusklf e| wkh dgglwlrq ri pxvfohv dqg e| lqfuhdvlqj wkh wrwdo qxpehu ri ghjuhhv
ri iuhhgrp1 Doo vx!flhqw sdudphwhuv xvhg iru wkh xsshu dqg orzhu olpev/ wkh gl�huhqw
mrlqwv/ wkh pxvfohv/ dqg wkh irrw srlqwv duh wkrurxjko| lqwurgxfhg1 Vrph wkrxjkwv
rq krz wr xvh dq lpsohphqwdwlrq ri wkh h{whqghg zdonhu lv dovr jlyhq dv zhoo dv
srvvlelolwlhv iru ixwxuh ghyhorsphqw duh vxjjhvwhg1

SS zurwh wkh sdshu1
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Dfnqrzohgjphqw

Iluvw ri doo L zrxog olnh wr wkdqn p| vxshuylvru Gu1 Kduu| Gdqnrzlf}1 Lw kdv ehhq d
uhdo sohdvxuh wr zrun zlwk klp dqg wdnh sduw ri klv hqwkxvldvp dqg qhyhu hqglqj zhoo
ri lghdv1 Hyhq wkrxjk zh kdyh ehhq orfdwhg dw wzr gl�huhqw vsrwv lq wkh zruog/ prvw
ri wkh wlph/ zh kdyh kdg d forvh dqg iuxlwixo frooderudwlrq1 Dqrwkhu srvlwlyh wklqj
zlwk Gu1 Gdqnrzlf} lv wkdw kh dozd|v kdg wlph iru glvfxvvlrqv dqg dozd|v wulhg wr
h{sodlq wklqjv/ zkdwhyhu wkh wrslf zdv1 Wkdqnv wr klp L dovr jrw wkh fkdqfh wr jr
ryhuvhdv dqg ylvlw klp dw Ylujlqld Whfk/ XVD1

L zrxog dovr olnh wr wkdqn Gu1 Duqh Qrugpdun zkr kdv ehhq d jrrg vrxqglqj
erdug iru p| wkrxjkwv dqg txhvwlrqv1 Kh kdv dozd|v jhqhurxvo| vkduhg klv nqrzohgjh
lq phfkdqlfv/ pdwkhpdwlfv dqg qxphulfdo phwkrgv zlwk ph zkhqhyhu L kdyh ehhq orvw1

Pdq| wkdqnv jrhv wr Suri1 Pduwlq Ohvvhu dqg Gu1 Kdqqr Hvvìq iru iuhho| vkdulqj
wkhlu wkrxjkwv lq vflhqfh/ srolwlfv/ dqg sklorvrsk|1 Lw kdv eh d mr| wr olvwhq wr erwk ri
|rx1

Wkh iruphu judgxdwh vwxghqw lq wkh wkhruhwlfdo dqg dssolhg phfkdqlfv jurxs Gu1
Pdwv Iuhgulnvvrq/ Gu1 Dqghuv Ohqqduwvvrq/ Whnq1 Olf1 Jlwwh Hngdko duh dfnqrzo0
hgjhg iru pdnlqj lw yhu| hdv| iru ph zkhq L mrlqhg wkh jurxs edfn lq 4<<;1 D vshfldo
wkdqnv jrhv wr Gu1 Mhvshu Dgroivvrq zkr lqlwldwhg ph lqwr wkh �hog ri sdvvlyh zdonhuv
dqg dovr iru vkdulqj klv nqrzohgjhg lq hqjlqhhulqj dqg surjudpplqj frgh1 Zh jrw d
yhu| jrrg vwduw yld wkh frqihuhqfh lq Pÿqfkhq/ lqfoxglqj wkh ylvlw dw Krieudxkdxv1

Wkh oxqfk jdqj kdv ydulhg iurp wlph wr wlph/ exw wkh odxjkv L kdyh vkduhg zlwk/
iru lqvwdqfh/ Shu Rovvrq/ Kdqv Vloyhukdj/ dqg Shu Hnvwudqg kdyh zrunhg dv d jrrg
dqg uhod{lqj phqwdo euhdn

L zrxog olnh wr wkdqn Odqlh Jxwlhuuh} dqg PG\yrqqh Kdjoxqg0Ènhuolqg dw Dvwulg
Olqgjuhq Fkloguhq Krvslwdo dw Ndurolqvnd Vmxnkxvhw iru ghprqvwudwlqj wkhlu jdlw ode
dqg dovr iru vkdulqj wkhlu nqrzohgjh lq folqlfdo vwxglhv ri kxpdq jdlw1

Wkh wlph L vshqw dw Ylujlqld Whfk zdv yhu| hqmr|deoh gxh wr Froohhq Vkdqqrq dqg
Gdylg Uxsshuw1 Krshixoo| |rx xqghuvwrrg vrph ri wkh �edg� mrnhv L vsuhdg durxqg
ph/ dw wkh hqg1

Wr p| iruphu dqg suhvhqw froohdjxhv Jùvwd Zlqjèugk/ Rod Zlgoxqg/ Pdwv Olqg/
Wrp Zuljkw/ Mrkdq Hulnvvrq/ Gdqlho Dkopdq/ Dqghuv Dkovwuùp/ dqg Nd}x|d Jrwr
rq wkh ;wk  rru L zrxog olnh wr h{suhvv p| judwlwxgh1 \rx kdyh doo pdgh lw d sohdvxuh
wr jr wr NWK hdfk gd|/ dqg krshixoo| |rx ihho wkh vdph1

P| froohdjxhv dw wkh Ghsduwphqw ri Phfkdqlfv kdyh gh�qlwho| surylghg d yhu|
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vwlpxodwlqj uhvhdufk dwprvskhuh dqg L dp yhu| iruwxqdwh wr kdyh phw wkhp doo1
Wr p| zrqghuixo iulhqgv lq PKIN+j, dqg GNY L zrxog olnh wr vd|= Wklv wkhvlv

zloo qrw dw doo fkdqjh wkh uhodwlrq L kdyh zlwk |rx dqg wkh zd| L dssuhfldwh wr eh
dprqj |rx�lw lv dozd|v d sohdvxuh$

Dqqd/ wkdqnv iru hyhu|wklqj dqg jrrg oxfn lq wkh ixwxuh1
Ilqdoo|/ pdq| wkdqnv wr p| hqwluh idplo| wkdw L kdyh ehhq qhjohfwlqj odwho|/ exw

|rx duh riwhq lq p| wkrxjkwv dqg L plvv |rx doo1 Krshixoo| L zloo vshqg vrph pruh
wlph zlwk |rx lq wkh ixwxuh1

Wklv zrun zdv vxssruwhg e| Vzhglvk Irxqgdwlrq iru Vwudwhjlf Uhvhdufk +VVI, dqg
Vzhglvk Hqjlqhhulqj Vflhqfh Frxqflo +WIU,1



Eleolrjudsk|

^4` M Dgroivvrq1 Sdvvlyh Frqwuro ri Phfkdqlfdo V|vwhpv 0 Elshgdo Zdonlqj dqg Dxwredo0
dqflqj1 SkG wkhvlv/ Ur|do Lqvwlwxwh ri Whfkqrorj|/ Ghsduwphqw ri Phfkdqlfv/ Vzhghq/
53341

^5` M Dgroivvrq/ K Gdqnrzlf}/ dqg D Qrugpdun1 6g sdvvlyh zdonhuv= Ilqglqj shulrglf
jdlwv lq wkh suhvhqfh ri glvfrqwlqxlwlhv1 Qrqolqhdu G|qdplfv/ 57=538�55</ 53341

^6` P D Dl}hupdq dqg I U Jdqwpdnkhu1 Rq wkh vwdelolw| ri shulrglf prwlrqv1 Mrxuqdo
ri Dssolhg Pdwkhpdwlfv dqg Phfkdqlfv +wudqvodwhg iurp Uxvvldq,/ sdjhv 4398�43:;/
4<8;1

^7` ELS1 kwws=22zzz1lquldoshv1iu2els21

^8` D Fkdwwhumhh dqg P Jdufld1 Vpdoo vorsh lpsolhv orz vshhg lq sdvvlyh g|qdplf zdonlqj1
G|qdplfv dqg Vwdelolw| ri V|vwhpv/ 48+5,=46<�48:/ 4<<;1

^9` P Frohpdq dqg D Uxlqd1 Dq xqfrqwuroohg wr| wkdw fdq zdon exw fdqqrw vwdqg vwloo1
Sk|vlfdo Uhylhz Ohwwhuv/ ;3+49,=698;�6994/ 4<<;1

^:` P M Frohpdq/ P Jdufld/ Prpedxu N/ dqg D Uxlqd1 Suhglfwlrq ri vwdeoh zdonlqj iru
d wr| wkdw fdqqrw vwdqg1 Sk|vlfdo Uhylhz H/ 97+5,/ 53341

^;` V Froolqv/ P Zlvvh/ dqg D Uxlqd1 D 60g sdvvlyh0g|qdplf zdonlqj urerw zlwk wzr ohjv
dqg nqhhv1 Lqwhuqdwlrqdo Mrxuqdo ri Urerwlfv Uhvhdufk/ 53+:,=93:�948/ 53341

^<` U O Fudln dqg F D Rdwlv/ hglwruv1 Jdlw Dqdo|vlv= wkhru| dqg dssolfdwlrq1 Prve|0\hdu
Errn/ Lqf1/ 4<<81

^43` K M Gdqnrzlf}1 Phfkdqlfv Sureohpv dqg wkhlu vroxwlrqv1 Ghsw1 ri Phfkdqlfv/ NWK/
Vzhghq/ 4<<;1

^44` K M Gdqnrzlf}/ M Dgroivvrq/ dqg D E Qrugpdun1 Uhshwhwlyh jdlw ri sdvvlyh elshgdo
phfkdqlvpv lq d wkuhh0glphqvlrqdo hqylurqphqw1 Mrxuqdo ri Elrphfkdqlfdo Hqjlqhhu0
lqj/ 456+4,=73�79/ 53341

^45` Z W Ghpsvwhu dqg J U O Jdxjkudq1 Surshuwlhv ri erg| vhjphqwv edvhg rq vl}h dqg
zhljkw1 Dphulfdq Mrxuqdo ri Dqdwrp|/ 453=66�871
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^46` D P Irupdo*vn|1 Edoolvwlf Orfrprwlrq ri d Elshg1 Ghvljq dqg Frqwuro ri Wzr Elshg
Pdfklqhv1 FLVP Dgydqfhg Vfkrro rq Prghoolqj dqg Vlpxodwlrq ri Kxpdq dqgZdonlqj
Urerwv Orfrprwlrq/ Xglqh/ 4<<91

^47` P K Iuhgulnvvrq dqg D E Qrugpdun1 Rq qrupdo irup fdofxodwlrqv lq lpsdfw rvfloodwruv1
Lq Surfhhglqjv ri wkh Ur|do Vrflhw| ri Orqgrq/ vhulhv D/ 789/ sdjhv 648�65</ 53331

^48` Mdphv U Jdjh/ hglwru1 Jdlw dqdo|vlv lq fhoheudo sdov|1 Pdf Nhlwk Suhvv/ 4<<41

^49` P Jdufld/ D Fkdwwhumhh/ dqg D Uxlqd1 H!flhqf|/ vshhg/ dqg vfdolqj ri sdvvlyh g|0
qdplfdo elshgdo zdonlqj1 G|qdplfv dqg Vwdelolw| ri V|vwhpv/ 48+5,=:8�<</ 53331

^4:` P Jdufld/ D Fkdwwhumhh/ D Uxlqd/ dqg P Frohpdq1 Sdvvlyh0g|qdplf prghov ri kxpdq
jdlw1 Lq Surfhhglqjv ri wkh Frqihuhqfh rq Elrphfkdqlfv dqg Qhxudo Frqwuro ri Kxpdq
Pryhphqw/ sdjhv 65�66/ 4<<;1

^4;` M Jxfnhqkhlphu1 Elixufdwlrq dqg ghjhqhudwh ghfrpsrvlwlrq lq pxowlsoh wlph vfdoh g|0
qdplfdo v|vwhp1 53351

^4<` M Jxfnhqkhlphu dqg S Krophv1 Qrqolqhdu Rvfloodwlrqv/ G|qdplfdo V|vwhpv/ dqg El0
ixufdwlrqv ri Yhfwru Ilhogv1 Vsulqjhu0yhuodj/ 4<;61

^53` U Q Klqulfkv1 Uhjuhvvlrq htxdwlrqv wr suhglfw vhjphqwdo prphqwv ri lqhuwld iurp
dqwkursrphwulf phdvxuhphqwv= Dq h{whqvlrq ri wkh gdwd ri fkdqgohu hw do1 Mrxuqdo ri
Elrphfkdqlfv/ 4;+;,=954�957/ 4<;81

^54` U Q Klqulfkv1 Dgmxvwphqwv wr wkh vhjphqw fhqwhu ri pdvv sursruwlrqv ri fodxvhu hw do1
Mrxuqdo ri Elrphfkdqlfv/ 56+<,=<7<�<84/ 4<<31

^55` Krqgd1 kwws=22zzz1krqgd1fr1ms2dvlpr21

^56` U N Mhqvhq1 Erg| vhjphqw pdvv/ udglxv/ dqg udglxv ri j|udwlrq sursruwlrqv ri fkloguhq1
Mrxuqdo ri Elrphfkdqlfv/ 4<+8,=68<�69;/ 4<;91

^57` U N Mhqvhq1 Wkh jurzwk ri fkloguhq*v prphqw ri lqhuwld1 Phglflqh dqg Vflhqfh lq
Vsruwv dqg H{huflvh/ 4;+7,=773�778/ 4<;91

^58` W U Ndqh dqg G D Ohylqvvrq1 G|qdplfv= Wkhru| dqg Dssolfdwlrqv1 PfJudz0Kloo
Errn Frpsdq|/ 4<;81

^59` W Ndslwdqldn1 Fkdrv iru Hqjlqhhuv 0 Wkhru|/ Dssolfdwlrq/ dqg Frqwuro1 Vsulqjhu0
Yhuoddj/ 53331

^5:` U Ohlqh1 Elixufdwlrqv lq Glvfrqwlqxrxv Phfkdqlfdo V|vwhpv ri Ilolssry0W|sh1 SkG
wkhvlv/ Whnqlvfkh Xqlyhuvlwhlw Hlqgkryhq/ Wkh Qhwkhuodqgv/ 53331

^5;` Dqghuv Ohqqduwvvrq1 H!flhqw Pxowlerg| G|qdplfv1 SkG wkhvlv/ Ur|do Lqvwlwxwh ri
Whfkqrorj|/ Ghsduwphqw ri Phfkdqlfv/ Vzhghq/ 4<<<1

^5<` P Ohvvhu1 Wkh Dqdo|vlv ri Frpsoh{ Qrqolqhdu Phfkdqlfdo V|vwhpv1 Zruog Vflhqwl�f
Sxeolvklqj Fr1 Swh1 Owg/ 4<<81
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^63` W PfJhhu1 Sdvvlyh elshgdo uxqqlqj1 Lq Surfhhglqjv ri wkh Ur|do Vrflhw| ri Orqgrq=
Elrorjlfdo Vflhqfhv/ yroxph 573/ sdjhv 43:�467/ 4<<31

^64` W PfJhhu1 Sdvvlyh g|qdplf zdonlqj1 Lqwhuqdwlrqdo Mrxuqdo ri Urerwlfv Uhvhdufk/ <=
95�;5/ 4<<31

^65` W PfJhhu1 Sdvvlyh zdonlqj zlwk nqhhv1 Lq Surfhhglqjv ri wkh LHHH Frqihuhqfh rq
Urerwlfv dqg Dxwrpdwlrq/ yroxph 5/ sdjhv 4973�4978/ 4<<31

^66` PLW1 Plw ohj oderudwru|/ kwws=22zzz1dl1plw1hgx2surmhfwv2ohjode2krph1kwpo1

^67` S F Pÿoohu1 Fdofxodwlrqv ri o|dsxqry h{srqhqwv iru g|qdplfdo v|vwhpv zlwk glvfrqwl0
qxlwlhv1 Fkdrv/ Vrolwrqv dqg Iudfwdov/ 8=49:4�49;4/ 4<<81

^68` V Prfkrq dqg W PfPdkrq1 Edoolvwlf zdonlqj= Dq lpsuryhg prgho1 Pdwkhpdwlfdo
Elrvflhqfhv/ 85=574�593/ 4<;31

^69` W D Prfkrq dqg J F Fkhqj1 Wkh phfkdqlfv ri uxqqlqj= Krz grhv vwl�qhvv frxsoh
zlwk vshhgB Mrxuqdo ri Elrphfkdqlfv/ 56=98�:;/ 4<<31

^6:` P Qruglq dqg P J Qrugdko1 Dq hyroxwlqdu| dufklwhfwxuh iru d kxpdqrlg urerw1
Suhsulqw1

^6;` D E Qrugpdun1 Xqlyhuvdo olplw pdsslqj lq jud}lqj elixufdwlrqv1 Sk|vlfdo Uhylhz H/
88+4,=599�5:3/ 4<<:1

^6<` W V Sdunhu dqg O R Fkxd1 Sudfwlfdo Qxphulfdo Dojrulwkpv iru Fkdrwlf V|vwhpv1
Vsulqjhu0Yhuodj/ Qhz \run/ 4<;<1

^73` S W Sllurlqhq1 Sdvvlyh zdonlqj= Wudqvlwlrq iurp 5g wr 6g/ 53331

^74` Kxpdqrlg surmhfw dw Fkdophuv1 kwws=22kxpdqrlg1i|1fkdophuv1vh21

^75` Vrskld1 kwws=22zzz1phfk1nwk1vh2vrskld1

^76` V K Vwurjdw}1 Qrqolqhdu G|qdplfv dqg Fkdrv1 Dgglvrq0Zhvoh| Sxeolvklqj Frpsdq|/
4<<71

^77` Ylfrq Prwlrq V|vwhpv1 kwws=22zzz1ylfrq1frp21

^78` P Z Zklwwoh1 Jdlw Dqdo|vlv 0 dq Lqwurgxfwlrq/ 5qg hg1 Exwwhuzruw 0 Khlqhpdqq/
R{irug/ 4<<91



8; ELEOLRJUDSK\



Dsshqgl{ D

Sk|vlfdo txdqwlwlhv

Wkh ydoxhv ri wkh sdudphwhuv suhvhqwhg khuh duh pdlqo| xvhg lq sdshu 4 dqg 51 Lq
wkh rwkhu sdshuv vrph prgl�fdwlrqv kdyh ehhq grqh1

Frqvwdqwv

Judylw| � <1;4 p2v2

Lqfolqh � ydulhg

Pdvvhv

Wruvr � 31; nj

Xsshu ohjv � 51687 nj2hdfk

Orzhu ohjv � 41346 nj2hdfk

Wrh srlqw � 3 nj2hdfk

Ohqjwkv

Wruvr +zlgwk, � 3 p

Xsshu ohjv � 3168 p

Wrh olqh � ydulhg
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Srvlwlrqv ri pdvv fhqwhu

Wruvr � lq wkh plgsrlqw ehwzhhq wkh kls mrlqwv1

Xsshu ohjv � +3/ 3/ 0313<,Xsshu ohj uhodwlyh wkh kls mrlqwv

Orzhu ohjv � +313765/ 3/ 0314996,Orzhu ohj uhodwlyh wkh nqhh mrlqwv

Wrh srlqwv � +31438 / ydulhg/ 0316465,Orzhu ohj uhodwlyh wkh vkdqn fhqwhu ri pdvv

Wkh wulsohwv fruuhvsrqg wr wkh erg| �{hg uhihuhqfh iudph lq zklfk wkh| duh zulwwhq1
Doo ydoxhv duh jlyhq lq phwhuv1

Prphqwv ri lqhuwld

Wruvr � +5/ 515/ 515/ 3/ 3/ 3,Wruvr

Xsshu ohjv � +3133;/ 31334/ 3134/ 3/ 3/ 3,Xsshu ohj

Orzhu ohjv � +3136<6/ 31334/ 3134/3/ 3/ 3,Orzhu ohj

Wkh qxpehuv lq wkh sduhqwkhvhv fruuhvsrqg wr +W��c W22c W��c W�2c W��c W2�, njp21

Vsulqj frqvwdqwv

Nqhh mrlqwv � 83 Q2p

Jurxqg � 83 Q2p

Gdpshu frqvwdqwv

Kls mrlqwv � 3137 Qv2p

Nqhh mrlqwv � 53 Qv2p

Jurxqg � 833 Qv2p
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Qxphulfdo vfkhphv

Jhqhudo irupxodv iru wkh qxphulfdo gl�huhqwldwlrqv lq sdshu 51
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Dsshqgl{ F

Pdsoh2Vrskld frgh

Wklv Pdsoh frgh lv xvhg iru jhqhudwlqj wkh htxdwlrqv ri prwlrq dqg yduldwlrqdo htxd0
wlrqv iru d sdvvlyh 6G zdonhu zlwk nqhhv1

Ordg Vrskld oleudu|
A uhvwduw>
A uhdg cvrskldY8c>

Nlqhpdwlfdo gliihuhqwldo htxdwlrqv
A )ngh+43,>
A ghshqgvWlph+vht+s1n/n@41149,,>
A ghshqgvWlph+vht+wkhwd1n/n@4119,,>

Iudph uhodwlrqv
Urwdwlrq iurp lqhuwldo erg| Q wr xsshu erg| E
A fkdlqVlpsUrw+^Q/W4/6/t9`/^W4/W5/5/t8`/^W5/E/4/t7`,=

Urwdwlrq iurp lqwhuphglwldu| iudph W5 wr xsshu ohj XO4 wr orzhu ohj OO4
A fkdlqVlpsUrw+^W5/XO4/4/t:`/^XO4/OO4/4/t;`,=

Urwdwlrq iurp lqwhuphglwldu| iudph W5 wr xsshu ohj XO5 wr orzhu ohj OO5
A fkdlqVlpsUrw+^W5/XO5/4/t<`/^XO5/OO5/4/t43`,=

Urwdwlrq iurp orzhu ohj OO4 irrw I4
A fkdlqVlpsUrw+^OO4/W6/6/wkhwd4`/^W6/W7/5/wkhwd5`/^W7/I4/4/wkhwd6`,=

Urwdwlrq iurp orzhu ohj OO5 irrw I5
A fkdlqVlpsUrw+^OO5/W8/6/wkhwd7`/^W8/W9/5/wkhwd8`/^W9/I5/4/wkhwd9`,=

Jhrphwu|
A uerg|bklsbfhqwhu=@Q )hy ^t4/t5/t6`>
A ubwruvrbfpbuho=@E )hy ^u{/u|/u}`>
A uohj4bmrlqwsrv=@W5 )hy ^uo44/3/3`>
A uohj5bmrlqwsrv=@W5 )hy ^uo54/3/3`>
A uohj4bxsshubfpbuho=@ XO4 )hy ^uo4x4/uo4x5/uo4x6`>
A uohj5bxsshubfpbuho=@ XO5 )hy ^uo5x4/uo5x5/uo5x6`>
A uohj4bxsshubmrlqwsrvbuho=@ XO4 )hy ^3/o4x/3`>
A uohj5bxsshubmrlqwsrvbuho=@ XO5 )hy ^3/o5x/3`>
A uohj4borzhubfpbuho=@ OO4 )hy ^uo4o4/uo4o5/uo4o6`>
A uohj5borzhubfpbuho=@ OO5 )hy ^uo5o4/uo5o5/uo5o6`>
A uerg|bfp=@pnf+uerg|bklsbfhqwhu/ubwruvrbfpbuho,>
A uohj4xsshubfp=@pnf+uerg|bklsbfhqwhu/uohj4bmrlqwsrv/uohj4bxsshubfpbuho,=
A uohj5xsshubfp=@pnf+uerg|bklsbfhqwhu/uohj5bmrlqwsrv/uohj5bxsshubfpbuho,=
A uohj4orzhubfp=@pnf+uerg|bklsbfhqwhu/uohj4bmrlqwsrv/uohj4bxsshubmrlqwsrvbuho/uohj4borzhubfpbuho,=
A uohj5orzhubfp=@pnf+uerg|bklsbfhqwhu/uohj5bmrlqwsrv/uohj5bxsshubmrlqwsrvbuho/uohj5borzhubfpbuho,=

Qhz ngh*v
A yberg|bklsfhqwhu=@ W5 )hy ^x4/x5/x6`>
A rphjdberg|=@W5 )hy ^x7/x8/x9`>
A yberg|bklsfhqwhubtw=@ gliiIudphWlph+uerg|bklsbfhqwhu/Q,>
A rphjdberg|btw=@Q )dY E>

Qrwh wkdw wkh ngh iru wrh frqwdfw srlqwv duh lqfoxghg
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A lngh=@~vht++W5 )wr yberg|bklsfhqwhu )f l, @ +W5 )wr yberg|bklsfhqwhubtw, )f l/l@4116,/
vht++W5 )wr rphjdberg| )f l, @ +W5 )wr rphjdberg|btw, )f l/l@4116,/
vht+s1+5-l04,1w@0t4w/l@411;,/
vht+s1+5-l,1w@0t6w/l@411;,/
vht+wkhwd1l1w@3/l@4119,=

A nghbqhz =@ vlpsoli|+vroyh+lngh/ ~vht+t1l1w/l@4119,/
vht+s1l1w/l@41149,/
vht+wkhwd1l1w/l@4119,�, xqlrq

~vht+t1l1w@x1l/l@:1143,�,=

Yhorflwlhv dqg dqjxodu yhorflwlhv
A yberg|bfp =@ ffsw+pds+Hvlpsoli|/vxev+nghbqhz/fgiw+uerg|bfp/Q,,,,=
A yohj4xsshubfp =@ ffsw+pds+Hvlpsoli|/vxev+nghbqhz/fgiw+uohj4xsshubfp/Q,,,,=
A yohj5xsshubfp =@ ffsw+pds+Hvlpsoli|/vxev+nghbqhz/fgiw+uohj5xsshubfp/Q,,,,=
A yohj4orzhubfp =@ ffsw+pds+Hvlpsoli|/vxev+nghbqhz/fgiw+uohj4orzhubfp/Q,,,,=
A yohj5orzhubfp =@ ffsw+pds+Hvlpsoli|/vxev+nghbqhz/fgiw+uohj5orzhubfp/Q,,,,=
A rphjdbohj4xsshu =@ )vlps vxev+nghbqhz/Q )dY XO4,=
A rphjdbohj5xsshu =@ )vlps vxev+nghbqhz/Q )dY XO5,=
A rphjdbohj4orzhu =@ )vlps vxev+nghbqhz/Q )dY OO4,=
A rphjdbohj5orzhu =@ )vlps vxev+nghbqhz/Q )dY OO5,=

Prphqwxp dqg dqjxodu prphqwxp
A serg|=@fvp+pberg|/ yberg|bfp,=
A sohj4xsshu=@fvp+po4x/yohj4xsshubfp,=
A sohj5xsshu=@fvp+po5x/yohj5xsshubfp,=
A sohj4orzhu=@fvp+po4o/yohj4orzhubfp,=
A sohj5orzhu=@fvp+po5o/yohj5orzhubfp,=

A Lberg|=@HlqhuwldG|dg+LbE44/LbE55/LbE66/LbE45/LbE46/LbE56/E,=
A kerg|=@Lberg| )r rphjdberg|=

A Lbohj4xsshu=@HlqhuwldG|dg+LbOX444/LbOX455/LbOX466/LbOX445/LbOX446/LbOX456/XO4,=
A kohj4xsshu=@Lbohj4xsshu )r rphjdbohj4xsshu=

A Lbohj5xsshu=@HlqhuwldG|dg+LbOX544/LbOX555/LbOX566/LbOX545/LbOX546/LbOX556/XO5,=
A kohj5xsshu=@Lbohj5xsshu )r rphjdbohj5xsshu=

A Lbohj4orzhu=@HlqhuwldG|dg+LbOO444/LbOO455/LbOO466/LbOO445/LbOO446/LbOO456/OO4,=
A kohj4orzhu=@Lbohj4orzhu )r rphjdbohj4orzhu=

A Lbohj5orzhu=@HlqhuwldG|dg+LbOO544/LbOO555/LbOO566/LbOO545/LbOO546/LbOO556/OO5,=
A kohj5orzhu=@Lbohj5orzhu )r rphjdbohj5orzhu=

Wlphglii ri Prp dqg dqj1 prp
A swerg| =@pds+Hvlpsoli|/vxev+nghbqhz/fgiw+serg|/Q,,,=
A swohj4xsshu=@pds+Hvlpsoli|/vxev+nghbqhz/fgiw+sohj4xsshu/Q,,,=
A swohj5xsshu=@pds+Hvlpsoli|/vxev+nghbqhz/fgiw+sohj5xsshu/Q,,,=
A swohj4orzhu=@pds+Hvlpsoli|/vxev+nghbqhz/fgiw+sohj4orzhu/Q,,,=
A swohj5orzhu=@pds+Hvlpsoli|/vxev+nghbqhz/fgiw+sohj5orzhu/Q,,,=

A kwerg|=@pnf+ )vlps vxev+nghbqhz/Q )igw kerg|, ,=
A kwohj4xsshu=@pnf+ )vlps vxev+nghbqhz/Q )igw kohj4xsshu, ,=
A kwohj5xsshu=@pnf+ )vlps vxev+nghbqhz/Q )igw kohj5xsshu, ,=
A kwohj4orzhu=@pnf+ )vlps vxev+nghbqhz/Q )igw kohj4orzhu, ,=
A kwohj5orzhu=@pnf+ )vlps vxev+nghbqhz/Q )igw kohj5orzhu, ,=

Dvvhpeo| ri N yhorflw| yhfwru dqg wdqjhqw yhfwru fuhdwlrq
A yN=@^ yberg|bfp/ yohj4xsshubfp/ yohj5xsshubfp/ yohj4orzhubfp/ yohj5orzhubfp/
A pnf+rphjdberg|,/ pnf+rphjdbohj4xsshu,/ pnf+rphjdbohj5xsshu,/
A pnf+rphjdbohj4orzhu,/ pnf+rphjdbohj5orzhu, `=
A wdxN=@Nfwdx+yN/^vht+x1l/l@41143,`,=

Wrh irufhv

Frpprq vwxii
Surfhgxuh iru ilqglqj rxw zkdw yduldeohv dq h{suhvvlrq ghshqgv rq jlyhq d olvw ri srvvleoh yduldeohv
A fkhfnbdujv=@surf+h{su/dujv,
A orfdo whpsbdujv/l>
A whpsbdujv=@^`=
A iru l lq dujv gr
A li ghshqgv+h{su/l, wkhq whpsbdujv=@^rs+whpsbdujv,/l`> il>
A rg>
A UHWXUQ+rs+whpsbdujv,,>
A hqg=
A dujv=@vht+t1l/l@41143,/vht+wkhwd1l/l@4119,/vht+x1l/l@41143,>

Iluvw irrw iluvw wrh 44
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Srvlwlrq dqg yhorflw| ri wrh44
A uwrh44=@)vlps +Q )wr +uerg|bklsbfhqwhu ).. uohj4bmrlqwsrv ).. uohj4bxsshubmrlqwsrvbuho )..
A +OO4 )hy ^3/o4o/3`, ).. +I4 )hy ^{w44/|w44/}w44`,, ,=
A ywrh44=@)vlps +Q )wr vxev+nghbqhz/Q )igw uwrh44,,=

Ilqg wkh yduldeohv wkdw hdfk frrug1 ) yho1 ri wkh wrhsrv ghshqgv rq
A {44bdujv=@fkhfnbdujv++uwrh44 )f 4,0t4/^dujv`,=
A |44bdujv=@fkhfnbdujv+uwrh44 )f 5/^dujv`,=
A }44bdujv=@fkhfnbdujv++uwrh44 )f 6,0t6/^dujv`,=
A y{44bdujv=@fkhfnbdujv+ywrh44 )f 4/^dujv`,=
A y|44bdujv=@fkhfnbdujv+ywrh44 )f 5/^dujv`,=
A y}44bdujv=@fkhfnbdujv+ywrh44 )f 6/^dujv`,=

Wrutxh fdofxodwhg dv yhfwru iurp fp ri orzhu ohj wr frqwdfw srlqw furvv dssolhg irufh
A wrh44bfpoo4bfurvvbi=@)vlps ++Q )wr ++OO4 )hy ^3/o4o/3`, ).. +I4 )hy ^{w44/|w44/}w44`, )00
A +OO4 )hy ^uo4o4/uo4o5/uo4o6`,,, ){{
A +Q )hy ^wrhi{+vwdw44/{44+{44bdujv,/y{44+y{44bdujv,/n[/g[/s4,/
A wrhi|+vwdw44/|44+|44bdujv,/y|44+y|44bdujv,/n\/g\,/
A wrhi}+vwdw44/}44+}44bdujv,/y}44+y}44bdujv,/n]/g]/s5,`,,=

Frpprq vxeh{suhvvlrq xvhg odwhu lq fdofxodwlrqv
A wrh44bolvw=@^{44@+uwrh44 )f 4,0t4/|44@uwrh44 )f 5/}44@+uwrh44 )f 6,0t6/
A y{44@ywrh44 )f 4/y|44@ywrh44 )f 5/y}44@ywrh44 )f 6/
A i{44@wrhi{+vwdw44/{44+{44bdujv,/y{44+y{44bdujv,/n[/g[/s4,/
A i|44@wrhi|+vwdw44/|44+|44bdujv,/y|44+y|44bdujv,/n\/g\,/
A i}44@wrhi}+vwdw44/}44+}44bdujv,/y}44+y}44bdujv,/n]/g]/s5,/
A w{44@wrh44bfpoo4bfurvvbi )f 4/
A w|44@wrh44bfpoo4bfurvvbi )f 5/
A w}44@wrh44bfpoo4bfurvvbi )f 6`=

Vxevwlwxwlrqv xvhg lq vwdelolw| fdofxodwlrqv

A gvhw44=@^
A G^5`+wrhi{,+vwdw44/{44+{44bdujv,/y{44+y{44bdujv,/n[/g[/s4,@
A wrhi{b{+vwdw44/{44/y{44/n[/g[/s4,/
A G^6`+wrhi{,+vwdw44/{44+{44bdujv,/y{44+y{44bdujv,/n[/g[/s4,@
A wrhi{by{+vwdw44/{44/y{44/n[/g[/s4,/
A G^5`+wrhi|,+vwdw44/|44+|44bdujv,/y|44+y|44bdujv,/n\/g\,@
A wrhi|b|+vwdw44/|44/y|44/n\/g\,/
A G^6`+wrhi|,+vwdw44/|44+|44bdujv,/y|44+y|44bdujv,/n\/g\,@
A wrhi|by|+vwdw44/|44/y|44/n\/g\,/
A G^5`+wrhi},+vwdw44/}44+}44bdujv,/y}44+y}44bdujv,/n]/g]/s5,@
A wrhi}b}+vwdw44/}44/y}44/n]/g]/s5,/
A G^6`+wrhi},+vwdw44/}44+}44bdujv,/y}44+y}44bdujv,/n]/g]/s5,@
A wrhi}by}+vwdw44/}44/y}44/n]/g]/s5,/
A G^9`+wrhi{,+vwdw44/{44+{44bdujv,/y{44+y{44bdujv,/n[/g[/s4,@
A wrhi{bs+vwdw44/{44/y{44/n[/g[/s4,/
A G^9`+wrhi},+vwdw44/}44+}44bdujv,/y}44+y}44bdujv,/n]/g]/s5,@
A wrhi}bs+vwdw44/}44/y}44/n]/g]/s5,/
A vht+glii+{44+{44bdujv,/l,@g{44g1l/l@{44bdujv,/
A vht+glii+y{44+y{44bdujv,/l,@gy{44g1l/l@y{44bdujv,/
A {44+{44bdujv,@{44/
A y{44+y{44bdujv,@y{44/
A vht+glii+|44+|44bdujv,/l,@g|44g1l/l@|44bdujv,/
A vht+glii+y|44+y|44bdujv,/l,@gy|44g1l/l@y|44bdujv,/
A |44+|44bdujv,@|44/
A y|44+y|44bdujv,@y|44/
A vht+glii+}44+}44bdujv,/l,@g}44g1l/l@}44bdujv,/
A vht+glii+y}44+y}44bdujv,/l,@gy}44g1l/l@y}44bdujv,/
A }44+}44bdujv,@}44/
A y}44+y}44bdujv,@y}44`>

Iluvw irrw vhfrqg wrh 45
A {45bdujv=@{44bdujv=
A |45bdujv=@|44bdujv=
A }45bdujv=@}44bdujv=
A y{45bdujv=@y{44bdujv=
A y|45bdujv=@y|44bdujv=
A y}45bdujv=@y}44bdujv=
A
A iurpbwrh44bwrbwrh45bvvhw=@~
A {w44@{w45/|w44@|w45/}w44@}w45/
A uo4o4@uo4o4/uo4o5@uo4o5/uo4o6@uo4o6/
A wrhi{+vwdw44/{44+{44bdujv,,@wrhi{+vwdw45/{45+{45bdujv,,/
A wrhi|+vwdw44/|44+|44bdujv,,@wrhi|+vwdw45/|45+|45bdujv,,/
A wrhi}+vwdw44/}44+}44bdujv,,@wrhi}+vwdw45/}45+}45bdujv,,/
A {44@{45/y{44@y{45/
A |44@|45/y|44@y|45/
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A }44@}45/y}44@y}45/
A vwdw44@vwdw45/
A s4@s6/s5@s7/
A vht+g{44g1{44bdujv^l`@g{45g1{45bdujv^l`/l@411qrsv+^{45bdujv`,,/
A vht+gy{44g1y{44bdujv^l`@gy{45g1y{45bdujv^l`/l@411qrsv+^y{45bdujv`,,/
A vht+g|44g1|44bdujv^l`@g|45g1|45bdujv^l`/l@411qrsv+^|45bdujv`,,/
A vht+gy|44g1y|44bdujv^l`@gy|45g1y|45bdujv^l`/l@411qrsv+^y|45bdujv`,,/
A vht+g}44g1}44bdujv^l`@g}45g1}45bdujv^l`/l@411qrsv+^}45bdujv`,,/
A vht+gy}44g1y}44bdujv^l`@gy}45g1y}45bdujv^l`/l@411qrsv+^y}45bdujv`,,/
A i{44@i{45/i|44@i|45/i}44@i}45/
A w{44@w{45/w|44@w|45/w}44@w}45�=
A
A uwrh45=@vxev+iurpbwrh44bwrbwrh45bvvhw/uwrh44,=
A ywrh45=@vxev+iurpbwrh44bwrbwrh45bvvhw/ywrh44,=
A wrh45bfpoo4bfurvvbi=@vxev+iurpbwrh44bwrbwrh45bvvhw/wrh44bfpoo4bfurvvbi,=
A wrh45bolvw=@vxev+iurpbwrh44bwrbwrh45bvvhw/wrh44bolvw,=
A gvhw45=@vxev+iurpbwrh44bwrbwrh45bvvhw/gvhw44,=

Iluvw irrw wklug wrh 46
Srvlwlrq ) yhorflw| ri wrh46
A uwrh46=@)vlps +Q )wr +uerg|bklsbfhqwhu ).. uohj4bmrlqwsrv )..

uohj4bxsshubmrlqwsrvbuho )..
+OO4 )hy ^3/o4o/3`, )..
+I4 )hy ^{w46/|w46/}w46`,,,=

A ywrh46=@)vlps +Q )wr vxev+nghbqhz/Q )igw uwrh46,,=

Ilqg wkh yduldeohv wkdw hdfk frrug1 ) yho1 ri wkh wrhsrv ghshqgv rq
A {46bdujv=@fkhfnbdujv++uwrh46 )f 4,0t4/^dujv`,=
A |46bdujv=@fkhfnbdujv+uwrh46 )f 5/^dujv`,=
A }46bdujv=@fkhfnbdujv++uwrh46 )f 6,0t6/^dujv`,=
A y{46bdujv=@fkhfnbdujv+ywrh46 )f 4/^dujv`,=
A y|46bdujv=@fkhfnbdujv+ywrh46 )f 5/^dujv`,=
A y}46bdujv=@fkhfnbdujv+ywrh46 )f 6/^dujv`,=

Wrutxh fdofxodwhg dv yhfwru iurp fp ri orzhu ohj wr frqwdfw srlqw furvv dssolhg irufh
A wrh46bfpoo4bfurvvbi=@)vlps ++Q )wr ++OO4 )hy ^3/o4o/3`, )..

+I4 )hy ^{w46/|w46/}w46`, )00
+OO4 )hy ^uo4o4/uo4o5/uo4o6`,,, ){{

A +Q )hy ^wrhi{+vwdw46/{46+{46bdujv,/y{46+y{46bdujv,/n[/g[/s8,/
A wrhi|+vwdw46/|46+|46bdujv,/y|46+y|46bdujv,/n\/g\,/
A wrhi}+vwdw46/}46+}46bdujv,/y}46+y}46bdujv,/n]/g]/s9,`,,=

Frpprq vxeh{suhvvlrq xvhg odwhu lq fdofxodwlrqv
A wrh46bolvw=@^{46@+uwrh46 )f 4,0t4/|46@uwrh46 )f 5/

}46@+uwrh46 )f 6,0t6/y{46@ywrh46 )f 4/
y|46@ywrh46 )f 5/y}46@ywrh46 )f 6/

A i{46@wrhi{+vwdw46/{46+{46bdujv,/y{46+y{46bdujv,/n[/g[/s8,/
A i|46@wrhi|+vwdw46/|46+|46bdujv,/y|46+y|46bdujv,/n\/g\,/
A i}46@wrhi}+vwdw46/}46+}46bdujv,/y}46+y}46bdujv,/n]/g]/s9,/
A w{46@wrh46bfpoo4bfurvvbi )f 4/
A w|46@wrh46bfpoo4bfurvvbi )f 5/
A w}46@wrh46bfpoo4bfurvvbi )f 6`=

Vxevwlwxwlrqv xvhg lq vwdelolw| fdofxodwlrqv
A gvhw46=@^
A G^5`+wrhi{,+vwdw46/{46+{46bdujv,/y{46+y{46bdujv,/n[/g[/s8,@wrhi{b{+vwdw46/{46/y{46/n[/g[/s8,/
A G^6`+wrhi{,+vwdw46/{46+{46bdujv,/y{46+y{46bdujv,/n[/g[/s8,@wrhi{by{+vwdw46/{46/y{44/n[/g[/s8,/
A G^5`+wrhi|,+vwdw46/|46+|46bdujv,/y|46+y|46bdujv,/n\/g\,@wrhi|b|+vwdw46/|46/y|46/n\/g\,/
A G^6`+wrhi|,+vwdw46/|46+|46bdujv,/y|46+y|46bdujv,/n\/g\,@wrhi|by|+vwdw46/|46/y|46/n\/g\,/
A G^5`+wrhi},+vwdw46/}46+}46bdujv,/y}46+y}46bdujv,/n]/g]/s9,@wrhi}b}+vwdw46/}46/y}46/n]/g]/s9,/
A G^6`+wrhi},+vwdw46/}46+}46bdujv,/y}46+y}46bdujv,/n]/g]/s9,@wrhi}by}+vwdw46/}46/y}46/n]/g]/s9,/
A G^9`+wrhi{,+vwdw46/{46+{46bdujv,/y{46+y{46bdujv,/n[/g[/s8,@wrhi{bs+vwdw46/{46/y{46/n[/g[/s8,/
A G^9`+wrhi},+vwdw46/}46+}46bdujv,/y}46+y}46bdujv,/n]/g]/s9,@wrhi}bs+vwdw46/}46/y}46/n]/g]/s9,/
A vht+glii+{46+{46bdujv,/l,@g{46g1l/l@{46bdujv,/
A vht+glii+y{46+y{46bdujv,/l,@gy{46g1l/l@y{46bdujv,/
A {46+{46bdujv,@{46/
A y{46+y{46bdujv,@y{46/
A vht+glii+|46+|46bdujv,/l,@g|46g1l/l@|46bdujv,/
A vht+glii+y|46+y|46bdujv,/l,@gy|46g1l/l@y|46bdujv,/
A |46+|46bdujv,@|46/
A y|46+y|46bdujv,@y|46/
A vht+glii+}46+}46bdujv,/l,@g}46g1l/l@}46bdujv,/
A vht+glii+y}46+y}46bdujv,/l,@gy}46g1l/l@y}46bdujv,/
A }46+}46bdujv,@}46/
A y}46+y}46bdujv,@y}46`=

Iluvw irrw vhfrqg wrh 47
A {47bdujv=@{46bdujv=
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A |47bdujv=@|46bdujv=
A }47bdujv=@}46bdujv=
A y{47bdujv=@y{46bdujv=
A y|47bdujv=@y|46bdujv=
A y}47bdujv=@y}46bdujv=
A
A iurpbwrh46bwrbwrh47bvvhw=@~
A {w46@{w47/|w46@|w47/}w46@}w47/
A uo4o4@uo4o4/uo4o5@uo4o5/uo4o6@uo4o6/
A wrhi{+vwdw46/{46+{46bdujv,,@wrhi{+vwdw47/{47+{47bdujv,,/
A wrhi|+vwdw46/|46+|46bdujv,,@wrhi|+vwdw47/|47+|47bdujv,,/
A wrhi}+vwdw46/}46+}46bdujv,,@wrhi}+vwdw47/}47+}47bdujv,,/
A {46@{47/y{46@y{47/
A |46@|47/y|46@y|47/
A }46@}47/y}46@y}47/
A vwdw46@vwdw47/
A s8@s:/s9@s;/
A vht+g{46g1l@g{47g1l/l@{47bdujv,/
A vht+gy{46g1l@gy{47g1l/l@y{47bdujv,/
A vht+g|46g1l@g|47g1l/l@|47bdujv,/
A vht+gy|46g1l@gy|47g1l/l@y|47bdujv,/
A vht+g}46g1l@g}47g1l/l@}47bdujv,/
A vht+gy}46g1l@gy}47g1l/l@y}47bdujv,/
A i{46@i{47/i|46@i|47/i}46@i}47/
A w{46@w{47/w|46@w|47/w}46@w}47�=
A
A uwrh47=@vxev+iurpbwrh46bwrbwrh47bvvhw/uwrh46,=
A ywrh47=@vxev+iurpbwrh46bwrbwrh47bvvhw/ywrh46,=
A wrh47bfpoo4bfurvvbi=@vxev+iurpbwrh46bwrbwrh47bvvhw/wrh46bfpoo4bfurvvbi,=
A wrh47bolvw=@vxev+iurpbwrh46bwrbwrh47bvvhw/wrh46bolvw,=
A gvhw47=@vxev+iurpbwrh46bwrbwrh47bvvhw/gvhw46,=

Vhfrqg irrw iluvw wrh 54
A iurpbohj4bwrbohj5=@~t:@t</t;@t43/x:@x</x;@x43/wkhwd4@wkhwd7/wkhwd5@wkhwd8/wkhwd6@wkhwd9=
A {54bdujv=@vht+vxev+iurpbohj4bwrbohj5/^{44bdujv`,^l`/l@411qrsv+^{44bdujv`,,=
A |54bdujv=@vht+vxev+iurpbohj4bwrbohj5/^|44bdujv`,^l`/l@411qrsv+^|44bdujv`,,=
A }54bdujv=@vht+vxev+iurpbohj4bwrbohj5/^}44bdujv`,^l`/l@411qrsv+^}44bdujv`,,=
A y{54bdujv=@vht+vxev+iurpbohj4bwrbohj5/^y{44bdujv`,^l`/l@411qrsv+^y{44bdujv`,,=
A y|54bdujv=@vht+vxev+iurpbohj4bwrbohj5/^y|44bdujv`,^l`/l@411qrsv+^y|44bdujv`,,=
A y}54bdujv=@vht+vxev+iurpbohj4bwrbohj5/^y}44bdujv`,^l`/l@411qrsv+^y}44bdujv`,,=
A
A iurpbwrh44bwrbwrh54bvvhw=@~
A {w44@{w54/|w44@|w54/}w44@}w54/
A uo4o4@uo5o4/uo4o5@uo5o5/uo4o6@uo5o6/
A uo44@uo54/
A o4x@o5x/
A o4o@o5o/
A wrhi{+vwdw44/{44+{44bdujv,,@wrhi{+vwdw54/{54+{54bdujv,,/
A wrhi|+vwdw44/|44+|44bdujv,,@wrhi|+vwdw54/|54+|54bdujv,,/
A wrhi}+vwdw44/}44+}44bdujv,,@wrhi}+vwdw54/}54+}54bdujv,,/
A {44@{54/y{44@y{54/
A |44@|54/y|44@y|54/
A }44@}54/y}44@y}54/
A vwdw44@vwdw54/
A s4@s</s5@s43/
A vht+g{44g1{44bdujv^l`@g{54g1{54bdujv^l`/l@411qrsv+^{54bdujv`,,/
A vht+gy{44g1y{44bdujv^l`@gy{54g1y{54bdujv^l`/l@411qrsv+^y{54bdujv`,,/
A g{44gt:@g{54gt</g{44gt;@g{54gt43/
A gy{44gt:@gy{54gt</gy{44gt;@gy{54gt43/
A g{44gx:@g{54gx</g{44gx;@g{54gx43/
A gy{44gx:@gy{54gx</gy{44gx;@gy{54gx43/
A vht+g|44g1|44bdujv^l`@g|54g1|54bdujv^l`/l@411qrsv+^|54bdujv`,,/
A vht+gy|44g1y|44bdujv^l`@gy|54g1y|54bdujv^l`/l@411qrsv+^y|54bdujv`,,/
A g|44gt:@g|54gt</g|44gt;@g|54gt43/
A gy|44gt:@gy|54gt</gy|44gt;@gy|54gt43/
A g|44gx:@g|54gx</g|44gx;@g|54gx43/
A gy|44gx:@gy|54gx</gy|44gx;@gy|54gx43/
A vht+g}44g1}44bdujv^l`@g}54g1}54bdujv^l`/l@411qrsv+^}54bdujv`,,/
A vht+gy}44g1y}44bdujv^l`@gy}54g1y}54bdujv^l`/l@411qrsv+^y}54bdujv`,,/
A g}44gt:@g}54gt</g}44gt;@g}54gt43/
A gy}44gt:@gy}54gt</gy}44gt;@gy}54gt43/
A g}44gx:@g}54gx</g}44gx;@g}54gx43/
A gy}44gx:@gy}54gx</gy}44gx;@gy}54gx43/
A i{44@i{54/i|44@i|54/i}44@i}54/
A w{44@w{54/w|44@w|54/w}44@w}54�=
A
A uwrh54=@vxev+iurpbohj4bwrbohj5/vxev+iurpbwrh44bwrbwrh54bvvhw/uwrh44,,=
A ywrh54=@vxev+iurpbohj4bwrbohj5/vxev+iurpbwrh44bwrbwrh54bvvhw/ywrh44,,=
A wrh54bfpoo5bfurvvbi=@vxev+iurpbohj4bwrbohj5/vxev+iurpbwrh44bwrbwrh54bvvhw/wrh44bfpoo4bfurvvbi,,=
A wrh54bolvw=@vxev+iurpbohj4bwrbohj5/vxev+iurpbwrh44bwrbwrh54bvvhw/wrh44bolvw,,=
A gvhw54=@vxev+iurpbohj4bwrbohj5/vxev+iurpbwrh44bwrbwrh54bvvhw/gvhw44,,=
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Vhfrqg irrw vhfrqg wrh 55
A {55bdujv=@{54bdujv=
A |55bdujv=@|54bdujv=
A }55bdujv=@}54bdujv=
A y{55bdujv=@y{54bdujv=
A y|55bdujv=@y|54bdujv=
A y}55bdujv=@y}54bdujv=
A
A iurpbwrh54bwrbwrh55bvvhw=@~
A {w54@{w55/|w54@|w55/}w54@}w55/
A uo5o4@uo5o4/u54o5@uo5o5/uo5o6@uo5o6/
A wrhi{+vwdw54/{54+{54bdujv,,@wrhi{+vwdw55/{55+{55bdujv,,/
A wrhi|+vwdw54/|54+|54bdujv,,@wrhi|+vwdw55/|55+|55bdujv,,/
A wrhi}+vwdw54/}54+}54bdujv,,@wrhi}+vwdw55/}55+}55bdujv,,/
A {54@{55/y{54@y{55/
A |54@|55/y|54@y|55/
A }54@}55/y}54@y}55/
A vwdw54@vwdw55/
A s<@s44/s43@s45/
A vht+g{54g1{54bdujv^l`@g{55g1{55bdujv^l`/l@411qrsv+^{55bdujv`,,/
A vht+gy{54g1y{54bdujv^l`@gy{55g1y{55bdujv^l`/l@411qrsv+^y{55bdujv`,,/
A vht+g|54g1|54bdujv^l`@g|55g1|55bdujv^l`/l@411qrsv+^|55bdujv`,,/
A vht+gy|54g1y|54bdujv^l`@gy|55g1y|55bdujv^l`/l@411qrsv+^y|55bdujv`,,/
A vht+g}54g1}54bdujv^l`@g}55g1}55bdujv^l`/l@411qrsv+^}55bdujv`,,/
A vht+gy}54g1y}54bdujv^l`@gy}55g1y}55bdujv^l`/l@411qrsv+^y}55bdujv`,,/
A i{54@i{55/i|54@i|55/i}54@i}55/
A w{54@w{55/w|54@w|55/w}54@w}55�=
A
A uwrh55=@vxev+iurpbwrh54bwrbwrh55bvvhw/uwrh54,=
A ywrh55=@vxev+iurpbwrh54bwrbwrh55bvvhw/ywrh54,=
A wrh55bfpoo5bfurvvbi=@vxev+iurpbwrh54bwrbwrh55bvvhw/wrh54bfpoo5bfurvvbi,=
A wrh55bolvw=@vxev+iurpbwrh54bwrbwrh55bvvhw/wrh54bolvw,=
A gvhw55=@vxev+iurpbwrh54bwrbwrh55bvvhw/gvhw54,>

Vhfrqg irrw vhfrqg wrh 56
A {56bdujv=@vht+vxev+iurpbohj4bwrbohj5/^{46bdujv`,^l`/l@411qrsv+^{46bdujv`,,>
A |56bdujv=@vht+vxev+iurpbohj4bwrbohj5/^|46bdujv`,^l`/l@411qrsv+^|46bdujv`,,=
A }56bdujv=@vht+vxev+iurpbohj4bwrbohj5/^}46bdujv`,^l`/l@411qrsv+^}46bdujv`,,=
A y{56bdujv=@vht+vxev+iurpbohj4bwrbohj5/^y{46bdujv`,^l`/l@411qrsv+^y{46bdujv`,,=
A y|56bdujv=@vht+vxev+iurpbohj4bwrbohj5/^y|46bdujv`,^l`/l@411qrsv+^y|46bdujv`,,=
A y}56bdujv=@vht+vxev+iurpbohj4bwrbohj5/^y}46bdujv`,^l`/l@411qrsv+^y}46bdujv`,,=
A
A iurpbwrh46bwrbwrh56bvvhw=@~
A {w46@{w56/|w46@|w56/}w46@}w56/
A uo4o4@uo5o4/uo4o5@uo5o5/uo4o6@uo5o6/
A uo44@uo54/
A o4x@o5x/
A o4o@o5o/
A wrhi{+vwdw46/{46+{46bdujv,,@wrhi{+vwdw56/{56+{56bdujv,,/
A wrhi|+vwdw46/|46+|46bdujv,,@wrhi|+vwdw56/|56+|56bdujv,,/
A wrhi}+vwdw46/}46+}46bdujv,,@wrhi}+vwdw56/}56+}56bdujv,,/
A {46@{56/y{46@y{56/
A |46@|56/y|46@y|56/
A }46@}56/y}46@y}56/
A vwdw46@vwdw56/
A s8@s46/s9@s47/
A vht+g{46g1{46bdujv^l`@g{56g1{56bdujv^l`/l@411qrsv+^{56bdujv`,,/
A vht+gy{46g1y{46bdujv^l`@gy{56g1y{56bdujv^l`/l@411qrsv+^y{56bdujv`,,/
A vht+g|46g1|46bdujv^l`@g|56g1|56bdujv^l`/l@411qrsv+^|56bdujv`,,/
A vht+gy|46g1y|46bdujv^l`@gy|56g1y|56bdujv^l`/l@411qrsv+^y|56bdujv`,,/
A vht+g}46g1}46bdujv^l`@g}56g1}56bdujv^l`/l@411qrsv+^}56bdujv`,,/
A vht+gy}46g1y}46bdujv^l`@gy}56g1y}56bdujv^l`/l@411qrsv+^y}56bdujv`,,/
A g{46gt:@g{56gt</g{46gt;@g{56gt43/
A gy{46gt:@gy{56gt</gy{46gt;@gy{56gt43/
A g{46gx:@g{56gx</g{46gx;@g{56gx43/
A gy{46gx:@gy{56gx</gy{46gx;@gy{56gx43/
A g|46gt:@g|56gt</g|46gt;@g|56gt43/
A gy|46gt:@gy|56gt</gy|46gt;@gy|56gt43/
A g|46gx:@g|56gx</g|46gx;@g|56gx43/
A gy|46gx:@gy|56gx</gy|46gx;@gy|56gx43/
A g}46gt:@g}56gt</g}46gt;@g}56gt43/
A gy}46gt:@gy}56gt</gy}46gt;@gy}56gt43/
A g}46gx:@g}56gx</g}46gx;@g}56gx43/
A gy}46gx:@gy}56gx</gy}46gx;@gy}56gx43/
A i{46@i{56/i|46@i|56/i}46@i}56/
A w{46@w{56/w|46@w|56/w}46@w}56�=
A
A uwrh56=@vxev+iurpbohj4bwrbohj5/vxev+iurpbwrh46bwrbwrh56bvvhw/uwrh46,,=
A ywrh56=@vxev+iurpbohj4bwrbohj5/vxev+iurpbwrh46bwrbwrh56bvvhw/ywrh46,,=
A wrh56bfpoo5bfurvvbi=@vxev+iurpbohj4bwrbohj5/vxev+iurpbwrh46bwrbwrh56bvvhw/wrh46bfpoo4bfurvvbi,,=
A wrh56bolvw=@vxev+iurpbohj4bwrbohj5/vxev+iurpbwrh46bwrbwrh56bvvhw/wrh46bolvw,,=
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A gvhw56=@vxev+iurpbohj4bwrbohj5/vxev+iurpbwrh46bwrbwrh56bvvhw/gvhw46,,=

Vhfrqg irrw vhfrqg wrh 57
A {57bdujv=@{56bdujv=
A |57bdujv=@|56bdujv=
A }57bdujv=@}56bdujv=
A y{57bdujv=@y{56bdujv=
A y|57bdujv=@y|56bdujv=
A y}57bdujv=@y}56bdujv=
A
A iurpbwrh56bwrbwrh57bvvhw=@~
A {w56@{w57/|w56@|w57/}w56@}w57/
A uo5o4@uo5o4/u54o5@uo5o5/uo5o6@uo5o6/
A wrhi{+vwdw56/{56+{56bdujv,,@wrhi{+vwdw57/{57+{57bdujv,,/
A wrhi|+vwdw56/|56+|56bdujv,,@wrhi|+vwdw57/|57+|57bdujv,,/
A wrhi}+vwdw56/}56+}56bdujv,,@wrhi}+vwdw57/}57+}57bdujv,,/
A {56@{57/y{56@y{57/
A |56@|57/y|56@y|57/
A }56@}57/y}56@y}57/
A vwdw56@vwdw57/
A s46@s48/s47@s49/
A vht+g{56g1l@g{57g1l/l@{57bdujv,/
A vht+gy{56g1l@gy{57g1l/l@y{57bdujv,/
A vht+g|56g1l@g|57g1l/l@|57bdujv,/
A vht+gy|56g1l@gy|57g1l/l@y|57bdujv,/
A vht+g}56g1l@g}57g1l/l@}57bdujv,/
A vht+gy}56g1l@gy}57g1l/l@y}57bdujv,/
A i{56@i{57/i|56@i|57/i}56@i}57/
A w{56@w{57/w|56@w|57/w}56@w}57�=
A
A uwrh57=@vxev+iurpbwrh56bwrbwrh57bvvhw/uwrh56,=
A ywrh57=@vxev+iurpbwrh56bwrbwrh57bvvhw/ywrh56,=
A wrh57bfpoo5bfurvvbi=@vxev+iurpbwrh56bwrbwrh57bvvhw/wrh56bfpoo5bfurvvbi,=
A wrh57bolvw=@vxev+iurpbwrh56bwrbwrh57bvvhw/wrh56bolvw,=
A gvhw57=@vxev+iurpbwrh56bwrbwrh57bvvhw/gvhw56,=

Nqhh ) Kls iru ohj 4 ) 5
A nqhh4bolvw=@^Wohj4o@nqhh+vwdwn4/t;/x;/nqhhbn/nqhhbg/nqhhbgbuhe,`=
A nqhh5bolvw=@^Wohj5o@nqhh+vwdwn5/t43/x43/nqhhbn/nqhhbg/nqhhbgbuhe,`=
A
A gvhwbnqhhv=@^
A glii+nqhh+vwdwn4/t;/x;/nqhhbn/nqhhbg/nqhhbgbuhe,/t;,
A @ nqhhbt+vwdwn4/t;/x;/nqhhbn/nqhhbg/nqhhbgbuhe,/
A glii+nqhh+vwdwn4/t;/x;/nqhhbn/nqhhbg/nqhhbgbuhe,/x;,
A @ nqhhbx+vwdwn4/t;/x;/nqhhbn/nqhhbg/nqhhbgbuhe,/
A glii+nqhh+vwdwn5/t43/x43/nqhhbn/nqhhbg/nqhhbgbuhe,/t43,
A @ nqhhbt+vwdwn5/t43/x43/nqhhbn/nqhhbg/nqhhbgbuhe,/
A glii+nqhh+vwdwn5/t43/x43/nqhhbn/nqhhbg/nqhhbgbuhe,/x43,
A @ nqhhbx+vwdwn5/t43/x43/nqhhbn/nqhhbg/nqhhbgbuhe,`=
A
A kls4bolvw=@^Wohj4@kls+t7/t:/x7/x:/klsbn/klsbghowd/klsbg,`=
A kls5bolvw=@^Wohj5@kls+t7/t</x7/x</klsbn/klsbghowd/klsbg,`=
A
A gvhwbklsv=@^
A glii+kls+t7/t:/x7/x:/klsbn/klsbghowd/klsbg,/t7, @ klsbtb4+t7/t:/x7/x:/klsbn/klsbghowd/klsbg,/
A glii+kls+t7/t:/x7/x:/klsbn/klsbghowd/klsbg,/t:, @ klsbtb5+t7/t:/x7/x:/klsbn/klsbghowd/klsbg,/
A glii+kls+t7/t:/x7/x:/klsbn/klsbghowd/klsbg,/x7, @ klsbxb4+t7/t:/x7/x:/klsbn/klsbghowd/klsbg,/
A glii+kls+t7/t:/x7/x:/klsbn/klsbghowd/klsbg,/x:, @ klsbxb5+t7/t:/x7/x:/klsbn/klsbghowd/klsbg,/
A glii+kls+t7/t</x7/x</klsbn/klsbghowd/klsbg,/t7, @ klsbtb4+t7/t</x7/x</klsbn/klsbghowd/klsbg,/
A glii+kls+t7/t</x7/x</klsbn/klsbghowd/klsbg,/t<, @ klsbtb5+t7/t</x7/x</klsbn/klsbghowd/klsbg,/
A glii+kls+t7/t</x7/x</klsbn/klsbghowd/klsbg,/x7, @ klsbxb4+t7/t</x7/x</klsbn/klsbghowd/klsbg,/
A glii+kls+t7/t</x7/x</klsbn/klsbghowd/klsbg,/x<, @ klsbxb5+t7/t</x7/x</klsbn/klsbghowd/klsbg,`=

Irufhv dqg wrutxhv
A Ierg|=@Q )hy ^3/ 0pberg|-j-frv+wkhwd,/ 0pberg|-j-vlq+wkhwd,`=
A Werg|=@W5 )hy ^Wohj4.Wohj5/3/3`=
A
A Iohj4xsshu=@Q )hy ^3/0po4x-j-frv+wkhwd,/0po4x-j-vlq+wkhwd,`=
A Wohj4xsshu=@W5 )hy ^0Wohj4.Wohj4o/3/3`=
A
A Iohj5xsshu=@Q )hy ^3/0po5x-j-frv+wkhwd,/0po5x-j-vlq+wkhwd,`=
A Wohj5xsshu=@W5 )hy ^0Wohj5.Wohj5o/3/3`=
A
A Iohj4orzhu=@Q )hy ^i{44.i{45.i{46.i{47/

i|44.i|45.i|46.i|470po4o-j-frv+wkhwd,/
i}44.i}45.i}46.i}470po4o-j-vlq+wkhwd,`=

A Wohj4orzhu=@+XO4 )hy ^0Wohj4o/3/3`, ).. +Q )hy ^w{44.w{45.w{46.w{47/
w|44.w|45.w|46.w|47/
w}44.w}45.w}46.w}47`,=

A Iohj5orzhu=@Q )hy ^i{54.i{55.i{56.i{57/
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i|54.i|55.i|56.i|570po5o-j-frv+wkhwd,/
i}54.i}55.i}56.i}570po5o-j-vlq+wkhwd,`=

A Wohj5orzhu=@+XO5 )hy ^0Wohj5o/3/3`, ).. +Q )hy ^w{54.w{55.w{56.w{57/
w|54.w|55.w|56.w|57/
w}54.w}55.w}56.w}57`,=

Ndqhv phwkrg
A sNw=@^swerg|/ swohj4xsshu/ swohj5xsshu/ swohj4orzhu/ swohj5orzhu/

kwerg|/ kwohj4xsshu/ kwohj5xsshu/ kwohj4orzhu/ kwohj5orzhu`=
A UNw=@^pnf+Ierg|,/pnf+Iohj4xsshu,/pnf+Iohj5xsshu,/pnf+Iohj4orzhu,/pnf+Iohj5orzhu,/

pnf+Werg|,/pnf+Wohj4xsshu,/pnf+Wohj5xsshu,/pnf+Wohj4orzhu,/pnf+Wohj5orzhu,`=
A ndqhbht=@pds+vlpsoli|/fndqh+wdxN/sNw/UNw,,=

H{sruw ri g|q htv wr Pdwkode
Frpprq
Frpprq vxeh{suhvvlrqv
A fvh=@^rs+wrh44bolvw,/rs+wrh45bolvw,/rs+wrh46bolvw,/rs+wrh47bolvw,/
A rs+wrh54bolvw,/rs+wrh55bolvw,/rs+wrh56bolvw,/rs+wrh57bolvw,/
A rs+nqhh4bolvw,/rs+nqhh5bolvw,/
A rs+kls4bolvw,/rs+kls5bolvw,`=

Wudqvodwlqj gliihuhqwldwhg ixqfwlrqv lqwr wkh dssursuldwh f0ixqfwlrq fdoov
A gvhw=@^rs+gvhw44,/rs+gvhw45,/rs+gvhw46,/rs+gvhw47,/

rs+gvhw54,/rs+gvhw55,/rs+gvhw56,/rs+gvhw57,/
rs+gvhwbnqhhv,/rs+gvhwbklsv,`=

A xwv =@ ^x4w/x5w/x6w/x7w/x8w/x9w/x:w/x;w/x<w/x43w`=
A nghbqhzbrughuhg=@^vht+t1l1w@vxev+nghbqhz/t1l1w,/l@41143,/

vht+s1l1w@vxev+nghbqhz/s1l1w,/l@41149,/
vht+wkhwd1l1w@3/l@4119,`=

A twv =@ ^t4w/t5w/t6w/t7w/t8w/t9w/t:w/t;w/t<w/t43w/
s4w/s5w/s6w/s7w/s8w/s9w/s:w/s;w/s<w/s43w/s44w/s45w/s46w/s47w/s48w/s49w/
wkhwd4w/wkhwd5w/wkhwd6w/wkhwd7w/wkhwd8w/wkhwd9w`=

A yduv=@^t4/t5/t6/t7/t8/t9/t:/t;/t</t43/
s4/s5/s6/s7/s8/s9/s:/s;/s</s43/s44/s45/s46/s47/s48/s49/
wkhwd4/wkhwd5/wkhwd6/wkhwd7/wkhwd8/wkhwd9/
x4/x5/x6/x7/x8/x9/x:/x;/x</x43`=

Sdudphwhuv
A sdud=@^
A u{/u|/u}/
A uo44/uo54/
A uo4x4/uo4x5/uo4x6/
A uo5x4/uo5x5/uo5x6/
A o4x/o5x/
A uo4o4/uo4o5/uo4o6/
A uo5o4/uo5o5/uo5o6/
A LbE44/LbE55/LbE66/LbE45/LbE46/LbE56/
A LbOX444/LbOX455/LbOX466/LbOX445/LbOX446/LbOX456/
A LbOX544/LbOX555/LbOX566/LbOX545/LbOX546/LbOX556/
A LbOO444/LbOO455/LbOO466/LbOO445/LbOO446/LbOO456/
A LbOO544/LbOO555/LbOO566/LbOO545/LbOO546/LbOO556/
A pberg|/po4x/po5x/po4o/po5o/j/wkhwd/
A n[/g[/n\/g\/n]/g]/
A nqhhbn/nqhhbg/nqhhbgbuhe/
A klsbn/klsbghowd/klsbg/
A vwdwn4/vwdwn5/
A {w44/|w44/}w44/vwdw44/
A {w45/|w45/}w45/vwdw45/
A {w46/|w46/}w46/vwdw46/
A {w47/|w47/}w47/vwdw47/
A {w54/|w54/}w54/vwdw54/
A {w55/|w55/}w55/vwdw55/
A {w56/|w56/}w56/vwdw56/
A {w57/|w57/}w57/vwdw57/
A srlq4/srlq5/
A o4o/o5o`=
A e=@^
A ^
A ^|44@uwrh44 )f 5/|45@uwrh45 )f 5/|46@uwrh46 )f 5/ |47@uwrh47 )f 5/
A |54@uwrh54 )f 5/|55@uwrh55 )f 5/|56@uwrh56 )f 5/ |57@uwrh57 )f 5`/
A ^|44/|45/|46/|47/|54/|55/|56/|57/t;/t43/t:/t<`
A `/
A ^4/4/4/4/4/4/4/4/4/4/4/4`/
A ^vwdw44/vwdw45/vwdw46/vwdw47/vwdw54/vwdw55/vwdw56/vwdw57/vwdwn4/vwdwn5/srlq4/srlq5`
A `=
A lqf=@clqfoxghvc@^c**zdonhub6Gbh{whuqdo1f**c`=
A sdwk=@cc=

Vlpxodwlrq

A h{ph{+czdonhub6Gb;bdqnoh5c/sdwk/^^rs+nghbqhzbrughuhg,``/^ndqhbht/xwv`/^rs+vxev+gvhw/fvh,,`/
A ^rs+twv,/rs+xwv,`/yduv/sdudphwhuv@sdud/*y8*@^*hyhqwv*@e`/lqf,>
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Wrhsrvixqf
A wrh44 =@ pdwul{+4/6/^uwrh44 )f 4/ uwrh44 )f 5/ uwrh44 )f 6`,=
A wrh45 =@ pdwul{+4/6/^uwrh45 )f 4/ uwrh45 )f 5/ uwrh45 )f 6`,=
A wrh46 =@ pdwul{+4/6/^uwrh46 )f 4/ uwrh46 )f 5/ uwrh46 )f 6`,=
A wrh47 =@ pdwul{+4/6/^uwrh47 )f 4/ uwrh47 )f 5/ uwrh47 )f 6`,=
A wrh54 =@ pdwul{+4/6/^uwrh54 )f 4/ uwrh54 )f 5/ uwrh54 )f 6`,=
A wrh55 =@ pdwul{+4/6/^uwrh55 )f 4/ uwrh55 )f 5/ uwrh55 )f 6`,=
A wrh56 =@ pdwul{+4/6/^uwrh56 )f 4/ uwrh56 )f 5/ uwrh56 )f 6`,=
A wrh57 =@ pdwul{+4/6/^uwrh57 )f 4/ uwrh57 )f 5/ uwrh57 )f 6`,=

H{sruw
A h{pdw+*gdbwrh44b;bwrh*/sdwk/wrh44/yduv/sdud/*pdwode*,>
A h{pdw+*gdbwrh45b;bwrh*/sdwk/wrh45/yduv/sdud/*pdwode*,>
A h{pdw+*gdbwrh46b;bwrh*/sdwk/wrh46/yduv/sdud/*pdwode*,>
A h{pdw+*gdbwrh47b;bwrh*/sdwk/wrh47/yduv/sdud/*pdwode*,>
A h{pdw+*gdbwrh54b;bwrh*/sdwk/wrh54/yduv/sdud/*pdwode*,>
A h{pdw+*gdbwrh55b;bwrh*/sdwk/wrh55/yduv/sdud/*pdwode*,>
A h{pdw+*gdbwrh56b;bwrh*/sdwk/wrh56/yduv/sdud/*pdwode*,>
A h{pdw+*gdbwrh57b;bwrh*/sdwk/wrh57/yduv/sdud/*pdwode*,>

H{sruw
A h{pdw+*gdbW5wrQb;bwrh*/sdwk/Up{+Q/W5,/yduv/*pdwode*,>
A h{pdw+*gdbXO4wrW5b;bwrh*/sdwk/Up{+W5/XO4,/yduv/*pdwode*,>
A h{pdw+*gdbXO5wrW5b;bwrh*/sdwk/Up{+W5/XO5,/yduv/*pdwode*,>
A h{pdw+*gdbOO4wrXO4b;bwrh*/sdwk/Up{+XO4/OO4,/yduv/*pdwode*,>
A h{pdw+*gdbOO5wrXO5b;bwrh*/sdwk/Up{+XO5/OO5,/yduv/*pdwode*,>
A h{pdw+*gdbI4wrOO4b;bwrh*/sdwk/Up{+OO4/I4,/yduv/*pdwode*,>
A h{pdw+*gdbI5wrOO5b;bwrh*/sdwk/Up{+OO5/I5,/yduv/*pdwode*,>

H{sruw ri g|qdplfdo dqg yduldwlrqdo htv wr pdwode
A h{ph{+czdonhub6Gb;bdqnoh5bvwdec/sdwk/^^rs+nghbqhzbrughuhg,``/^ndqhbht/xwv`/

^rs+fvh,`/^rs+twv,/rs+xwv,`/yduv/yduldwlrqdohtv/sdudphwhuv@sdud/
gliivhw@gvhw/*y8*@^*hyhqwv*@e`/lqf,>

Rwkhu vwxii
Frqvwuxfwlqj wkh pdsslqj pdwulfhv iru glvfrqwlqrxv irufhv
A txv=@^vht+t1l/l@41143,/vht+s1l/l@41149,/

vht+wkhwd1l/l@4119,/vht+x1l/l@41143,`>
A p{wrh44 =@ pdwul{+75/4/^`,>
A p{wrh45 =@ pdwul{+75/4/^`,>
A p{wrh46 =@ pdwul{+75/4/^`,>
A p{wrh47 =@ pdwul{+75/4/^`,>
A p{wrh54 =@ pdwul{+75/4/^`,>
A p{wrh55 =@ pdwul{+75/4/^`,>
A p{wrh56 =@ pdwul{+75/4/^`,>
A p{wrh57 =@ pdwul{+75/4/^`,>
A l=@4>
A iru ll lq txv gr
A p{wrh44^l/4`=@glii+uwrh44 )f 5/ ll,>
A p{wrh45^l/4`=@glii+uwrh45 )f 5/ ll,>
A p{wrh46^l/4`=@glii+uwrh46 )f 5/ ll,>
A p{wrh47^l/4`=@glii+uwrh47 )f 5/ ll,>
A p{wrh54^l/4`=@glii+uwrh54 )f 5/ ll,>
A p{wrh55^l/4`=@glii+uwrh55 )f 5/ ll,>
A p{wrh56^l/4`=@glii+uwrh56 )f 5/ ll,>
A p{wrh57^l/4`=@glii+uwrh57 )f 5/ ll,>
A l=@l.4>
A rg=
A h{pdw+*Qwrh44b;bwrhbs*/sdwk/p{wrh44/txv/sdud/*pdwode*,>
A h{pdw+*Qwrh45b;bwrhbs*/sdwk/p{wrh45/txv/sdud/*pdwode*,>
A h{pdw+*Qwrh46b;bwrhbs*/sdwk/p{wrh46/txv/sdud/*pdwode*,>
A h{pdw+*Qwrh47b;bwrhbs*/sdwk/p{wrh47/txv/sdud/*pdwode*,>
A h{pdw+*Qwrh54b;bwrhbs*/sdwk/p{wrh54/txv/sdud/*pdwode*,>
A h{pdw+*Qwrh55b;bwrhbs*/sdwk/p{wrh55/txv/sdud/*pdwode*,>
A h{pdw+*Qwrh56b;bwrhbs*/sdwk/p{wrh56/txv/sdud/*pdwode*,>
A h{pdw+*Qwrh57b;bwrhbs*/sdwk/p{wrh57/txv/sdud/*pdwode*,>
A J44=@^vht+t1l/l@41143,/+uwrh44 )f 4,0t4/+uwrh44 )f 6,0t6/s6/s7/s8/s9/s:/s;/

s</s43/s44/s45/s46/s47/s48/s49/vht+wkhwd1l/l@4119,/vht+x1l/l@41143,`=
A J45=@^vht+t1l/l@41143,/s4/s5/+uwrh45 )f 4,0t4/+uwrh45 )f 6,0t6/s8/s9/s:/s;/

s</s43/s44/s45/s46/s47/s48/s49/vht+wkhwd1l/l@4119,/vht+x1l/l@41143,`=
A J46=@^vht+t1l/l@41143,/s4/s5/s6/s7/+uwrh46 )f 4,0t4/+uwrh46 )f 6,0t6/s:/s;/

s</s43/s44/s45/s46/s47/s48/s49/vht+wkhwd1l/l@4119,/vht+x1l/l@41143,`=
A J47=@^vht+t1l/l@41143,/s4/s5/s6/s7/s8/s9/+uwrh47 )f 4,0t4/+uwrh47 )f 6,0t6/

s</s43/s44/s45/s46/s47/s48/s49/vht+wkhwd1l/l@4119,/vht+x1l/l@41143,`=
A J54=@^vht+t1l/l@41143,/s4/s5/s6/s7/s8/s9/s:/s;/+uwrh54 )f 4,0t4/+uwrh54 )f 6,0t6/

s44/s45/s46/s47/s48/s49/vht+wkhwd1l/l@4119,/vht+x1l/l@41143,`=
A J55=@^vht+t1l/l@41143,/s4/s5/s6/s7/s8/s9/s:/s;/s</s43/+uwrh55 )f 4,0t4/

+uwrh55 )f 6,0t6/s46/s47/s48/s49/vht+wkhwd1l/l@4119,/vht+x1l/l@41143,`=
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A J56=@^vht+t1l/l@41143,/s4/s5/s6/s7/s8/s9/s:/s;/s</s43/s44/s45/+uwrh56 )f 4,0t4/
+uwrh56 )f 6,0t6/s48/s49/vht+wkhwd1l/l@4119,/vht+x1l/l@41143,`=

A J57=@^vht+t1l/l@41143,/s4/s5/s6/s7/s8/s9/s:/s;/s</s43/s44/s45/s46/s47/
+uwrh57 )f 4,0t4/+uwrh57 )f 6,0t6/vht+wkhwd1l/l@4119,/vht+x1l/l@41143,`=

A
A txv=@^vht+t1l/l@41143,/vht+s1l/l@41149,/vht+wkhwd1l/l@4119,/vht+x1l/l@41143,`>
A J{44 =@ pdwul{+75/75/^`,>
A J{45 =@ pdwul{+75/75/^`,>
A J{46 =@ pdwul{+75/75/^`,>
A J{47 =@ pdwul{+75/75/^`,>
A J{54 =@ pdwul{+75/75/^`,>
A J{55 =@ pdwul{+75/75/^`,>
A J{56 =@ pdwul{+75/75/^`,>
A J{57 =@ pdwul{+75/75/^`,>
A
A iru l iurp 4 wr 75 gr
A iru m iurp 4 wr 75 gr
A J{44^l/m`=@glii+J44^l`/ txv^m`,=
A J{45^l/m`=@glii+J45^l`/ txv^m`,=
A J{46^l/m`=@glii+J46^l`/ txv^m`,=
A J{47^l/m`=@glii+J47^l`/ txv^m`,=
A J{54^l/m`=@glii+J54^l`/ txv^m`,=
A J{55^l/m`=@glii+J55^l`/ txv^m`,=
A J{56^l/m`=@glii+J56^l`/ txv^m`,=
A J{57^l/m`=@glii+J57^l`/ txv^m`,=
A rg=
A rg>
H{sruw
A h{pdw+*J{44b;bwrhbs*/sdwk/J{44/txv/sdud/*pdwode*,>
A h{pdw+*J{45b;bwrhbs*/sdwk/J{45/txv/sdud/*pdwode*,>
A h{pdw+*J{46b;bwrhbs*/sdwk/J{46/txv/sdud/*pdwode*,>
A h{pdw+*J{47b;bwrhbs*/sdwk/J{47/txv/sdud/*pdwode*,>
A h{pdw+*J{54b;bwrhbs*/sdwk/J{54/txv/sdud/*pdwode*,>
A h{pdw+*J{55b;bwrhbs*/sdwk/J{55/txv/sdud/*pdwode*,>
A h{pdw+*J{56b;bwrhbs*/sdwk/J{56/txv/sdud/*pdwode*,>
A h{pdw+*J{57b;bwrhbs*/sdwk/J{57/txv/sdud/*pdwode*,>
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