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Variation of energy

In an isotropic elastic body, the elastic energy/volume e = pye is a func-
tion of £;;. Show that it can be written

A
e(u, ui,j) = Po€ = g(ui,jum + umum-) + aumézjuk,lékl

Then consider the total elastic energy

E = / edv
Now make a small change of u;. Show for an arbitrary function e(w;, u; ;)
that
5/edv = /[aa—;(sui—i-%(mi’j]dv
0 g ,0
= [ 5 (o

(9u,-7j

Oe
+ / Ww&hds]
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Assume that u; is given at the boundary. What is then du; at the boundary?
Show that the surface integral vanishes. Now conclude that the variation of
the integral vanishes if and only if

Oe _i( Oe ) =
('3ui al'j 8ui,j N

as du; are arbitrary functions.

Now calculate de/0u; ; for the isotropic material. What is it? Find the
resulting equations.

Suppose now that the body is heavy so that gravity is important. Then
the term

—PoYi - Ui

has to be added to e. Show that the correct equations of equilibrium are
obtained also in this case.



