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Abstract

An experimental and theoretical study on the effect of boundary layer suction
on the laminar-turbulent transition process has been carried out. Both exper-
iments on the development of Tollmien-Schlichting (TS) waves and boundary
layer disturbances introduced by free stream turbulence were carried out. In
the study an asymptotic suction boundary layer was established in a wind tun-
nel. Uniform suction was applied over a large area and the boundary layer
was nearly constant over a length of 1800 mm. Measurements were made both
with and without suction so comparisons between the two cases could easily
be made. Measurements of the development of the mean velocity distribution
showed good agreement with theory. In connection to the TS-wave experiments
spatial linear stability calculations, where the wall-normal velocity component
is accounted for, were carried out for comparison with the experiments. This
comparison shows satisfactory agreement even though the stability of the as-
ymptotic suction profile is somewhat overpredicted by the theory. Free stream
turbulence was generated by three different grids giving turbulence intensities
at the leading edge of the plate between 1.4 % and 4.0 %. The free stream
turbulence induces disturbances into the boundary layer and it was shown that
for the suction case the disturbance level inside the boundary layer saturates
at a level which is proportional to the free stream turbulence intensity. In all
cases transition was prevented when suction was applied although without suc-
tion the two highest levels of grid turbulence gave rise to transition. Despite a
twofold reduction in the boundary layer thickness in the suction case compared
to the no suction case the spanwise scale of the streaky structures was almost
constant.

Descriptors: asymptotic suction boundary layer,laminar-turbulent transition,
Tollmien-Schlichting waves, free stream turbulence
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CHAPTER 1

Introduction

Fluid dynamics is encountered in many industrial applications which makes
it highly interesting as a research area. One area of significant interest is the
aerodynamic performance of aircrafts in general and laminar flow control (LFC)
in particular. LFC is usually associated with uniform suction and a definition of
this control method is given in Joslin (1998), where it is pointed out that LFC is
a method to delay the laminar-turbulent transition and not to relaminarize the
flow. The energy cost is typically one order of magnitude higher in the latter
case, which makes the definition appropriate since the optimal performance
is not obtained (as one may believe) when the suction completely absorbes
the boundary layer. The more suction that is used the steeper becomes the
velocity gradient in the boundary layer implying an increase in skin-friction.
Therefore, the balance between keeping the flow laminar and keeping a low
energy consumption is actually the optimal performance. In optimal control
theory there is always a cost function present that is to be minimized.

This thesis is a work on the laminar-turbulent transition scenario on a flat
plate boundary layer when uniform suction through the surface is applied. A
special case is when the so called asymptotic suction profile is obtained. This
flow condition is obtained at some distance downstream the leading edge of a
flat plate when uniform suction is applied over a large area. An interesting
feature is that an analytic solution of the uniform suction problem may be de-
rived from the boundary layer equations resulting in an exponential profile (the
asymptotic suction profile). The suction has a similar influence on the profile
as a favorable pressure gradient and makes the profile in the fully developed
asymptotic region much more stable than the Blasius profile.

The asymptotic boundary layer flow has been dealt with extensively in text
books, see for instance Schlichting (1979), and the theory for the mean flow
is straightforward. One can easily show that the boundary layer profile u(y)
becomes

u/U∞ = 1− e−yV0/ν

where U∞, V0 and ν are the constant free stream velocity, the suction ve-
locity and the kinematic viscosity, respectively. This expression was first de-
rived by Griffith and Meredith (1936) according to both Crabtree et al. (1963)
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2 1. INTRODUCTION

and Schlichting (1979). The asymptotic boundary layer thickness can be shown
to be directly proportional to ν/V0. The Reynolds number (Rδ) based on the
boundary layer thickness (δ) can then be shown to be proportional to

Rδ ∼ U∞/V0.

To obtain the stability characteristics of the suction boundary layer the normal
velocity component of the mean flow, i.e. the suction velocity at the wall, can
be incorporated in the disturbance equation and this gives a slightly modified
Orr-Sommerfeld equation. Also the boundary condition of the normal fluctu-
ation velocity, due to pressure fluctuations above a porous plate, need to be
considered. This gives rise to an additional equation that has to be satisfied
at the wall, but which reduces to the standard boundary condition in the limit
when the permeability approaches zero, see Gustavsson (2000). Hocking (1975)
showed that the critical Reynolds number for two-dimensional waves increases
with two orders of magnitude as compared to the Blasius boundary layer.

1.1. Laminar-turbulent transition scenarios

1.1.1. Tollmien-Schlichting wave dominated transition

For low environmental disturbances the transition scenario from laminar to
turbulent flow on a flat plate boundary layer is rather well understood. This
class of transition starts with instability waves that are generated in the re-
ceptivity process taking place close to the leading edge. The initial growth
of these waves may be described by Fourier modes, which when implemented
into the linear stability equation gives rise to the well known Orr-Sommerfeld
equation. These waves grow/decay exponentially in space and the least stable
mode (which according to Squire’s theorem always is two-dimensional) is called
a Tollmien-Schlichting (TS) wave. For high enough amplitude of a TS-wave,
roughly 1% of the free stream velocity, three-dimensional waves and vortex for-
mations develops (still laminar) that causes the appearance of turbulent spots
which joins and brings the whole flow into a fully turbulent one. The first
successful windtunnel experiment on TS-waves was carried out and reported
by Schubauer & Skramstad (1948). However, these results were not in fully
agreement with theory and for long the discrepancy between linear parallel sta-
bility (LPT) theory and experiments were believed to be due to the non-parallel
effect of a growing boundary layer. However, this effect turned out to be very
small (see e.g. Fasel & Konzelmann (1990)) and a final experiment putting an
end to the discussion was carried out by Klingmann et al. (1993), who with
a special designed asymmetric leading edge (in order get rid of the appearing
pressure suction peak) could show good agreement with LPT. Well described
guidelines for performing a successful TS-wave experiment in a windtunnel was
put forward by Saric (1994).
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1.1.2. By-pass transition and streaky structure

It is well known that for the Blasius boundary layer free stream turbulence
induces disturbances into the boundary layer which give rise to streamwise ori-
ented structures of low and high speed fluid (see e.g. Kendall (1985), Westin
(1997), Jacobs & Durbin (2001) and Matsubara & Alfredsson (2001) and paper
1 of the present thesis for thorough investigations of such a flow). These struc-
tures grow in amplitude and establish a spanwise size which is of the order of
the boundary layer thickness far away from the leading edge. When the streaks
reach a certain amplitude they break down to turbulence, probably through a
secondary instability mechanism (see e.g. Andersson et al. (2001)). This type
of boundary layer transition was denoted as by-pass transition by Morkovin
(1969) since it is a relatively rapid process by-passing the traditional TS-wave
dominated transition process resulting in breakdown to turbulence at subcriti-
cal Reynolds numbers when compared with the predicted value by traditional
theory. Nonlinear theories were tested (see e.g. Orszag & Patera (1983)) in or-
der to find a theory that matched experimental results. However, the nonlinear
terms of the Navier-Stokes equation can be shown not to be part of the growth
mechanism (see Drazin & Reid (1981)). The mechanism that today is believed
to govern this type of transition scenario is the transient growth. An explana-
tion of this mechanism is given in e.g. Schmid & Henningson (2001) and arises
due to the non-orthogonality of the Orr-Sommerfeld and Squire eigenmodes.
Superposition of such decaying modes may first experience an algebraic growth
followed by an exponential decay, denoted as transient growth. The ”lift-up”
mechanism proposed by Landahl (1980) is the cornerstone contributing to the
algebraic growth in the study of transient growth. Small perturbations in the
wall-normal direction induces large disturbances in the streamwise direction
due to the lift-up of low speed velocity that originally maintains its horizon-
tal momentum. The presence of viscosity will eventually damp the growth
and finally make the disturbance decay. Some recent publications on the by-
pass transition and the transient growth mechanism are given below; Luccini
(2000), Reshotko (2001), and Andersson et al. (2001).

1.2. Previous work on suction

Experimental work on the asymptotic suction boundary layer has to some ex-
tent been done earlier, but mainly devoted to determination of the mean flow
(see Schlichting (1979) and references therein). TS-wave as well as FST ex-
periments in a fully asymptotic suction boundary layer, that will be presented
in this thesis, have not been carried out earlier. However, in connection to
drag reduction experiments (by means of LFC) suction through spanwise slots,
porous panels and discrete holes have been carried out (see e.g. Pfenninger
& Groth (1961), Reynolds & Saric (1986), and MacManus & Eaton (2000),
respectively). A general review of various types of surface and of the results
achieved in wind tunnel tests is given by Gregory (1961), where pros and cons
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for practical applications on aircrafs are discussed. The flow characteristics
through laser drilled titanium sheets were investigated by Poll et al. (1992b)
and was shown to be laminar, incompressible and pipe like. Poll et al. (1992a)
conducted a cylinder experiment made of a similar laser drilled titanium sheet.
The effect of suction was found to have a powerful effect upon cross-flow in-
duced transition. An interesting result by MacManus & Eaton (2000), who
both performed an experimental and an computational investigation on the
flow physics of discrete boundary layer suction, shows that the suction may
destabilize the flow by introduction of co-rotating streamwise vortices when
suction is applied through discrete holes. However, the investigated ratios of
the perforation diameter to the displacement thickness (d/δ1) was quite large,
around unity.

Applying suction uniformly over a large area may not be the optimal way
of performing active control practically, since the energy consumption becomes
relatively high. Another approach would be to use selective suction to control
the growth of unstable fluctuations. This type of control must be done on a de-
tectable parameter, such as e.g. low speed streaks. The appearance of streaks
with alternate low and high speed velocity observed in a laminar boundary
layer subjected to high levels of free stream turbulence are also found in the
near-wall region of a turbulent boundary layer. Together with the intermittent
bursts or turbulence production events these are ususally referred to as coher-
ent structures. Controlled experiments have been performed, see e.g. Myose &
Blackwelder (1995) and Lundell (2000), in order to reduce the instability and
delay the breakdown of the low speed streaks in laminar flows. Myose & Black-
welder (1995) achieved successful control on the breakdown of Görtler vortices,
by pointwise suction of low speed momentum from the low speed streak and
in that manner delay the transition by producing a fuller profile in the normal
direction and by eliminating the difference between low and high speed regions
in the spanwise direction. A similar technique was used by Lundell (2000) who
generated streaks in a plane channel flow by applying suction through stream-
wise slots. Secondary instabilities were then forced randomly by speakers and
was then successfully controlled by localized suction some distance downstream.

1.2.1. Present work

In chapter 2 the boundary layer equations for the evolution of the asymptotic
suction boundary layer is derived as well as the stability equations when the
normal velocity is taken into account. Some stability results are given for the
asymptotic boundary layer as well as for a model problem consisting of a chan-
nel with two porous walls with suction and blowing respectively. The design
philosophy of the leading edge of the experimental plate is described in chapter
3 together with characterization of the porous material and the detailed con-
struction of the flat plate. In chapter 4 the experimental results are given both
for the Blasius flow above the porous plate and the streamwise base flow of
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the suction case as well as the corresponding TS-waves results. Furthermore,
results of the disturbance evolution in both the no suction and suction cases
are given and compared in detail. It is clearly shown that suction dramatically
can change the disturbance growth rate and that transition to turbulence can
be prevented. Appendix A gives an error analysis of the determination of the
boundary layer parameters, whereas appendix B gives a thorough description
of the active grid which is used to generate free stream turbulence in the experi-
ments. Also included is paper 1 which describes free stream turbulence induced
disturbances in a Blasius boundary layer and paper 2 where some problems as-
sociated with X-probe measurements in flows with strong unsteady spanwise
velocity gradients.



CHAPTER 2

Boundary layer evolution and stability concepts

This chapter will give some theoretical background to boundary layers over a
porous surface with continuous suction. Both the mean flow field as well as
small finite wave disturbances will be studied. Starting from the governing
equations the boundary layer evolution equation from the Blasius- to the as-
ymptotic suction profile will be derived. From the boundary layer equations
one can derive an analytic expression of the asymptotic suction profile, which
turns out to be exponential. The suction has the same influence on the profile
as a favorable pressure gradient and makes it in the fully developed asymptotic
region much more stable than the Blasius profile. Derivation of the classi-
cal linearized stability equations together with a modified version, where the
assumption of strictly parallel flow is not needed, will be performed. Some
features of the asymptotic suction profile and numerical results regarding the
mean flow evolution and stability will then be discussed. The chapter will end
with a model problem, where the effect of a continous cross flow in a plane
Poiseuille flow will be analysed.

2.1. Governing equations

The governing equations describing an incompressible flow are based on the
conservation of mass and momentum. The second set of equations are known
as the Navier-Stokes equations, i.e. the momentum equation, which together
with the continuity equation (conservation of mass) constitutes a complete set
of equations giving us a full description of the flow of motion. When written
by use of Einsteins summation convention in dimensional form the continuity
and the momentum equations read

∂u∗i
∂x∗i

= 0, (2.1)

∂u∗i
∂t∗

+ u∗j
∂u∗i
∂x∗j

= −1
ρ

∂p∗

∂x∗i
+ ν

∂2u∗i
∂x∗2j

, (2.2)

where u∗i is the i:th component of the velocity vector, x∗i is the i:th component
of the space vector, p∗ the pressure, ρ the density and ν the kinematic viscosity.

6



2.2. BOUNDARY LAYER EQUATIONS 7

2.2. Boundary layer equations

In a steady two-dimensional flow over a flat surface where the assumption that
variations normal to the surface are much larger than those along the plate is
fulfilled, further simplifications can be made and we end up with the boundary
layer equations. This assumption read | ∂u

∂x
|�| ∂u

∂y
| and implies that δ � L,

where δ and L are the wall-normal and streamwise length scales respectively.
From the streamwise momentum equation dimensional analysis reveal that this
condition is satisfied for large Reynolds numbers. A well studied flow case is
the zero pressure gradient boundary layer ( dpdx = 0) and what then is left of
equations (2.1) and (2.2) are simply

∂u∗

∂x∗
+
∂v∗

∂y∗
= 0, (2.3)

u∗
∂u∗

∂x∗
+ v∗

∂u∗

∂y∗
= ν

∂2u∗

∂y∗2
, (2.4)

where u∗ and v∗ are the streamwise and wall-normal velocity components
whereas x∗ and y∗ are the corresponding space directions. For a boundary
layer flow over a solid surface the no-slip condition has to be fulfilled at the
surface and the free stream velocity has to be reached by the streamwise ve-
locity component outside the boundary layer. These boundary conditions are
mathematically written as

y∗ = 0 : u∗ = v∗ = 0 and y∗ →∞ : u∗ → U∞. (2.5)

2.2.1. Boundary layer properties

The characteristics of the mean velocity profile are of great importance since
information such as separation, wall friction, stability features, laminar or tur-
bulent flow can be achieved simply from the shape of the velocity profile. Hence,
measures of the scale and shape is appropriate. According to the second bound-
ary condition of equation (2.5) u∗ reaches U∞ asymptotically as y∗ →∞. In
practice this limit is finite and the boundary layer thickness (δ) is usually de-
fined as the distance from the surface where u∗

U∞
= 0.99. For experimentalists

this definition is not precise enough to be used as the boundary layer scale
since difficulties in determining δ will appear due to the fact that du∗

dy∗ is small
in that region.

Since the governing equations of motion (2.1) and (2.2) are based on the
conservation of mass and momentum it would be natural to involve these phys-
ical quantities when defining boundary layer scales. A further aspect when
looking for proper scaling would be the viscosity, since without it the bound-
ary layer would not be present. Keeping these arguments in mind the following
two well known scale definitions are not surprisingly
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displacement thickness δ1 =
∫ ∞

0

[
1− u∗(y)

U∞

]
dy, (2.6)

momentum thickness δ2 =
∫ ∞

0

u∗(y)
U∞

[
1− u∗(y)

U∞

]
dy. (2.7)

These scales correspond to the distance the surface has to be moved towards
the free stream in order to maintain the same flux of mass and momentum,
respectively, in the inviscid flow case compared to the viscous case. The ratio
between these two length scales is called the shape factor (H12) and is a non-
dimensional quantity that exposes the shape of the velocity profile,

H12 =
δ1
δ2
. (2.8)

The calculation of equations 2.6 and 2.7 using experimental data is sensitive
for small changes regarding the wall position as well as the free stream velocity.
In order to estimate the accuracy an error analysis on these length scales with
a Blasius profile as reference is given in Appendix A.

In turbulent boundary layers other scales are used complementary, such as
the viscous- or ‘wall-region‘ scales. These are determined by the wall friction
and kinematic viscosity, which are the leftovers when a simple analysis with
no-slip condition is applied to the governing equation. The viscous velocity and
length scales are used to scale the dimensional quantities to what is known as
the (+)-units and are defined as

uτ =
√
τw
ρ
, and ` =

ν

uτ
, (2.9)

where τw is the wall shear stress defined as τw = µ
(
∂u∗

∂y∗

)
y=0

.

2.3. Evolution equation

When suction is applied over a large area the well known asymptotic suction
profile will be reached after some evolution region. If an impermeable area
is considered from the leading edge to where the suction starts the boundary
layer will be allowed to grow and a Blasius velocity profile will be developed
for a zero pressure gradient flow. During the evolution region the profile will
then undergo a transformation from the Blasius state to the asymptotic suction
state. This spatial evolution can from a simple approach be described through
a non-dimensional evolution equation. The first step is to introduce an indirect
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x- and y-dependent stream function according to

ψ =
√
νxU∞f(ξ, η), (2.10)

where

ξ = x
V0

U∞

√
U∞
νx

; η = y

√
U∞
νx

. (2.11)

The streamwise and normal velocity components are recovered through

u(η) = U∞
∂f

∂η
and v(η) =

√
U∞ν

4x

(
η
∂f

∂η
− ξ ∂f

∂ξ
− f
)
,

respectively. When applied to the boundary layer equations (2.3) and (2.4) we
get the following third order non-linear partial differential equation

∂3f

∂η3
+

1
2
f
∂2f

∂η2
+

1
2
ξ

(
∂f

∂ξ

∂2f

∂η2
− ∂f

∂η

∂2f

∂η∂ξ

)
= 0, (2.12)

with the corresponding boundary conditions

f = ξ (suction)
∂f
∂η = 0 (no-slip)

}
at η = 0 and

∂f

∂η
→ 1 as η →∞. (2.13)

The first solution from such an evolution equation with an impermeable en-
try length was obtained by Rheinboldt (1956) through series expansion. The
ansatz of a stream function and non-dimensionalized variables for deriving the
evolution equation are not to be confused with similarity solutions. The stream
function is dependent on two variables and becomes ‘similar‘ when the asymp-
totic suction state is reached.

From an experimentalists point of view important information can be ob-
tained when solving the evolution equation. For a wind tunnel experiment
on the asymptotic suction boundary layer there are a number of parameters
that has to be chosen correctly relative to each other in order to achieve the
asymptotic suction boundary layer within the restriction of a finite test section.

2.4. Stability equations

The Reynolds number (R) defined as the ratio of a characteristic velocity times
a characteristic length to the viscosity may also be seen as the ratio of the
inertia term to the viscosity term in most flow cases. When viscosity is absent
the viscous term disappears, i.e. goes to zero, which would imply that R →∞.
This is the inviscid flow case, governed by Eulers equations, and should be
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approached for successively increased R from the Navier-Stokes equations. A
non-dimensional form of the equations would therefore be convenient since the
limiting form then becomes clear.

At this state the non-dimensionalizing quantities do not need to be speci-
fied, and when equations (2.1) and (2.2) are scaled according to

xi =
x∗i
l∗

; ui =
u∗i
U∗

; p =
p∗

ρU∗2
; t =

t∗U∗

l∗
;

where (∗) denotes dimensional quantities and l∗ and U∗ are characteristic length
and velocity scales, respectively, the following non-dimensional form of the
Navier-Stokes equations are obtained

∂ui
∂xi

= 0, (2.14)

∂ui
∂t

+ uj
∂ui
∂xj

= − ∂p

∂xi
+

1
R

∂2ui
∂x2

j

, (2.15)

and the Reynolds number (R) is

R =
U∗l∗

ν
.

The linearized disturbance equations are derived by superposing small pertur-
bations onto the base flow, i.e. letting ui = Ui + u′i. Here u′i and Ui (= ui)
denotes the perturbation term and the base flow, respectively. After subtract-
ing the solution of the base flow and neglecting non-linear terms we end up
with the linearized stability equations

∂u′i
∂xi

= 0, (2.16)

∂u′i
∂t

+ u′j
∂Ui
∂xj

+ Uj
∂u′i
∂xj

= − ∂p

∂xi
+

1
R

∂2u′i
∂x2

j

. (2.17)

Making the assumption of a parallel base flow along the surface in the stream-
wise direction which only depends on the wall-normal distance, i.e. U = U(y)
and taking the divergence of the three component momentum equations the
pressure can be derived as

∇2p = −2
dU

dy

∂v

∂x
, (2.18)
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where we in the following have omitted the primes on the fluctuating quantities.
When this expression for the pressure is replaced in the momentum equation
for v we obtain

[
(
∂

∂t
+ U

∂

∂x
)∇2 − U ′′ ∂

∂x
− 1
R
∇4

]
v = 0, (2.19)

where (′) from now on denotes differentiation with respect to y. Now, having
the disturbance equation for v it would be interesting to see if for any ini-
tial velocity distribution there exists an indefinitely growing perturbation. But
instead of considering all possible perturbations we restrict ourselves to one
single disturbance wave at a time, which simplifies the problem. We assume
the following ansatz for the wave disturbances (normal mode hypothesis)

qi = q̂i(y)ei(αx+βz−ωt), (2.20)

where q = (u, v, w, p). Here, ω is the angular frequency and α and β denote
the streamwise and spanwise wavenumber, respectively, which together defines
the overall wavenumber (k) as k2 = α2 + β2. Implemented in equation (2.19)
we obtain the well known Orr-Sommerfeld equation

[
(−iω + iαU)(D2 − k2)− iαU ′′ − 1

R
(D2 − k2)2

]
v̂ = 0, (2.21)

where D is differentiation with respect to y. The remaining two components (u
and w) of the linearized stability equation (2.17) are used to obtain a second
equation through the definition of the normal vorticity η = ∂u

∂z
− ∂w

∂x
, which in

Fourier components are written

η̂ = iβû − iαŵ, (2.22)

resulting in the Squire equation

[
(−iω + iαU)− 1

R
(D2 − k2)

]
η̂ = iβU ′v̂. (2.23)

The no-slip condition, mentioned earlier in this section, delivers conditions both
about the vorticity and the first derivative of the wall-normal perturbation at
the wall. Further conditions widely used is that all perturbations vanishes at
a surface and in the free stream far from the surface. The continuity equation
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(2.16) expressed in Fourier components read

iαû+Dv̂ + iβŵ = 0, (2.24)

and together with equation (2.22) and the physical boundary conditions dis-
cussed above the following boundary conditions can be stated

v̂ = Dv̂ = η̂ = 0 (2.25)

and should be fulfilled both at the surface and far from the boundary layer
edge.

The streamwise and spanwise perturbations are obtained through equa-
tions (2.22) and (2.24), resulting in functions of the the vorticity (η̂) and the
first derivative of the wall-normal perturbation (Dv̂) as

û =
i

k2
(αDv̂ − βη̂) , (2.26)

ŵ =
i

k2
(βDv̂ − αη̂) . (2.27)

Note that so far no choice of the non-dimensionalizing scales is made nor any
choice of the character of the problem, i.e. if the evolution will be regarded
as temporal or spatial. In the former case the eigenvalue problem consisting
of equations (2.21), (2.23) and (2.25) are solved for ω ∈ C or alternately for
c = ω/α, being the phase velocity, and α, β ∈ R. In the latter case one solves for
α ∈ C for given values of ω, β ∈ R, which is somewhat more challenging since
the eigenvalue appears as a fourth power in equation (2.21) instead of a first as
for the temporal case. The spatial evolution is nevertheless the preferred one
since comparisons with experiments are straightforward. The non-dimensional
frequency (F ) is often used by experimentalists and is defined as

F =
2πfν
U2
∞
× 106. (2.28)

2.4.1. Modified Orr-Sommerfeld and Squire equations

When deriving the Orr-Sommerfeld and Squire equations, (2.21) and (2.23)
respectively, the assumption of parallel flow is made. This assumption may
be argued to hold for a continuous suction case where the mean wall-normal
velocity component (V̄ ) is constant. In order to neglect the V -component the
suction rate has to be small. However, if the length scale is chosen to be the
displacement thickness (eq. 2.6) the Reynolds number (Re) turns out to be
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the ratio of the free stream velocity to the suction velocity for the asymptotic
suction profile (which is shown in section 2.6.1). The advantage of choosing
δ1 as length scale is that when the suction velocity (V0) or the wall-normal
velocity component (V ) is scaled with the free stream velocity (to be made
non-dimensional) it turns out to be the inverse of the Reynolds number and
the parallel flow assumption is not needed since the cross-flow term easily can
be considered.

When the following base flow, Ui = U(x2)δ1i + V (x2)δ2i, is introduced into
equation (2.17) one extra term is added to each degree of freedom, namely
V ∂ui
∂x2

. The expression for the pressure (eq. 2.18) does however not change
since the adding terms fulfill the continuity equation and therefore cancel out.
After that the expression for the pressure is made use of in the v-equation of
momentum we get[

(
∂

∂t
+ U

∂

∂x
− 1
Re

∂

∂y
)∇2 − U ′′ ∂

∂x
− 1
Re
∇4

]
v = 0, (2.29)

which with the normal mode hypothesis applied give rise to the modified Orr-
Sommerfeld equation according to[

(−iω + iαU − 1
Re
D)(D2 − k2)− iαU ′′ − 1

Re
(D2 − k2)2

]
v̂ = 0. (2.30)

This modified version of the Orr-Sommerfeld equation can be found in Drazin
& Reid (1981). Continuing from here a modified Squire equation can equally
be derived resulting in[

(−iω + iαU − 1
Re
D)− 1

Re
(D2 − k2)

]
η̂ = iβU ′ v̂. (2.31)

So far no change of the boundary conditions of the disturbance quantities have
been made and should indeed not be necessary as long as the permeability of
the porous material has a reasonably low value.

Taylor (1971) discussed the boundary conditions for a porous material and
concluded that due to the open structure of a porous solid with large pores the
external surface stress may produce a tangential flow below the surface resulting
in that the no-slip condition is not valid. This surface velocity is assumed to
depend on the mean tangential stress in the fluid outside the porous material,
the permeability and another material (porous) connected parameter. This
model showed that experimental results agreed well with calculation but has
only influence for high permeabilities.

Another analysis of the boundary conditions of a porous plate was done
by Gustavsson (2000), where a pressure perturbation above the plate is added
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to Darcy’s law. The result is an extra term for the boundary condition at
the wall that is proportional to the permeability to the power of two, which
for small permeability would be negligible. This condition has so far not been
verified experimentally. In following the boundary conditions in (2.25) are used.

2.5. Numerical methods

The stability calculations carried out on the Blasius and the asymptotic suction
boundary layer in the present chapter are for the spatial spectrum, i.e. the set
of equations are solved for α given a real frequency ω, which was discussed in
section 2.4. Furthermore, only the least stable modes are studied, i.e. two-
dimensional wavelike perturbations according to Squire’s theorem, resulting in
that β = 0 in all calculations.

The numerical method used for these calculations was a spectral method
with Chebyshev expansion of the dependent variable. The solution is then
represented by a truncated sum of Chebyshev polynomials according to

v̂ =
N∑
n=0

anT(j)
n (ŷ) for ŷ ∈ [−1, 1],

where N is the truncated value, an is the coefficient of the n:th Chebyshev
polynomial and the superscript (j) denotes the j:th derivative of the Chebyshev
polynomials. A domain mapping from the finite Chebyshev domain ([−1, 1])
into the semi-infinite physical domain of the boundary layer was made through
y = y∞

2 (1− ŷ). The written numerical code counts for three-dimensional per-
turbations even though only two-dimensional calculations are presented here.

A spatial approach gives rise to a nonlinear eigenvalue problem where the
eigenvalue appears as a fourth power in the normal velocity. This can be
reduced to an eigenvalue equation of second power by a transformation of the
independent variable according to Haj-Hariri (1988)(

v̂
η̂

)
=
(
V̂

Ê

)
e−αy. (2.32)

In order to get rid of the non-linearity, i.e. now the remaining second order
α-terms of the V̂ -component, in the eigenvalue problem one can introduce a
vector quantity according to

d =

 αV̂

V̂

Ê

 (2.33)

suggested by Schmid & Henningson (2001) which takes care of the second
order α-terms. After applying the transformation of equation (2.32) on the
perturbation equations we get a linear eigenvalue problem which in matrix
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form can be written

Ld = αMd, (2.34)

where

L =

 −R1 −R0 0
I 0 0
0 −S −T0

 and M =

 R2 0 0
0 I 0
0 0 T1

 . (2.35)

The Ri, Ti and S elements represent a number of terms and the only differ-
ence between the Orr-Sommerfeld & Squire equations and the modified Orr-
Sommerfeld & Squire equations is the appearance of some extra terms that are
marked below

R2 = 4T2 + 2iUReT1 + 2T1︸︷︷︸
extra

(2.36)

R1 = −4T3 − iUReT2 − 3T2︸︷︷︸
extra

−2iωReT1 + 4β2T1 +

+ iUReβ2T0 + iU ′′ReT0 + β2T0︸ ︷︷ ︸
extra

(2.37)

R0 = T4 + T3︸︷︷︸
extra

+iωReT2 − 2β2T2 − β2T1︸ ︷︷ ︸
extra

−iωβ2ReT0 +

+ β4T0 (2.38)

T1 = T1 + iUReT0 + T0︸︷︷︸
extra

(2.39)

T0 = −T2 − T1︸︷︷︸
extra

−iωReT0 + β2T0 (2.40)

S = iβU ′ReT0. (2.41)

The notation of the elements in the matrixes (2.35) are chosen to be the same
as used by Schmid & Henningson (2001).

The system of equations (2.34) was solved using a built-in eigenvalue prob-
lem solver in the mathematical software Matlab.

The evolution equation was also solved with a spectral approach, where
Chebyshev expansion was made in the wall-normal direction and a backward
finite difference method in the marching direction with a step size of dξ = 0.001.
Also here the commercially available software Matlab was used and a built in
non-linear equation solver was used.



16 2. BOUNDARY LAYER EVOLUTION AND STABILITY CONCEPTS

2.6. Theoretical results

2.6.1. The analytical asymptotic suction profile

A well known phenomenon in Laminar Flow Control (LFC) is the asymptotic
suction profile, i.e. the profile obtained by applying continuous suction over
a large area. According to Schlichting (1979) this profile was first derived
by Griffith and Meredith (1936) and turns out to be of exponential nature.
The restriction that has to be made is that no changes in x are allowed, i.e.
∂
∂x
≡ 0. Now, the boundary layer equations (2.3) and (2.4) are reduced to

V0
∂u∗

∂y∗
= ν ∂

2u∗

∂y∗2
for the following boundary conditions

y∗ = 0 : u∗ = 0 and v∗ = −V0 = constant,
y∗ →∞ : u∗ → U∞.

and when fully solved we end up with the asymptotic suction profile

u∗(y) = U∞
(

1− e−
V0y
ν

)
. (2.42)

Analytical velocity profiles are not common but when achieved highly ap-
preciated. The displacement- and momentum thickness are easily calculated
through equations (2.6) and (2.7) giving us the following result
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Figure 2.1: Characteristics of the asymptotic suction profile. a) Asymptotic
suction profile (solid), Blasius profile (dashed) and mean deviation profile
(dash-dotted). b) Integrands of δ1 (solid), δ2 (dashed) and δ1−δ2 (dash-dotted)
of the asymptotic suction profile.



2.6. THEORETICAL RESULTS 17

δ1 =
ν

V0
, δ2 =

1
2
ν

V0
, and H12 = 2. (2.43)

Note that the exponent in equation (2.42) is equivalent to −y/δ1 . In figure 2.1a)
the asymptotic suction profile (solid line), Blasius profile (dashed line) and the
mean deviation profile (dash-dotted line) are plotted in the same figure, which
reveals the fuller shape of the asymptotic profile compared to the Blasius.
Expression (2.43) showing that δ1 = 2δ2 is geometrically verified by plotting
their integrands (equations (2.6) and (2.7)) in figure 2.1b). The solid-, dashed-
and the dash-dotted line corresponds to the integrands for δ1, δ2 and δ1 − δ2,
respectively, making the regions 1 and 4 identical in size just as regions 2 and
3.

The viscous velocity and length scales from equation (2.9) become

uτ =
√
V0U∞ and ` =

δ1√
Re

, (2.44)

where Re is the Reynolds number based on δ1 and can be written as

Re =
U∞
V0

(2.45)

by making use of expression (2.43) of δ1. The last length scale of importance is
the boundary layer thickness, which turns out to depend on V0 alone according
to the following expression

δ =
ν

V0
log(100) = δ1 log(100), (2.46)

when defined as the distance above the plate where u∗(y) reaches 0.99U∞.

2.6.2. ε-parameter representing the influence of suction

The evolution equation (2.12) derived in section 2.3 describes the transforma-
tion from the Blasius profile to the asymptotic suction profile and gives the
spatial evolution of the mean streamwise- and wall-normal velocity profiles
when solved. In figure 2.2 the mean streamwise velocity profiles are plotted in
the evolution region with a varying spatial step of dξ = 0.005 (up to 1.03), 0.01
(up to 1.1) and 0.1 (up to 1.5). At the last position, i.e. ξ = 1.5, the profile
belonging to ξ = 5 is also plotted (dash-dotted line) showing that no further
significant evolution of the profile happens further downstream.

As a representation of the evolution region one can make a simplification
in generating the velocity profiles. By introducing an ε-parameter (ε ∈ [0, 1])
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Figure 2.2: Calculated mean velocity evolution profiles from the evolution equa-
tion (2.12) with uniform suction. See text for ξ and ε.

according to following expression

u(y, ε) = (1 − ε)ubl(y) + εuas(y), (2.47)

where ubl is the velocity of the Blasius profile and uas of the asymptotic suction
profile. For ε being zero the Blasius profile is achieved and for ε taken the value
of unity the asymptotic suction profile is achieved and consequently values in
between can be used to generate profiles of an intermediate shape. The ε
value given in figure 2.2 and 2.3 is determined by minimizing the (∗)-norm
of the residual vector (r) of u(y, ε) to the profile achieved from the evolution
equation. The (∗)-norm is defined as

‖r‖∗ =

√
1
δ

∫ δ

0

(u(y, ε) − uevo(y))2dy,

where uevo is the exact velocity profile from the evolution equation and u is
from equation 2.47. These ε values are plotted versus the downstream distance
in figure 2.3 a) which are based on 4000 velocity profiles. The (∗)-norm is less
than 0.0111 for all profiles which can be seen in figure 2.3 b) and c). The worst
profile fit with equation 2.47, i.e. for ‖r‖∗ = 0.0111 at ξ = 1.07 and ε = 0.63,
is plotted together with two other profiles (at locations seen in figure 2.3c)) in
figure 2.4 in order to show how representative the ε-parameter is of the mean
evolution velocity profiles. In this figure the solid lines are the solution from
the evolution equation (2.12) at the chosen ξ-positions and the markers are
from equation (2.47) for the corresponding ε value. However, even though the
mean profile representation agrees well at a first sight the stability effect can be
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Figure 2.3: a) ε-parameter value vs the down stream distance. b) and c) shows
the (*)-norm of the residual vector (see text) vs the down stream distance and
the ε-parameter, respectively. The entire profiles are plotted in figure 2.4 for
the locations at (×), (◦) and (∗) in c).

large if one intend to substitute the evolution region with the ε-representation
as an accurate replacement. This will be further discussed in section 2.6.3.

In figure 2.5 the displacement thickness (δ1) of the profiles in the evolution
region are plotted. The different curves can be seen as different impermeable
entry lengths shown with the dotted lines, i.e. they belong to different values of
the initial length (ξL) of the simulation. These are the positions where suction
starts and what all the curves have in common is that after some evolution
region they all merge together to a value of unity which corresponds to the
asymptotic suction region. Recall equation (2.43) and note the scaling.

2.6.3. Stability analysis

The simplest way to analyse the stability of the asymptotic suction profile is to
use an Orr-Sommerfeld (OS) (eq. 2.21) solver with the asymptotic profile. This
will be shown in the following to give accurate description of the eigenfunctions.
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Figure 2.5: The displacement thickness evolution from the evolution equation
(2.12) vs the downstream distance to the power of two. See text for comments.

However, in order to get accurate values of the growth/decay rate one has to
solve the modified Orr-Sommerfeld (mod-OS) equation (2.30) in order to catch
the influence of the V -component. Now, when solving for the Blasius profile
one uses the Orr-Sommerfeld equation (2.21) and for the asymptotic suction
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profile the modified Orr-Sommerfeld equation (2.30), which in the limit of ε
going from zero to unity is somewhat difficult since a discontinuity will always
appear when change of equation is done. This can be by-passed if applying
the ε concept (introduced in the previous section) on the modified stability
equation, i.e. by multiplying all extra terms in equations (2.36)-(2.40) with the
ε-parameter, resulting in a successively increasing influence of the V -component
when changing the profile towards exponential. This method will be denoted
the variable modified Orr-Sommerfeld (varmod-OS) equation.

The stability of the worst profile representation with the ε-parameter was
compared in order to see if the stability feature agreed as well. However, small
changes in the velocity profile that hardly are thought to make any distinction
can have large influence on the derivatives and since the second derivative of the
velocity profile is directly present in the Orr-Sommerfeld equation 2.21 (and the
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(least stable mode). c) Wall-normal eigenfunction (least stable mode). d)
Parameter table.
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Figure 2.7: Spatial stability curves for the Blasius profile. Solid lines are for
constant imaginary parts of the stream wise wavenumber (αi) and dash-dotted
for constant real parts (αr). The bold solid line is the neutral stability curve.

first derivative in the Squire equation 2.23) it may effect the stability character-
istics strongly. In figure 2.6 the comparison between the worst ε-representation
and the exact profile from the evolution equation is illustrated, i.e. compar-
ison between the two profiles in figure 2.4b). As can be seen in figure 2.6a)
the first and second derivatives of the two profiles do not agree resulting in a
large difference of the calculated eigenvalue (α) in d) and correspondingly of
the eigenfunctions in b) and c). The long and the short of the ε-representation
is that one can not make use of it if an accurate representation of the evolu-
tion region by means of stability is seeked. However, it can still be used as a
representation of what happens with the stability in between the Blasius and
the asymptotic suction profile. The stability calculations in figure 2.6 is with
the varmod-OS method.

The stability diagram is given in figure 2.7 for the Blasius profile. The solid
lines are contours of the growth factor (αi) where the bold solid line shows the
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Blasius profile. a) contains 201(F ) × 41(Re) eigenvalue calculations with N =
100 and y∞ = 20. b) shows Rec and Fc.

neutral stability curve, i.e. the contour line of αi = 0. The dash-dotted lines
correspond to contour lines of constant wave number (αr). What always is of
interest is to know where the first unstable mode appears, this being the critical
point in the Re − F plane here denoted as [Re, F ] = [Rec, Fc]. One way to
determine these critical values is to scan the Re−F plane with a small step size
around the critical point. This was done for the Blasius profile and is shown in
figure 2.8a). A total area of 20×2 FRe-units was scanned with a total amount
of 201 × 41 points. Then the critical values can be determined graphically in
figure 2.8b) to [Rec, Fc] = [518.7, 232.4] for the Blasius profile. These critical
values are in good agreement with other published values, see e.g. Drazin &
Reid (1981) and Schmid & Henningson (2001), and the slightly varying values
may be due to solution method. One can however determine the critical values
without carrying out unnecessary calculations, i.e. by means of creating search
routines. Such a program was developed, with a temporal approach since it
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Figure 2.9: Comparison between the OS-eq. (dash-dotted line), modified OS-
eq. (dashed line) and the variable modified OS-eq. (solid line). Re = 800, F
= 125 and ε varying from 0 to 1 with a step size of dε = 0.01.

is faster, in order to provide high accuracy of the critical values. For a given
wave number (α) this program searches for the Reynolds number where the
imaginary part of the phase velocity (ci) is zero with an accuracy specified by
the user and stops only for positive values of ci. From there it chooses a new
α by means of minimizing Re. The accuracy of α is also set by the user. The
same critical Reynolds number was obtained with the search program as with
the graphical technique. In table 1 the critcal values are shown for both the
Blasius and the asymptotic suction case.

In figures 2.9-2.11 the three different methods are compared, i.e. the OS-,
mod-OS- and the varmod-OS-method. In figure 2.9a) it is clear that what con-
tributes to the major part of the stabilizing effect is the shape of the velocity
profile and not the additional V -component in the modified versions. Here the
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ε 0 (Blasus) 1 (Asymptotic)
Rec 518.7 54382
αc 0.3036 0.1555
ccr 0.3966 0.1499

Table 1: Critical values for the Blasius and the asymptotic suction boundary
layer.

dash-dotted line corresponds to the OS-eq., the dashed line to the mod-OS eq.
and the solid line to the varmod-OS equation. It is seen that the dashed line
lies above the dash-dotted line for all ε, whereas the solid line starts at the
OS eq. for ε = 0 and then approaches the mod-OS eq. as ε approaches unity.
The α-plane is plotted in figure 2.9b) for all ε values and here the ε concept
becomes obvious since the varmodOS eq. can describe the evolution states of
the velocity profile and the V -component contribution without any discontinu-
ity in curves. In figures 2.9c) and d) a decay factor (Dε) is used and is defined as

Dε(ε) = −
∫ ε

ε0

αi(ε′)dε′. (2.48)

It is an accumulative factor of the ε value, i.e. the velocity profile. The position
in the Re−F plane is [Re, F ] = [800, 125], which is in a highly unstable region
for ε = 0 (see figure 2.7), resulting in that a small growth is first achieved
before the change of ε gets large enough to push the stability curve out of
range from the initial position. This can be observed in figure 2.9d), which is
a blow-up of the growth region in c). For the decay factor the solid line does
never reach the mod-OS eq. (dashed line) state since the decay factor has a
history effect on the profile change. In figures 2.10 and 2.11 the eigenfunctions
û and v̂, respectively, are examined for varying ε. In these two figures the
eigenfunctions from all three methods are plotted. It is hardly possible to
distinguish them from each other for the same ε, but in the last square of each
figure both the eigenfunction corresponding to ε zero and unity are plotted and
it clearly illustrates the difference in shape between the Blasius- and asymptotic
suction profile input. In figure 2.12 the phase distribution of the û-component
is plotted for the variable modified OS-method. The difference between the
Blasius (ε=0) and the asymptotic suction (ε=1) boundary layer eigenfunctions
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Figure 2.13: Eigenfunctions of both the Blasius and the asymptotic suction
case at their critical values respectively. a) Streamwise eigenfunction, b) wall-
normal eigenfunction, and c) blow-up of a) and b) showing the convergence in
the free stream. (Solid lines) Blasius and (dashed lines) asymptotic case.

(streamwise and wall-normal) at their critical values respectively (see table 1)
are shown in figure 2.13.

2.7. Model problem

2.7.1. Mean flow distribution

The asymptotic suction profile is one of few exact solutions to the Navier-
Stokes equations, however it is also possible to obtain an exact solution for the
streamwise velocity profile in a plane channel with uniform cross flow. The
shape of the profile depends on a Reynolds number, Rv = V0h/2ν , based on
the crossflow velocity (V0 = const) and half the channel height h/2. In this
section the stability of this flow case will be analyzed as a model problem.

The velocity profile can be written as

u(y)
U0

= Rv
y + sinh−1(Rv) e−Rvy − coth(Rv)

1− log
(

sinh(Rv)
Rv

)
−Rvcoth(Rv)

, (2.49)

where y (∈ [-1, 1]) is the non-dimensional variable normal to the walls and U0

is the maximum streamwise velocity. In the limit of Rv → 0 expression (2.49)
simply becomes the parabolic velocity profile, i.e. u(y)/U∞ = 1 − y2. The
velocity profiles are plotted in figure 2.14a). In the presence of the crossflow
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Figure 2.14: a) Plane Poiseuille flow with continuous crossflow and keeping the
maximum streamwise velocity constant. Dashed line is the parabolic profile
achieved when the crossflow is absent and the dash-dotted indicates the cen-
treline. b) The influence of Rv on yd. See text for comments.
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Figure 2.15: Influence of the crossflow on the streamwise pressure gradient when
keeping U0 constant.

the position of maximum streamwise velocity (this position is denoted by yd
in the following) shifts towards the lower (suction) wall. In figure 2.14b) yd is
plotted versus Rv, where the yd-values of the profiles in a) are marked with
circles. Note that for high enough values ofRv the velocity profile will approach
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Figure 2.16: a) Plane Poiseuille flow with continuous crossflow and constant
massflow. Dashed lines are the parabolic and linear Couette profiles whilst
the dash-dotted indicates the centreline. b) Influence of Rv on U0 for constant
massflow (Um). The markers corresponds to the same yd as in figure 2.14.

the linear Couette flow profile, except for a thin boundary layer at the suction
wall. In the above expression the streamwise pressure gradient is substituted
by expressing it with the maximum velocity (U0) in the channel. The pressure
gradient is plotted in terms of (U0) in figure 2.15 versus Rv which shows that
the pressure difference has to increase to keep U0=const.

In previous works on the stability analysis of this particular flow, e.g. Hains
(1971) and Sheppard (1972), the pressure gradient has instead been held con-
stant. For such a condition the crossflow decreases the maximum velocity and
thereby the flow Reynolds number. This has been proven to have a stabilizing
effect of the flow for all Rv and Hains (1967) showed that the unstable mode
in plane Poiseuille flow (without crossflow) becomes completely stable as the
velocity profile approaches the linear profile of Couette flow, which in turn
has been proven to be stable for all infinitesimal disturbances (see e.g. Potter
(1966)).

In this study the stability is considered through two other Reynolds num-
bers than what was used by the above references (based on constant dP/dx).
One of the Reynolds numbers is based on a constant U0, whereas the other is
based on a constant average velocity (Um=const) defined as
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Um =
1
2

∫ 1

−1

u(y)dy.

This latter condition gives an increasing maximum velocity, see figure 2.16a),
with increasing cross flow velocity. In figure 2.16b) the influence of Rv on
U0/Um is plotted. For the parabolic profile the value is 3/2, whereas in the
asymptotic limit when Rv → ∞, the Couette flow limit is approached and the
maximum velocity is twice the average velocity. To keep the Reynolds number
constant the applied pressure gradient has to increase with increasing cross
flow for both cases.

2.7.2. Stability characteristics

In chapter 2 a detailed description of the derivation of the stability equation in
form of a modified Orr-Sommerfeld equation was given. The crossflow term can
easily be considered in the linearized stability equation, i.e. the parallel flow
assumption is not needed which gives rise to some extra convective terms in
the stability equation. This stability analysis is done with a temporal approach
implying that the eigenvalue problem is solved for ω ∈ C or alternately for
c = ω/α, being the phase velocity, and with the streamwise and spanwise wave
numbers α, β ∈ R.

For a specific Re and wavenumber (α) the influence of Rv on the stability
is analyzed. For the chosen values, which are (Re, α, β) = (6000, 1.0, 0), the
parabolic profile is unstable, i.e. ci > 0. For a gradually increasing crossflow
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Figure 2.17: Stability calculation where the flow Reynolds number is based on
the maximum velocity. Flow parameters (Re, α, β) = (6000, 1.0, 0). a) Shows
the turning point of where Rv stops being stabilizing. b) The complex phase
velocity plane with corresponding Rv-values at (∗)-markers.
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Figure 2.18: Stability calculation where the flow Reynolds number is based on
the average velocity. Flow parameters (Rem, α, β) = (4000, 1.0, 0) corre-
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Figure 2.19: Amplitude distributions of streamwise and wall-normal distur-
bance function, |û| (solid lines) and |v̂| (dashed lines) respectively, for different
strength of the cross flow. Both functions are normalized with the maximum
value of |û|. Flow parameters (Re, α, β) = (6000, 1.0, 0).
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Figure 2.20: Neutral stability curves for varying Rv.

the flow is first stabilized until some critical value is reached. Increasing the
crossflow further destabilizes the flow and it becomes unstable again after a
certain threshold of Rv/Re is reached, typically 0.5−1%. This threshold value
will be denoted branch I, since for a further increasing Rv the flow will enter
the stable region again after crossing branch II. This is seen in figure 2.17a) and
b), where the least stable mode is followed. In 2.17a) ci is plotted versus Rv
where the branches are marked in the reduction figure and in b) the complex
plane of the phase velocity (c = cr + ici) is plotted where the Rv-value is given
at the markers.

When keeping Re = const. based on U0, Rem based on the average velocity
decreases. In order to show that this influence is small, figure 2.18a) and b)
show similar plots (as in figure 2.17) but now with Rem = const. based on the
average velocity. As can be seen the effect of the choice of Reynolds number is
only marginal.

For both Reynolds numbers used here we see a stabilizing effect for small
crossflow velocities which is in agreement with the previous works. However,
for a critical value the influence of the cross flow changes character and becomes
destabilizing, even reaching an unstable region before it changes character again
and finally becomes stable. This behaviour has not been observed before.

The streamwise and wall-normal disturbance amplitude distributions be-
longing to the least stable eigenvalue are shown in figure 2.19 for different
strengths of the cross flow (here given both in terms of Rv and yd). The dis-
tributions between the two different Reynolds number based calculations can
hardly be distinguished, thus only the maximum velocity based is plotted. For
small values of Rv (up to 3.4 for these parameters) the flow stabilizes and the
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Figure 2.21: Contour plots of Rcv and cr in the α-Re plane for branch I. a) and
c) and branch II b) and d).

effect on û is a decreasing amplitude of the upper peak (blowing side) as com-
pared to the suction side. The suction side peak also moves towards the wall.
The distribution of the wall-normal disturbance shows a similar trend, i.e. its
maximum is shifted towards the suction side. When increasing Rv further the
streamwise disturbance peak at the blowing side becomes the largest and also
the wall normal disturbance has its largest amplitude in the upper part of the
channel.

Neutral stability curves forRv = 0, 0.2, 0.4 and 0.6 are plotted in figure 2.20
to show the movement of the curves for increasing Rv. The shift of the curves
towards higher Rec and lower αc may be observed for increasing Rv. Recall that
for relatively large Rv the stability changes character and therefore the neutral
stability curve will at some Rv change direction in its movement towards smaller
Rec. The critical values for the chosen crossflows in figure 2.20 are presented
in table 2. These values are calculated with a critical-value search program,
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discussed in section 2.6.3, developed for accurate determination of these values.
The critical value for plane Poiseuille flow determined here are in agreement
with e.g. Schmid & Henningson (2001).

As was shown in figure 2.17 there is a region of intermediate Rv where the
cross flow makes the flow unstable. In order to elucidate this region contour
plots of critical Rv with the corresponding cr for branch I and II in the α-
Re plane are shown in figure 2.21. The solid lines indicates paths of constant
critical Rv-values (a,b) and cr-values (c,d).

In figure 2.22 the neutral stability curve for α=1.0 is plotted in the Re-Rv
plane. For small values of Rv the critical Re increases dramatically from Rec =
5814.9, marked with (x) in figure 2.20, and the unstable range of wavenumbers
becomes smaller. When Rv increases further the flow becomes more unstable
and the neutral curve moves towards lower critical Rv. The ultimate critical
values are determined to be (Rec, αc, Rcv) = (667.4, 0.858, 38.24) with cr =
0.644. The critical Re-value can substantially be reduced when crossflow is

yd Rv Rec αc cr Rv/Rec

0 0 5772.22 1.02039 0.263982 0
0.0332 h 0.2 5967.01 1.01189 0.261378 3.35e-5
0.0665 h 0.4 6607.4 0.99025 0.25399 6.05e-5
0.0989 h 0.6 7902.5 0.95361 0.24148 7.59e-5

Table 2: Critical values for various yd values. (See text)
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present and for the ultimate critical value the crossflow velocity to the maxi-
mum streamwise velocity ratio is 5.7%, and the critical Re is hence lower by
an order of magnitude as compared to plane Poiseuille flow.



CHAPTER 3

Experimental design and set-up

This chapter deals with the design of the experimental set-up, the construction
work, and the experimental techniques. In order to perform experiments in an
asymptotic suction boundary layer a plate had to be designed and built with
a suitable permeable surface material. Furthermore, a removable leading edge
was designed, which also can be used together with other plates.

3.1. Leading edge

An asymmetric leading edge was specially designed for this experimental set-up,
which resulted in a relatively short pressure gradient region without any suction
peak at the leading edge. The work by Klingmann et al. (1993) ended the
discussion wheather or not linear parallel stability theory of a Blasius boundary
layer agrees with experiments. This success was partly because of the MTL
wind-tunnel at KTH, which has a very low background disturbance level, but
also due to the specially designed leading edge, which has been used as a
challenge in the design of the new (58% thicker) leading edge.

The ideal flat plate does not have any leading edge, it is simply an infin-
itely thin plate with a zero pressure gradient everywhere. When placing any
obstacle in a flow the fluid will accelerate around it causing the static pres-
sure to decrease. First when the fluid is allowed to decelerate the pressure
can start to recover. In figure 3.1 a symmetric ”leading edge” generated by a
two-dimensional source in a uniform velocity field with potential flow theory is
shown (solid line). The pressure coefficient (Cp) possessing an exact solution
for this body is also plotted (dashed line). At the stagnation point (x/L = 0)
Cp is equal to unity according to potential flow theory. Thereafter Cp is re-
duced as long as the fluid is accelerating around the nose, but as soon as the
curvature starts to decrease the pressure starts to recover. This dip of Cp is
the well known suction peak giving rise to a local negative pressure gradient
followed by a positive one. The large pressure gradient prevents the evolution
of a Blasius profile in this region and also effects the stability characteristics of
the boundary layer flow, as shown by Klingmann et al. (1993). They showed
that an asymmetric leading edge together with a trailing edge flap can limit
this influence of the leading edge.

38



3.1. LEADING EDGE 39

0 0.2 0.4 0.6 0.8 1

-0.5

0

0.5

1

x / L

C
p

0 0.2 0.4 0.6 0.8 1

-15

0

15

y 
 [

m
m

]

Figure 3.1: Symmetrical leading edge generated by a 2D source in a uniform
velocity field with potential flow theory (L=0.215 m).

3.1.1. Flow calculations

The commercial flow solver CFX 4.2 was used to design the leading edge for
the present set-up. Two-dimensional laminar flow calculations was performed
in the test section of the wind tunnel, i.e. the ceiling (upper wall) and the
floor (lower wall) of the tunnel were simulated together with the plate. Since
the plate is not positioned in the centre of the test-section the ceiling and
floor influence the pressure distribution and this effect can not be neglected.
Furthermore, the tuning of the stagnation point at the leading edge could be
done by simulating the effect of a trailing flap by changing the outflow ratio
between the upper (I) and lower (II) outlet. In this way the full length of the
plate does not need to be simulated and the computational box can be reduced.

Two cubic Bézier-curves connected at the nose tip were used to describe
the upper and the lower sides of the leading edge. A cubic Bézier-curve is a
parameter based polynomial consisting of two interpolation points ((p̄1, p̄2) and
(p̄2, p̄3) for the lower and upper parts, respectively) and two steering points ((b̄l,
c̄l) and (b̄u, c̄u) the for lower and upper parts, respectively). The interpolation
points are shown in figure 3.2. In the connection point between the upper
and lower curves the two curves were forced to have the same first derivate
(expressed by the K̄2l and K̄1u vectors) making the transition smooth.

A systematic parameter study was performed by applying different total
areas (or weights) of the leading edge. The varying parameters are nose po-
sition (p̄2), starting points of curvature on lower and upper side (p̄1 and p̄3

respectively), and the steering points (2×b̄ and 2×c̄), i.e. totally 7 parameters.
First an area (or weight) of the leading edge was chosen and then the steering
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Figure 3.2: Final shape of the leading edge. The profile is described by the
Bézier curves r̄l and r̄u given above.

points were varied for different p̄-vectors, thereafter the total area was changed
again.

After the parameter study, in order to minimize the pressure gradient re-
gion, the final shape of the leading edge (lower (l) and upper (u) part) became

r̄l = (1− t)3p̄1 + 3t(1− t)2b̄l + 3t2(1− t)c̄l + t3p̄2, 0 ≤ t ≤ 1
r̄u = (1− t)3p̄2 + 3t(1− t)2b̄u + 3t2(1− t)c̄u + t3p̄3, 0 ≤ t ≤ 1

b̄l = p̄1 + αlK̄1l; b̄u = p̄2 + αuK̄1u;
c̄l = p̄2 − γlK̄2l; c̄u = p̄3 − γuK̄2u;

p̄1 = [0.18 − 0.015]; p̄2 = [0 0.01]; p̄3 = [0.13 0.015];

K̄1l = [-1 0]; K̄2l = [0 1]; αl = 0.15; γl = 0.0046;
K̄1u = [0 1]; K̄2u = [1 0]; αu = 0.0033; γu = 0.0110;

and is plotted in figure 3.2. The total dimension of the leading edge is 260×1200×30
mm (length×width×thickness). α and γ (above) are positive numbers repre-
senting the ”strength” of the steering points and gives the actual steering points
for fixed p̄-vectors.

In figure 3.3 a view of the flow domain and geometry in the computational
box is shown. A homogeneous velocity of 5 m/s was used as inlet condition in
all runs, on the walls the ’no slip’ condition was used, and the outlet conditions
was set by specifying the massflow ratio between outflow I and II.

In figure 3.4 the effect upon the stagnation point is illustrated when increas-
ing the massflow below the plate with 2.5% in each figure from a) to c). The
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Figure 3.4: Illustration of the effect upon the stagnation point when the mass-
flow below the plate is increased 2.5% in each figure from a) to c).

2.5% of massflow change corresponds approximately to a flap angle change of
1o of a one meter long flap. The filled contours shows the pressure distribution
with low and high pressures as light and dark colors, respectively.

3.1.2. Experimental verification of the flow around the leading edge

In figure 3.5 the experimental pressure distribution along the leading edge is
shown. The pressure coefficient was calculated from the velocity, i.e. from
hot-wire measurements, according to potential flow theory using Bernouilli’s
equation. The velocity used for this calculation is the velocity just outside the
boundary layer and it has been obtained by traversing the probe through the
boundary layer and then the position that has a following negligible velocity
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Figure 3.5: Pressure distribution around the leading edge.

change is chosen. The pressure distribution is found to be within ±0.01 down-
stream of x = 40 mm, which is judged to be quite good for a plate of this
thickness (= 30 mm).
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Figure 3.6: Velocity profiles measured relatively close to the leading edge. Solid
line is the Blasius profile and the markers denote measured profiles. For x=100
mm δ1=0.91 mm and for x=150 mm δ1=1.14 mm.

Another check of the flow around the leading edge is how Blasius-like the
flow is close to the leading edge. In figure 3.6 two profiles are plotted at x=100
and 150 mm, and these profiles also show that the present design of the leading
edge was successful.

3.2. Porous material

As a permeable plate a porous plastic material was chosen. Compared to laser
drilled plates (discrete holes) it is only one tenth of the price and it has some
other advantages. For instance, the plastic material allow quite accurate hot-
wire readings close to the wall due to the low heat conductivity, and its pore
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Figure 3.7: Surface roughness measurement of the porous material. a) smooth
side with a blow-up area and b) rough side. c) shows the surface traces from a
part of the area shown in a).
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c)

Figure 3.8: Piston-experimental set-up. a) Top view, b) side view and c) end-
plug of the Plexiglass pipe.

size and pore spacing is small making the crossflow velocity ”uniform” over the
surface area which is preferable in this experiment in contrast with what would
be obtained in an experiment with a plate with discrete holes.
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Figure 3.9: Piston-experiment result used to determine the permeability of the
porous material.

The porous plates consist of a sintered plastic material with an average
pore size of 16 µm. One of the surfaces can be considered smooth and the
other rough (the smooth one was used as the upper surface). The standard
deviation of the roughness is about 0.38 µm on the smooth side, which was
calculated from a surface roughness measurement seen in figure 3.7a) and b)
(note the scale). In figure 3.7c) the needle traces from the blow-up area in a)
is shown.

The flow properties of the porous material was characterized through a
piston-experiment where the permeability of the porous material was deter-
mined. This was done by placing a piece of the porous material (thickness d
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Figure 3.10: Load-test result in where the modulus of elasticity was determined.
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= 3.2 mm) at the end of a 0.9 meter, 4 cm diameter Plexiglass pipe and mea-
suring the pressure drop over the porous material when a piston was forced
through the pipe with a linear motor (see figure 3.8 for the experimental set-
up). This was done at various velocities (V ) in the range 0.4-1.2 cm/s and it
was found that the pressure drop ∆p varied in linear proportion to the flow
velocity through the material (see figure 3.9 for the measurement result). From
this the permeability (k) of the material was determined from Darcy’s law as
k = V dµ/∆p where µ is the dynamic viscosity. From these measurements it
was found to be k = 3.7× 10−12m−2.

A load-test of the porous material was performed in order to be able to
design the inner structure of the plate such that the surface deformation was
sufficiently small when suction was applied. Three tests (shown in figure 3.10)
were performed and the average modulus of elasticity was determined to be
973.6 MPa. On the suction side longitudinal T-profiles with a certain spanwise
interval distance supported the plate. The spanwise distance (Ls) between the
T-profiles, supporting the porous plates, was then determined by assuming a
1.5 kPa pressure on the plate with a restriction of a bending deviation (wb) of
less than 1% of the boundary layer thickness (being 5 mm resulting in wb =
50 µm). This gave Ls = 58 mm and the Ls finally used was 50 mm. Since the
actual pressure difference that was applied in the final experiment was about
200-250 Pa there was some margin in the load assumption.

123

Front

Back

Large plenum chamber Two smaller chambers

Figure 3.11: Schematic view of the plate construction. See text for comments.

3.3. Plate construction

The test plate is built as a sandwich-construction and a schematic is shown in
figure 3.11. In the front of the plate the removable leading edge is mounted and
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a) b)

c) d)

e) f)

Figure 3.12: Photos of the construction work (a-d). Photo e) shows the two
front plenum chambers together with the larger spanwise drilled suction holes.
Photo f) is a zoomed piece of e) where the hollowed T-profiles and the pressure
tubing for the static pressure holes are shown.

in the back there is a possibility to extend the plate by additional plates of alu-
minum. The plate is constructed on a base plate of aluminum with a frame, and
is designed having two 250 mm long plenum chambers starting 360 mm from
the leading edge followed by a 1750 mm long plenum chamber. The subdivision
into three chambers is for future work in where the suction rate then is allowed
to change with the downstream distance. Inside the plenum chamber distance
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elements made of hollowed T-profiles are glued, with a spanwise separation of
50 mm, in order to support the porous plates and avoid bending the plates
when suction is applied. On these T-profiles three porous plates with the total
dimension 3.2×2250×1000 mm3 (thickness, length, width) were mounted into
the frame plate. On a spanwise line in the base plate five large holes (30 mm)
were drilled at nine positions to where nine suction channels were connected.
This was sufficient to achieve uniform pressure in the plenum chamber. In the
chamber the static pressure could be measured at 40 well distributed positions
giving information of the uniformity of the pressure. In figure 3.12 photos
are shown of the construction process work. The two front chambers are seen
in 3.12e) as well as the larger spanwise distributed suction holes. Finally, the
finished plate mounted in the test-section of the MTL windtunnel is shown in
figure 3.13.

Figure 3.13: Photo of the plate together with the leading edge mounted in the
windtunnel.

3.4. Experimental set-up

The experiments were carried out in the MTL-wind tunnel at KTH. The test
section is 7 m long, 0.8 m high and 1.2 m wide. The wind tunnel has a
5 degree of freedom traversing mechanism, which is convenient for boundary
layer traverses as well as X-probe calibration.

A schematic of the experimental set-up is shown in figure 3.14, and is di-
vided into two figures showing the Free Stream Turbulence (FST) experimental
set-up and the Tollmien-Schlichting (TS) wave experimental set-up in a) and
b), respectively. Everything present in a) is also present in b) except for the
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Figure 3.14: Schematic of the experimental set-up. a) The three turbulence
generating grids give different turbulence intensities at the leading edge. TuB =
1.4%, TuE = 4.0% and grid G being an active grid was used at TuG = 2.2%.
b) 2D-waves were generated through two different slots in the plate.

turbulence generating grids. Laser Doppler Velocimetry (LDV) measurements
were only carried out in the FST experiments, whereas hot-wire measurements
were carried out in both experiments. A fine-meshed screen was installed at
the end of the test section just upstream the trailing edge flap (going into the
diffuser). The screen was needed to compensate for the extra blockage below
the plate due to suction channels and tubing. In the present experiments the
wind tunnel ceiling was adjusted so that the pressure gradient along the test
section was close to zero for the no suction (Blasius flow) case. When suction
was applied less than 1 % of the flow in the test section was removed. This
gives rise to a slight adverse pressure gradient, however the effect on the mean
boundary layer flow is very small as compared to the suction itself. The suc-
tion is achieved by a centrifugal fan positioned outside the test-section and is
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connected through a stagnation chamber to the suction channels underneath
the plate with vacuum cleaner tubing.

Free stream turbulence was generated by three different grids (two passive,
B and E, and one active, G) mounted at different distances from the leading
edge. The grids gave turbulence intensities (Tu = urms/U∞) at the leading
edge of the plate of 1.4%, 4.0% and 2.2%, respectively. In appendix B the active
turbulence generating grid, injecting secondary fluid upstream and in that way
allowing different Tu-levels, is described separately showing its characteristics.

TS-waves were generated by alternating suction and blowing at the wall
through a slot in a plug mounted in the plate. The slot is 330 mm long in the
spanwise direction and 0.8 mm thick. Two plugs (slots) are present, one in the
removable leading edge at x=205 mm from the leading edge and one at x=1850
mm for disturbance investigation in the fully developed asymptotic suction
boundary layer. At this second plug the porous plate was made impermeable
by putting a tape underneath the plate over the 50 mm in the the flow direction
over the whole spanwise width (in order to keep the two-dimensionality of the
flow) where the plug was located. The disturbance signal was generated by the
computer through a D/A-board to an audio amplifier driving the loudspeakers.
The loudspeakers are connected to the disturbance source through ten flexible
tubes. A more thorough description of the disturbance generating system can
be found in Elofsson (1998).

3.5. Measurement techniques

3.5.1. Hot-Wire Anemometer (HWA)

Single hot-wire probes operating in CTA mode were used to measure the
streamwise velocity components. One probe could be traversed in all three
spatial directions whereas a second probe was located at a specific spanwise
position (in the centre of the tunnel). Both probes were traversed in the x and
y-directions by the same traversing system and their x and y positions were
the same. This made it possible to make two-point spanwise space correlation
measurements.

The single probes were made of 2.5 µm platinum wires with a distance be-
tween the prongs of approximately 0.5 mm. The calibration function according
to Johansson & Alfredsson (1982) was used, where an extra term is added to
King’s law for compensation of natural convection which makes it suitable for
low speed experiments and is shown below,

U = k1(E2 − E2
0)1/n + k2(E − E0)1/2.

In the HWA-technique an X-probe was also used to measure the streamwise
and wall-normal velocity components operating in CTA mode. The probe was
made of 2.5 µm platinum wires and had a measurement volume less than 1 mm3

(side length ≤ 1 mm). The calibration was done at different angles and flow
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velocities, and then two 2D fifth-order polynomials were fitted to the calibration
data, giving U and V as functions of the obtained voltage pair (E1, E2). This
calibration procedure is described in detail by Österlund (1999).

3.5.2. Laser Doppler Velocimetry (LDV)

In the LDV-measurements an integrated one dimensional laser-optics unit was
used, including a 10 mW He-Ne laser of wavelength 632.8 nm. A beam expander
was mounted to the lens to reduce the measurement volume, which can be
approximated as an ellipsoid with axes lengths 0.14 mm and 2.4 mm. To be
able to measure the wall-normal component close to the wall the probe has to
be inclined. This causes an error which in the present case was estimated to be
less than 0.2%. To provide a uniform seeding smoke from a smoke generator
was injected downstream of the test section in the closed-loop wind tunnel.

The LDV-data presented are residence time weighted, i.e. each particle is
weighted with its transit time. The LDV-unit only allows fixed bandwidths to
be changed by the user, and the choice influences the background noise level
in the measured data. In the present flow case with a dominant mean flow
direction along x it was possible to choose a more narrow (and better suited)
bandwidth for the wall-normal component than for the streamwise one. In the
present study two different bandwidths were used for the measurements of the
streamwise component.



CHAPTER 4

Experimental results

In the following chapter the experimental results will be shown and discussed.
The results are divided into three main parts. First of all the Blasius bound-
ary layer will be presented showing the base flow properties and Tollmien-
Schlichting (TS) wave experiments. Then the evolution region (from the Bla-
sius to the asymptotic suction state) followed by TS-wave experiments in the
asymptotic suction region will be shown, and finally free stream turbulence
(FST) experiments will be presented where the Blasius and the asymptotic
suction results are chosen to be presented together for direct comparisons.

The experiments reported here were made at a free stream speed of 5.0
m/s and a suction speed of 1.44 cm/s by applying a pressure difference over
the porous plate of ∆p=221 Pa. This gives an asymptotic boundary layer
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Figure 4.1: Velocity profiles for the Blasius and the asymptotic suction bound-
ary layers. No suction (unfilled-), suction (filled markers) and theory (lines).
Asymptotic suction profile (solid line) (3) at x = 1800, Blasius profiles (dashed
line) (◦) at x = 300 mm and (4) at x = 1800 mm. (�) is the mean deviation
(dash-dotted line).
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thickness of 5 mm and a Reynolds number based on the displacement thickness
of 347. In figure 4.1 both experimental data and the theoretical distribution
are plotted for the Blasius profile measured at x=300 and x=1800 mm and the
asymptotic suction profile measured at x=1800 mm. The agreement between
the three experimental profiles and the corresponding theoretical profiles are
excellent. Even at x=1800 mm the measured Blasius profile agrees well with
theory indicating a steady Blasius boundary layer throughout the measurement
area when no suction is applied. It is notable that the hot-wire reading very
close to the wall is quite accurate, making it possible to measure velocities
down to 0.5 m/s without any discrepancy from the theoretical curve. This
is due to the calibration function as well as the low heat conductivity of the
porous material. Also plotted is the deviation between the suction profile and
the Blasius one which clearly reveals the fuller shape of the suction profile.

4.1. TS-waves in a Blasius boundary layer

In order to verify the flow set-up, measurement technique and disturbance
generation, the stability characteristics of the Blasius boundary layer for 2D-
wave disturbances were determined and compared with previously reported
results from the MTL-wind tunnel.
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Figure 4.2: Pressure distribution in the test-section. a) Streamwise direction,
and b) spanwise direction at x = 300 mm.
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4.1.1. Base flow properties

In figure 4.2a) the streamwise pressure distribution is plotted for the whole
investigated downstream distance on the flat plate, and in b) the spanwise
pressure distribution is plotted over a spanwise distance of 140 mm at x=300
mm for two different y-positions in the free stream.

The relatively long pressure gradient region observed in figure 4.2a), com-
pared to what was shown in figure 3.5, is due to the thickening of the plate
due to suction channels and tubing underneath the plate that are present in
this experiment. The suction channels alone contributes to an extra vertical
blockage of 35 mm.

For a zero pressure gradient boundary layer on flat plate the Blasius pro-
file is accomplished and in figure 4.3 measured profiles (markers) for different
streamwise and spanwise positions are compared with the Blasius solution (solid
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Figure 4.3: Base flow profiles for different streamwise and spanwise positions.
Markers are measured profiles and solid lines are the Blasius solution.
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Figure 4.4: Amplitude evolution of the TS-wave at F = 100. (◦) experimental
results, and solid line linear parallel theory of the Blasius profile.
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Figure 4.5: Amplitude distribution profile at x = 300 mm and at three different
spanwise positions for F = 100. Markers belong to experiment and the solid
line to the OS-solution.

line). This figure illustrates the two-dimensionality of the flow in question for
the whole streamwise distance that are to be examined.

4.1.2. Controlled stability experiments

Controlled stability experiments were performed, where the studied distur-
bance is generated with a known frequency. The first slot is located in the
leading edge is used to verify the experimental set-up, and the second slot
far downstream was used to perform experiments that later will be compared
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Figure 4.6: Amplitude distribution profiles for F = 100. a) x = 550 mm (A =
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with the TS-wave study in an asymptotic suction boundary layer. In figure 4.4
the amplitude distribution of the TS-wave at F = 100 is shown (in this and
following figures A corresponds to the maximum measured amplitude in the
profile). The experiment (◦-markers) shows good agreement with linear par-
allel theory (solid line), where both the first and the second branch are well
captured by the experiment. The TS-wave is generated at x= 205 mm and
decays until reaching the first branch at approximately Re=728.5. From there
on it grows in amplitude until reaching the second branch at approximately
Re=1233.5 where it starts to decay again. In figures 4.5 and 4.6 the distur-
bance amplitude distribution profiles are shown for the three filled markers (•)
in figure 4.4. In the former figure the two-dimensionality of the TS-wave is il-
lustrated by plotting the profiles of three different spanwise positions together
with the Orr-Sommerfeld (OS) solution, i.e. results from linear parallel theory.
The latter figure shows the smallest (least amplified) and the largest (most
amplified) profiles, and in a) (at x=550 mm) the smallness can be revealed in
the boundary layer edge where the measured data appear more scattered than
in b) (at x=1500 mm). Furthermore, in b) a deformation of the amplitude
distribution at the inner maximum can be seen. This deformation has been
observed in previous works, see e.g. Klingmann et al. (1993) and Ross et al.
(1970), at downstream distances far from the disturbance source.

The phase velocity (c = ω/αr) of the wave can be determined simply
by determining the real wave number (αr) since the angular frequency (ω)
is known. In figure 4.7 the phase distribution in the streamwise direction is
plotted. The phase is taken at the wall-normal distance above the plate where
the inner maximum amplitude appears. αr is then determined by calculating
the phase gradient (∂Φ/∂x), and it is seen to be constant throughout the
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Figure 4.7: Phase distribution in the streamwise direction at F = 100.
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whole investigated downstream distance. The marker is experimental data,
the solid curve is the OS-solution, and the dashed line is the curve fit for the
determination of the gradient. This curve fit gives us a phase velocity of 0.34U∞
compared with the theoretical based on the Blasius profile of 0.36U∞.
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Figure 4.9: Phase distribution profiles for the corresponding x-positions in fig-
ure 4.8. Markers are experimental data and solid line OS-solution.

From now on all stability results are from the second disturbance slot in the
plate located at x=1850 mm corresponding to Re=1350. In figure 4.8 the am-
plitude distribution profiles are plotted for F=59 at five different downstream
positions. The first x-position closest to the disturbance source, in fact only
50 mm from the source, is not fully developed in the upper part of the profile
when compared to the OS-solution. However, from the second x-position the
agreement is excellent in this part.

In figure 4.9 the corresponding phase distribution profiles are plotted, and
they clearly show the phase shift of π radians which can be shown to appear
where ∂v′/∂y changes sign, i.e. at the wall-normal amplitude (v′) maxima. The
experimental data are in good agreement with the OS-solution (solid line).

For this particular frequency, i.e. F=59, the TS-wave is unstable. Re-
call that we are measuring downstream of the second slot which for this low
frequency appears to be in between branches I and II. The amplitude growth
of the TS-wave is seen in figure 4.10 together with the predicted amplitude
evolution by the OS-equation.

The phase velocity for this particular frequency is c = 0.29U∞ determined
from figure 4.11 and the corresponding phase velocity given by the OS-solution
is c = 0.33U∞. However, the agreement has to be judged as good since there
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Figure 4.10: Amplitude evolution of the TS-wave at F = 59. (◦) experimental
results, and solid line linear parallel theory of the Blasius profile.
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Figure 4.11: Phase distribution in the streamwise direction at F=59.

are many external conditions that may influence the result this far downstream
from the leading edge. When compared with figure 4.7 one can observe that
the phase velocity is larger just as for that frequency, but in this case the trend
is somewhat stronger and the effect is more apparent.

In figure 4.12 a contour plot of the TS-wave perturbation (u = U − Ū) is
shown. The time between the different figures is ∆t=8 ms. In order not to
lose contrast in the contourplots there is a colourbar for each figure (note the
new interval scale in all figures). The generation of the TS-wave, described in
section 3.4, was done through a slot in the plate by alternating blowing and
suction. The blowing injects fluid to the flow at the surface whilst the suction
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Figure 4.12: Contourplot of the streamwise disturbance velocity of the TS-
wave perturbation at F=59 (f=15.6 Hz) in a Blasius boundary layer. The
time between the figures is ∆t=8 ms.



60 4. EXPERIMENTAL RESULTS

800 1200 1600

0

0.5

1

1.5

2

2.5

Re

812.5 1448.5

ln
 (

A
 / 

A
  ) o

Figure 4.13: Amplitude evolution of the TS-wave at F = 81. (◦) experimental
results, and solid line linear parallel theory of the Blasius profile. (+) is the
present data but shifted ∆Re = −125.
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Figure 4.14: Amplitude distribution profiles for F = 81 at the (•)-markers in
figure 4.13. (◦) at x = 1900 mm and (2) at x = 2400 mm.

removes some fluid, this making the light parts of the contourplot correspond
to the blowing and the dark to the suction. As observed in figure 4.10 the
TS-wave amplitude grows with the downstream distance making the contrast
of the perturbation largest on the right side of the figures. This also makes the
phase shift of π radians most visible as far downstream as possible.
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Figure 4.15: Amplitude and phase distribution profiles for F = 29. (◦) x = 1900
mm, and (2) x = 2400 mm.

Results from two other frequencies, F = 81 and F = 29, are also shown
here. In figure 4.13 the amplitude evolution of the TS-wave is shown for the
higher frequency. (◦) belongs to measured data and (+) are the same data but
shifted ∆Re = −125 which is needed for collapse with the OS-solution (solid
line). This can just as well be the case for F = 59 in figure 4.10, i.e. that a
shift is needed, but can not be detected in that case since there is no amplitude
reference point. In the present figure (4.13) we are close to the second branch
and a clear decay of the amplitude growth is visible making it impossible to
fit the experimental data to the OS-solution without a shift in the Reynolds
number. The shift corresponds to a virtual (v) origin at xv = −15.8 mm, which
can be considered small. In figure 4.13 two of the markers are filled (•) and
in figure 4.14 the whole amplitude distribution profiles are plotted for these
x-positions, i.e. at x = 1900 mm and x = 2400 mm.

At the lower frequency (F = 29) the amplitude distribution profiles does
not look as scattered as for the higher frequency. In figures 4.15 these profiles
are plotted together with their corresponding phase distribution profiles.
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4.1.3. Conclusions

All the results so far indicate that the porous plate itself does not seem to effect
the stability characteristics of the boundary layer flow. The amplitude growth
of the TS-wave corresponds well with linear parallel theory just as well as the
amplitude and phase distribution profiles do.

Investigation of high Reynolds numbers, when the second slot in the plate
is used for disturbance generation, reveals that there is a need for a correction
of the origin, i.e. an introduction of a virtual origin at x = −15.8 mm, for
agreement with linear parallel theory. The larger disagreement of the phase
velocity, compared to experiments using the first slot, can however not be
explained by the virtual origin since the real dimensional wave number used
for determining c is Reynolds number independent. On the whole one may
say that the agreement with linear parallel theory is good even for the second
slot experiments, since there are many potential factors that can influence the
stability characteristics this far downstream from the leading edge and one
should remember that the OS-solution is based on the perfect Blasius profile.

4.2. TS-waves in an asymptotic suction boundary layer

In the following section the base flow when continuous suction is applied will
be presented together with TS-wave experiments in the fully developed asymp-
totic suction region. The agreement with linear parallel theory together with
potential sources that contributes to the deviations will be discussed.

4.2.1. Base flow properties and the evolution region

For the present experiments the flat plate and wind tunnel test section were
adjusted for zero-pressure gradient with no suction through the plate. Much
effort was spent in order to achieve the zero pressure gradient by changing
the floor and ceiling positions of the test-section. Recall that the thick plate
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Figure 4.16: Pressure distribution along the streamwise direction for different
suction rates.
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together with its suction channels and additional blockage due to suction tubing
makes the adjustments more difficult. Therefore, no additional geometrical
adjustments of the test-section were done for the suction case. The result
of different suction rates on the pressure distribution along the streamwise
direction is shown in figure 4.16. In the experimental results that are presented
in this thesis a pressure difference (∆p) over the porous plate of 221 Pa was kept,
which corresponds to a suction velocity of 1.44 cm/s using the permeability
value determined through the piston-experiment described in section 3.2. Note
that the total pressure change is less than 3% for this ∆p.

In figure 4.17 several velocity profiles are plotted in the evolution region,

where the wall-normal distance η (= y
√

U∞
xν ) is chosen in order to clearly follow

the profile evolution. The development of the boundary layer from the Blasius
towards the asymptotic profile shows good agreement with theory, i.e. the
evolution equation, and can be observed in figure 4.18 (note the scaling). The
dash-dotted lines are from the Blasius solution and the solid lines originate
from the evolution equation.

The uniformness and two-dimensionality of the flow was checked in the
asymptotic suction region by comparing the velocity profiles at different span-
wise and downstream positions. These profiles are shown in figure 4.19 together
with the theoretical exponential profile (solid line).
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Figure 4.19: Asymptotic suction profiles at different spanwise positions for three
different downstream positions.
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Figure 4.20: Mean velocity profiles for different downstream positions in the
asymptotic suction boundary layer.
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Figure 4.21: Mean velocity profiles for different downstream positions in the
visible TS-wave decay region.
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Figure 4.22: Amplitude distribution profiles for different downstream positions
in an asymptotic suction boundary layer for F=59. Markers are measured
data, solid line is the modified OS-solution, and dotted line the OS-solution.

In figure 4.20 seven downstream positions are plotted showing total col-
lapse of the profiles on the theoretical curve, i.e. the analytical asymptotic
suction profile. The wall position (y0) and the displacement thickness (δ1)
were determined by fitting the experimental data to

u(y)
U∞

= 1− e−(y−y0)/δ1

by means of least square method. This is also a way to verify the actual suc-
tion velocity through the porous plate with the suction velocity corresponding
to the pressure difference applied. Since the displacement thickness is exact,
namely δ1 = ν/V0, the suction velocity can easily be calculated once the δ1
is determined from the curve fit. Any profile chosen to verify the 1.44 cm/s
applied agrees within 9%.
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Figure 4.23: Corresponding phase distribution profiles to figure 4.22.

4.2.2. Controlled stability experiments

The Reynolds number based on the displacement thickness is directly deter-
mined by the ratio between the free stream velocity and the suction velocity (see
section 2.6.1), which implies that the Reynolds number is constant through-
out an asymptotic suction boundary layer. This makes the stability analysis
rather special, since there is no downstream distance dependence on the main
flow, there is no effect from a growing boundary layer as in the Blasius bound-
ary layer. However, the V -component may not longer be neglected as in the
Blasius boundary layer resulting in a modified OS-equation for the stability
characteristic comparison.

The displacement thicknesses determined throughout the asymptotic suc-
tion region is fairly constant which can be seen in figure 4.20, but in the end part
of the region roughly 200 mm after the second slot in the plate the displacement
thickness experiences a small increase above the mean value. This making a
direct change in the Reynolds number changing the stability characteristics of
the overall region. However, there is no need to worry about having lost the



68 4. EXPERIMENTAL RESULTS

-15 -10 -5 0 5 10 15
0

20

40

60

80

real modOS
imag modOS

-12 -8 -4 0 4

0

2

4

6

real(u ),  imag(u )

y
δ1

Figure 4.24: Real and imaginary parts of the amplitude distribution profile.
The (•)-markers indicate the zero-crossing and the bold line the phase distri-
bution.

1850 1900 1950 2000 2050 2100
-1.5

-0.5

0.5

1.5

x  mm

φ 
/ (

2
π

)

Measured phase distribution
mod OS
OS
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asymptotic suction boundary layer.

exponential velocity profile after checking the mean profiles in the area where
the TS-waves will be generated, see figure 4.21 for mean velocity profiles from
the TS-wave measurements. The slightly larger value of δ1 in this region gives
a somewhat smaller suction velocity which contributes to a larger Reynolds
number than what was proposed in the introduction part of this chapter. The
Reynolds number used in the theoretical stability analysis is 382 compared to
the previous determined Re=347, i.e. 10% larger. The effect is though rather
small since it is still extremely far away from the unstable region with a critical
Reynolds number of two orders of magnitude larger (Rcr = 54382).
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Figure 4.26: Amplitude decay versus the downstream distance for F=59.

For the present Re the TS-wave will decay rapidly after its generation. In
figure 4.22 the amplitude distribution profiles are shown for different down-
stream positions. The solid line is the solution from the modified OS-equation
and the dotted is the ordinary OS-equation. Note that the last profile shown is
only 350 mm from the disturbance source. Close to the disturbance source the
experimental results show quit good agreement with the modified OS-solution.
But very soon the disturbance is seen to be spread out towards the upper part
of the boundary layer and from x=2100 mm the measured data starts to ap-
pear somewhat scattered. The corresponding phase distribution profiles are
plotted in figure 4.23 with the solid line belonging to the modified OS-solution.
The agreement is good in the upper part of the boundary layer and in the free
stream, but in the theoretical phase distribution there is z-formation in the
middle of the boundary layer that is not seen in the experimental results. This
z-formation is understood if a look is taken to the real and imaginary parts of
the amplitude distribution profile in figure 4.24. It is the quotient between the
imaginary and real part of the eigenfunction that determines the shape of the
phase distribution and it is the large decrease with a minimum of this quotient
at y/δ1 = 2.7 followed by an increse that contributes to the z-formation, i.e.
it is the undulation of the imaginary part in this y/δ1-region that gives rise to
the z-formation.

The phase velocity of the TS-wave with F=59 is determined in figure 4.25.
The solid line is the modified OS-solution and this solution almost corresponds
to a curve fit to the measured data. The dotted line is the ordinary OS-solution.
The experimental phase velocity is determined to be c = 0.48U∞, which is the
phase velocity predicted by the modified OS-solution.

The amplitude decay is shown in figure 4.26 together with theoretical re-
sults. The theoretical results overpredicts the stability of the TS-wave. The
experimental result gives a damping factor of αi = 0.0153 mm−1, when the
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Figure 4.27: Contourplot of a TS-wave perturbation at F=59 in an asymptotic
suction boundary layer. The time between the figures is ∆t=8 ms.



4.2. TS-WAVES IN AN ASYMPTOTIC SUCTION BOUNDARY LAYER 71

0 1 1 1
0

5

10

0 π0

5

10

0 1 1 1
0

5

10

u / A

y

δ1

y

δ1

u / A

u / Au / Au / A

y

δ1

u / A

φ

x = 1900 mm x = 1950 mm x = 2000 mm

x = 2050 mm x = 2100 mm x = 2200 mm

x = 1900 mm

Figure 4.28: Amplitude distribution profiles at different downstream positions
for F=84.4 with the last figure showing the phase distribution profile close to
the disturbance source.

1900 2000 2100 2200
-2

0

2

4

6

x  mm

-

Measured decay
Curve fit
mod OS

ln
 (

A
 / 

A
  ) o

Figure 4.29: Amplitude decay versus the downstream distance for F=84.4.



72 4. EXPERIMENTAL RESULTS

first six points are used for the curve fit, and the modified OS-solution predicts
αi = 0.0263 mm−1, i.e. a factor 1.72 higher.

In figure 4.27 contourplots of the TS-wave are shown with a time step of
∆t=8 ms between the figures. The generated disturbance is seen to have a
fast decay before totally vanishing. Again the contrast in the contourplots is
brought forth by applying a new colourbar for each figure resulting in a change
of colour scale in each figure. This figure can be compared with figure 4.12,
which is the corresponding TS-wave (same frequency) evolution in a Blasius
boundary layer.

TS-wave results in an asymptotic suction boundary layer is also shown for
a higher frequency, i.e. F=84.4. The same conclusions are drawn as for the
lower frequency experiment. Good agreement with theory of the amplitude
distribution profile close to the disturbance source and the theoretical decay
factor is still overpredicted compared with the experimental results. See fig-
ures 4.28 and 4.29 for illustration. In figure 4.29 the four first points are used
for the curve fit.

4.2.3. Conclusions

As concluded earlier there are many external conditions that may have a larger
impact on the stability characteristics of the flow when measuring far down-
stream from the leading edge as has been done here. There are some conditions
that are known and will be brought up here, but whether these conditions are
the underlying factors for linear stability theory not being able to predict the
decay factor (αi) correctly or not is hard to say.

First of all the adverse pressure gradient that is present in the asymptotic
suction region (due to the suction), and was shown in figure 4.16, influences
the stability characteristics of the flow to be more unstable. This would bring
the theoretical results closer to the experimental ones. However, the pressure
gradient is very small (less than 3% of pressure increase in the whole region)
and according to Dr. A. Hanifi (private communication), PSE calculations
with the present pressure gradient, show hardly any effect on the stability
characteristics.

Secondly, the change of Reynolds number due to the change of displace-
ment thickness in the region of interest may effect the stability characteristics.
The reason for the displacement thickness decrease may be due to the imper-
meable streamwise length of 50 mm in connection with the disturbance slot
discussed in section 3.4. A sudden stop of the continuous suction over some
streamwise distance would allow the boundary layer to grow and that would
imply a displacement thickness growth as noted in the measurements. This in
turn makes the experimental profile more unstable, which is in agreement with
the actual measured amplitude decay. However, this was taken into account in
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the stability calculations by using a higher Reynolds number of Re=382 that
was extracted from the profiles in figure 4.21.

4.3. Free stream turbulence experiments

4.3.1. Disturbance growth

Free stream turbulence gives rise to regions of high and low velocity (streaky
structures) and in a Blasius boundary layer the streamwise disturbance en-
ergy grows in linear proportion to the downstream distance. These streaky
structures move slowly in the spanwise direction and if the streamwise distur-
bance amplitude is measured (urms) it is seen to increase with the downstream
distance when no suction is applied, whereas in the suction case this ampli-
tude increase was found to be eliminated and the urms-profiles more or less
collapse on each other independent of the downstream position and the free
stream turbulence intensity applied. This can be observed in figure 4.30 where
the urms-profiles are plotted for both cases, i.e. with and without suction, for
the TuB-level. The position above the plate, where the maximum urms-value
appears, does hardly change in y/δ1-units and is approximately 1.5, this cor-
responds to 1/2- and 1/3 of the boundary layer thickness without suction and
with suction, respectively. The results are similar for the other grids as well.
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u      / U ∞rms

Figure 4.30: urms-profiles for different downstream positions from the leading
edge with TuB. No suction (unfilled-) and suction (filled markers). (2) x = 800
mm; (◦) x = 1000 mm and (4) x = 1200 mm. Solid lines are curve fits to
data.
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Figure 4.31: Disturbance amplitude vs downstream distance from the leading
edge. No suction (unfilled-) and suction (filled markers). (◦) TuB; (2) TuG
and (4) TuE .

In figure 4.31 the disturbance amplitude, for different free stream turbu-
lence intensities, is plotted versus the downstream distance from the leading
edge. For the no suction cases the disturbance amplitude has been found to
grow in proportion to the x1/2 and a similar development is observed here. For
grid B transition do not occur over the length of the measured region, despite
the fact the the urms-level is above 6% at the end. For grid G a maximum
of nearly 17% in the turbulence intensity is found at x ≈ 1800 mm. Such a
maximum is usually observed in the intermittent region where the flow consists
both of laminar regions and turbulent spots. Further downstream the inten-
sity decreases which is expected when the flow goes towards a fully developed
turbulent stage.

For grid E, measurements were only made until x = 700 mm where a sim-
ilar high level was observed. For all suction cases, however, it is found that
transition do not occur even though the mean velocity as well as the distur-
bance profile are strongly effected (distorted) for the TuE-level case. Instead
the fluctuation level inside the boundary layer reaches an almost constant level
which is close to that existing where the suction starts. An interesting observa-
tion is that this level is proportional to the level of the free stream turbulence,
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Figure 4.32: The maximum urms-value versus the local Tu at x=600 mm. (◦)
Grid B, (2) grid G, and (4) grid E. Filled markers with suction and unfilled
without.

which is shown in figure 4.32 where the maximum urms-values (or saturation
level in the suction case) versus the local Tu-level are plotted for both the
suction and no suction case.

In figure 4.34 the velocity traces from different downstream positions and
heights above the plate are shown for both the suction and no suction case and
for all grids. Simply by looking at the velocity traces one can observe the dis-
turbance growth in the Blasius boundary layer and the disturbance saturation
in the asymptotic suction boundary layer, see figures a), c) and e). Figures
b), d) and f) show the traces through the boundary layer and the (∗)-markers
indictes where the maximum urms-value appear in the boundary layer. The
displacement thickness that has been used for normalization is the local one cal-
culated from the mean velocity profile. In the case with suction this was done
by the curve fit method used in the previous sections. These values are found
in the figure caption and in figure 4.33 the displacement thickness evolution is
plotted versus the downstream distance. In a Blasius transition region when
the profile approaches the turbulent one an increase in the displacement thick-
ness is expected. According to this figure the displacement thickness seems to
increase somewhat in both the suction and no suction case when the Tu-level
is increased.

In figures 4.35 to 4.40 both the mean velocity and disturbance profiles are
plotted for different downstream positions and for all three grids.
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when influenced by free stream turbulence.

In figure 4.35 the result from grid B for the no suction case is shown. In
a) the mean velocity profile hardly show any distortion from the theoretical
Blasius profile dispite disturbance levels up to 8% inside the boundary layer far
downstream. Each solid curve in b) is a curve fit to data in order to more easily
separate the different downstream positions from each other. When suction is
applied, see figure 4.36 the asymptotic suction profile is very quickly achieved
which is seen in a). The agreement with the theoretical curve is excellent
which is somehow expected since for this Tu-level not even the no suction
mean profiles seem to be effected by the free stream turbulence. However,
an interesting feature of the asymptotic suction boundary layer, as mentioned
earlier, is the appearance of the disturbance saturation level. This can be
observed in figure b) where the disturbance amplitude inside the boundary
layer is only slightly decreased when going downstream. Note that the decay
is not much stronger than the free stream turbulence decay observed in the
upper part of this figure.

For high enough Tu-levels the free stream turbulence will force the flow to
transition at a subcritical Reynolds number. When changing the turbulence
generating grid to grid G the mean velocity profile becomes turbulent far down-
stream and is shown in figure 4.37a). In b) the disturbance amplitude is again
seen to grow until transition is reached. However, the asymptotic suction mean
profiles show no deviation from the theoretical curve for this Tu-level and the
disturbance amplitude has again reached a saturation level, see figure 4.38a)
and b).
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Figure 4.34: Velocity traces (2 sec long) for all grids with and without suction
for different x-positions and heights above the plate. a), c) and e) show traces
from where the maximum urms appears. b), d) and f) show traces at x=1800
(with δ1 = 4.16 mm and δs1 = 1.07 mm), 2200 (with δ1 = 4.75 mm and δs1 = 1.18
mm), and 700 mm (with δ1 = 2.29 mm and δs1 = 1.39 mm), respectively, for
different heights above the plate where the (∗)-markers indicate where the
maximum urms-value appears across the boundary layer. The supscript (s)
stands for suction.
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Figure 4.35: Data for different downstream positions from grid B without suc-
tion. a) Mean velocity profiles, and b) urms-profiles for the same x-positions
as in a).
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Figure 4.36: Data for different downstream positions from grid B with suction.
a) Mean velocity profiles, and b) urms-profiles for the same x-positions as in
a).
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Figure 4.37: Data for different downstream positions from grid G without suc-
tion. a) Mean velocity profiles, and b) urms-profiles for the same x-positions
as in a).
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Figure 4.38: Data for different downstream positions from grid G with suction.
a) Mean velocity profiles, and b) urms-profiles for the same x-positions as in
a).
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Figure 4.39: Data for different downstream positions from grid E without suc-
tion. a) Mean velocity profiles, and b) urms-profiles for the same x-positions
as in a).
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Figure 4.40: Data for different downstream positions from grid E with suction.
a) Mean velocity profiles, and b) urms-profiles for the same x-positions as in
a).
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For grid E the laminar flow can not be sustained for very long. In fig-
ure 4.39 this can be observed from the velocity profiles. At an early stage the
mean profile is effected of the high Tu-level and the disturbance amplitude is
approximately 10% as early as 300 mm from the leading edge. When suction
is applied the asymptotic suction boundary layer is never reached since the
suction starts at x = 360 mm and the Tu-level is very high. Despite the high
disturbance amplitude inside the boundary layer at this x-position the suc-
tion is capable of maintaining this disturbance level throughout the measured
region, which can be observed in figure 4.40.

In figure 4.41 the total kinetic energy (EKtot) inside the boundary layer is
plotted versus the downstream distance from the leading edge. This energy
was calculated according to

EKtot =
1
δ

∫ δ

0

∫ ∞
0

fEd(log(f))dy,

where δ is the boundary layer thickness. For the no suction case this δ was
consistently taken to be 5

√
(xν/U∞), i.e. the Blasius boundary layer thickness,
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Figure 4.41: The growth of the total kinetic energy inside the boundary layer.
a) Grid B, b) grid G, and c) grid E.
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and for the suction case expression (2.46) was used with the local δ1. The
figures show the well known linear growth of the disturbance energy with the
downstream distance for the no suction case and for all Tu-levels. In the case
with suction the energy saturation level is seen.

4.3.2. Spanwise scale of the streaks

The spanwise scale of the streaks can be determined through two-point corre-
lation measurements of the streamwise velocity component. It is well known
that the position where the streamwise correlation coefficient (Ruu) shows a
distinct minimum can be interpreted as half the dominating spanwise wave-
length of the streaks (see e.g. Matsubara & Alfredsson (2001)). In order to
determine this spanwise scale the correlation measurement has preferably to
be done inside the boundary layer where the maximum urms appears, this is
the position where the correlation coefficient will appear strongest. The span-
wise correlation coefficient is defined as

Ruu =
u(z)u(z + ∆z)

u(z)2
.
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Figure 4.42: The spatial (spanwise) correlation coefficient (Ruu) versus the sep-
arated distance (∆z). (•) Measured at the boundary layer edge, and (◦) mea-
sured at the position inside the boundary layer where the maximum urms ap-
pears. The two curves are obtained from smoothend data from a yz-plane
measurement at x = 1800 mm with TuB.
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In figure 4.42 two correlation measurements are shown, one measured at the
boundary layer edge (•) and the other where the maximum urms appears (◦).
In the former the correlation is close to one at the first measuring point and it
decays gradually to become uncorrelated far away. In the latter measurement
the correlation coefficient shows the (previously mentioned) dinstinct minimum.
An interesting observation is the zero passage of the correlation coefficient that
will be shown to be an equally good measure of the spanwise scale of the streaks
as the minimum value. In figure 4.43 the correlation coefficient is plotted for
gradually increasing distance (y) above the plate. Close to the surface the data
seem to be somewhat scattered, which is due to the low velocity and unde-
veloped streaks in connection with to short sampling time (30 sec) for these
y-positions. From such figure as 4.43 one can make a contourplot in the yz-
plane for an overview of the structure inside the boundary layer. This were
done for different Tu-levels and x-positions with and without suction and are
shown in figure 4.44 (for TuB and TuG) and 4.45 (for TuE with suction). Fig-
ure 4.44 show that the spanwise scale of the streaky structures is only slightly
decreased by suction, despite a twofold reduction in boundary layer thickness,
indicating the importance of the scale of the free stream turbulence. Note that
the minimum value is clearly distinguishable in all cases, including in figure 4.45
with TuE at x = 500 mm.
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Figure 4.43: The spatial (spanwise) correlation coefficient (Ruu) versus the sep-
arated distance (∆z) for different distances above the plate at x = 1800 mm
with TuB.
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Figure 4.44: Contourplots of Ruu in the yz-plane for different downstream po-
sitions for both TuB and TuG.
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Figure 4.45: Contourplot of Ruu in the yz-plane at x = 500 mm with TuE .



88 4. EXPERIMENTAL RESULTS

Matsubara & Alfredsson (2001) showed that the spanwise scale of the
streaks observed near the leading edge seems to depend on the free stream
turbulence scales introduced into the boundary layer at an early stage of the re-
ceptivity process. Further downstream this scale seems to adapt to the bound-
ary layer thickness and grows in proportion to this thickness. In the suction
case the scenario is slightly different since the spanwise scale is hardly changed
compared to the spanwise scale observed in the Blasius boundary layer, and
this despite the fact that the boundary layer thickness is only half of that in
a Blasius layer. This result was obtained for all three free stream turbulence
intensities tested. The conclusion from figure 4.44 is that the effect of suc-
tion on the streaks is compression, i.e. the boundary layer is compressed in the
wall-normal direction reducing the boundary layer thickness but preserving the
spanwise scale creating an wider structure in terms of boundary layer thickness
as compared to the Blasius case. This indicates the importance of the scale of
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Figure 4.46: Evolution of the spanwise scale of the streaks. No suction (unfilled)
and suction (filled markers). a) (◦) min(Ruu) and (3) zero(Ruu) for TuB. b)
(2) min(Ruu) and (3) zero(Ruu) for TuG. c) (4) min(Ruu) and (3) zero(Ruu)
for TuE . d) min(Ruu)/zero(Ruu) for all grids. (+) no suction and (×) suction.
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Figure 4.47: Evolution of the spanwise scale of the streaks for all cases are
plotted together with the Blasius boundary layer thickness evolution. Same
data as in figure 4.46.

the free stream turbulence, on the disturbance structure inside the boundary
layer.

In figure 4.46 the evolution of the spanwise scales of the streaks from all
three grids are shown. The minimum values of the correlation coefficient (Ruu)
were determined by fitting a third order polynomial to the measured data and
the zero passage of Ruu by fitting a second order polynomial. In figure 4.46a)
we see the largest increase of the spanwise scale compared to the other free
stream turbulence intensities in b) and c). If a discrepancy between the no
suction- and suction case should be pointed out a tendency towards slower
growing spanwise scale in the suction case compared to the no suction case
may be observed. The spanwise scale of the streaks seems to decrease with
increasing free stream turbulence intensities according to figure 4.46. As can
be seen in figure 4.46d) the zero passage is an equally good measure of the
spanwise scale as the minimum value of the correlation coefficient. The zero
passage may be hard to interpret physically but is easier to determine from
an experimentalist’s point of view. All ratios of the minimum value of the
correlation coefficient and the zero passage of the present data collapse at a
value of 1.68± 0.23.

In figure 4.47 the evolution of the spanwise scales of the streaks are plotted
again (same data as in figure 4.46) together with the Blasius boundary layer
thickness evolution. This figure allows a direct comparison between all cases
and confirm previous studies, see e.g. Matsubara & Alfredsson (2001), that the
spanwise scale seems to adapt to the boundary layer thickness for low Tu-levels
without suction.
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Figure 4.48: Energy spectra from the three different grids at x=400 mm.

In figure 4.48 the energy spectra are plotted for the three different grids.
From this figure one can observe that the energy distribution is higher for all
frequencies with increasing Tu-level. According to the observations done here
it seems that the wider the energy spectra that is introduced into the boundary
layer is, the smaller is the preferred spanwise scale.

4.3.3. The wall-normal velocity fluctuation

So far only the streamwise velocity fluctuation component has been considered
and it has been shown to be strongly damped when suction is applied compared
with the no suction case. In figure 4.49 both HW-data (X-probe) a) and LDV-
data b) of the wall-normal velocity fluctuation are shown. The wall-normal
distance has been chosen to be dimensional for direct comparison between the
no suction and suction case. The peculiar peak observed in the HW-data inside
the boundary layer is a measurement error due to unsteady velocity gradients
when using X-probes (see paper 2 of the present thesis). The difference in vrms
measured by the X-probe is a direct consequency of a much smaller amplitude
of the streaks in the suction case. According to figure 4.49 it seems that the
vrms-profile does not change when suction is applied even though the mean
normal velocity is highly increased. The LDV-data in figure b) shows the early
decay of the wall-normal fluctuation component (note that the boundary layer
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Figure 4.49: X-probe versus LDV measurements in boundary layers influenced
by free stream turbulence. a) HW-measurements, (2) no suction and (�)
with suction. b) LDV-measurements, (◦) no suction and (•) with suction.
Measurements with no suction applied are performed at x = 1800 mm and
when suction applied at x = 2400 mm.

thicknesses are approximately 11.6 and 5 mm in the no suction and suction
case, respectively) all the way to the surface where it finally becomes zero.



CHAPTER 5

Summary

In the present work a successful experimental set-up to establish the asymptotic
suction boundary layer in a wind tunnel is reported. A new test plate with
a porous surface material has been constructed and a leading edge with a
short region of non-zero pressure gradient has been designed. The mean flow
development from the leading edge of the plate is shown to be in good agreement
with a theoretical boundary layer analysis and when the asymptotic suction
region is reached there is an excellent agreement between the theoretical and
experimental boundary layer profiles.

The main interest of the study is to investigate the effect due to suction on
disturbance development inside the boundary layer. The stability equations for
modal disturbances are derived where the wall normal mean velocity modifies
the standard Orr-Sommerfeld equation. The effect of this component as well as
the change in mean velocity profile is discussed, and it is shown that the main
effect is due to the profile change. A model problem with flow in a channel
with porous walls with suction and blowing, respectively, is also studied.

TS-waves are generated in the experiment through a spanwise slot and
the development of the waves over the plate without suction is shown to be
in good agreement with standard stability theory and previous experiments.
The same conclusion can be drawn for the asymptotic suction boundary layer
although in that case the waves are strongly damped. The correspondence of
the streamwise amplitude profiles and the phase velocity is good, but the decay
factor predicted by linear stability theory is slightly overestimated compared
to the experimental results.

A comprehensive study of the disturbance development of free stream tur-
bulence induced disturbances was also made. Direct comparisons between the
no suction (Blasius) and suction cases were made. In the no suction case the
results were similar to earlier work, showing a linear growth of the disturbance
energy in the downstream direction until spot formation occurs. However in
the suction case the disturbance amplitude have been shown to reach a satura-
tion level, which is proportional to free stream turbulence level. We also find
that transition is inhibited for all cases with suction. The spanwise scale of
the streaks is maintained when suction is applied compared with the no suc-
tion case, and this despite a twofold boundary layer thickness reduction. The
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5. SUMMARY 93

saturation of the disturbance amplitude in the boundary layer indicates that
the growth is inhibited and maybe that the dynamics of the streaks become
different in the suction case. Further theoretical studies of non-modal growth
of streaky structures in the asymptotic boundary layer may give further infor-
mation on the interpretation of the present results.



APPENDIX A

Inaccurate determination of the shape factor

In most experimental work the authors are willing to share their estimates of the
wall (plate) positions relatively their probe and usually to give an absolute error
from the estimation. What they forget is that this error effects the calculation
of the characteristic length scales to a larger extent than expected. If the
wall position is given with some error the displacement thickness is not more
accurate than this error as a first approximation. This effects the shape factor
which often is used as a measure of how Blasius like the actual boundary layer
is and it is not rare to find the exact value of 2.59. Another quantity that can
cause problem is the free stream velocity which of course also effects the values
of the characteristic length scales.

Therefore the following analysis can be useful in order to give a feeling
about how sensitive the calculation of the shape factor really is.

A.1. Effect of inaccurate determination of the wall position

Starting from the definition of the displacement thickness

δ1 =
∫ ∞
yw

(
1− u∗(y)

U∞

)
dy,

where yw is the position of the wall, we assign yw a small positive value (ε̂)
above the plate which then results in the following calculated displacement
thickness due to the inaccuracy of the wall position (δcw1 )

δcw1 =
∫ ∞
ε̂

(
1− u∗(y)

U∞

)
dy =

∫ ∞
0

(
1− u∗(y)

U∞

)
dy −

∫ ε̂

0

(
1− u∗(y)

U∞

)
dy

= δreal1 −
∫ ε̂

0

(
1− u∗(y)

U∞

)
dy.

Here the real-value denotes the exact theoretical value. The second integral
(I2) can be estimated by assuming that the velocity is proportional to the wall-
normal distance close to the wall according to u∗(y) = u∗(ε̂)

ε̂ y which gives
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I2 =
[
y − u∗(ε̂)

ε̂U∞

y2

2

]ε̂
0

=
(
ε̂− u∗(ε̂)

2U∞
ε̂

)

and finally

δcw1 = δreal1 +
(
u∗(ε̂)
2U∞

− 1
)
ε̂. (A.1)

The same approach can be made with the calculated momentum loss thickness
(δcw2 ), which results in

δcw2 = δreal2 +
u∗(ε̂)
2U∞

(
u∗(ε̂)
2U∞

− 1
2

)
ε̂. (A.2)

Now, it is not a strict assumption to say that u∗(ε̂)
U∞

∼ 1% implying that
u∗(ε̂)� U∞ which applied on equations (A.3) and (A.2) gives

δcw1 ≈ δreal1 − ε̂
δcw2 ≈ δreal2

and correspondingly the calculated shape factor (Hcalc
12 ) as

Hcw
12 =

δreal1 − ε̂
δreal2

= Hreal
12 − 7.5

ε̂

δ
(A.3)

when Blasius like profile is assumed. A correct presentation of the shape factor
for a Blasius profile at U∞ = 5 m/s, x = 150 mm and yw = ±ε̂ = ±0.02 mm
should therefore read H12 = 2.59± 0.05.

A.2. Effect of inaccurate determination of the free stream
velocity

A similar analysis can be made by assuming a small error (ε̃) in determining
the free stream velocity. By substituting the free stream velocity with the true
(T ) velocity UT∞ = (1 + ε̃)U∞ and by assuming ε̃� 1 and a Blasius like profile
we get the following expression of the calculated displacement thickness due to
inaccurate free stream velocity (δcf1 )
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δcf1 =
∫ δ

0

(
1− u∗(y)

(1 + ε̃)U∞

)
dy ≈

∫ δ

0

(
1− (1− ε̃)u

∗(y)
U∞

)
dy

= δreal1 + ε̃

∫ δ

0

u∗(y)
U∞

dy = δreal1 + ε̃

∫ δ

0

(
u∗(y)
U∞

− 1 + 1
)
dy

= δreal1 − ε̃δreal1 + ε̃δ = δreal1 (1 + 1.9ε̃). (A.4)

For the momentum loss thickness with the same assumptions and after neglect-
ing all second order ε̃ terms we get

δcf2 =
∫ δ

0

u∗(y)
(1 + ε̃)U∞

(
1− u∗(y)

(1 + ε̃)U∞

)
dy = . . .

= δreal2 (1− 2ε̃) + ε̃δ − ε̃δreal1 ≈ δreal2 (1− 2.91ε̃). (A.5)

The corresponding shape factor (Hcf
12 ) based on equations (A.4) and (A.5) then

read

Hcf
12 =

δreal1 (1 + 1.9ε̃)
δreal2 (1− 2.91ε̃)

≈ Hreal
12 (1 + 1.9ε̃)(1 + 2.91ε̃)

≈ Hreal
12 (1 + 4.8ε̃), (A.6)

which for 0.5% error of the free stream velocity, i.e. ε̃ = 0.005, will result in an
absolute error of ±0.03 of the shape factor.



APPENDIX B

Active turbulence generating grid

Free stream turbulence (FST) is usually generated with the use of grids, con-
sisting of circular or square bars. The scale and intensity of the FST is related
to the geometry of the grid, as for instance the mesh width (M) and the solid-
ity, where a higher solidity gives a higher turbulence level. In order to generate
different FST intensities without changing the set-up in the test section an ac-
tive grid was developed. The grid is active in the sense that it ejects secondary
fluid jets into the fluid upstream, i.e. counterflow injection. A thorough study
on such an active grid was carried out by Gad-El-Hak & Corrsin (1974) where
both coflow and counterflow injection was compared with the zero injection
case. They show through a simple analysis that in the zero injection case the
FST intensity is proportional to the square root of the coefficient of static pres-
sure drop over the grid. Even though an expression of this coefficient may be
derived for the injection case the relation to the FST intensity could not be
derived. Gad-El-Hak & Corrsin (1974) concluded that the effects of injection
are simply too many and complicated. One would have to consider e.g. the
effects on the boundary layers around the grid elements, the turbulence levels
near the jet exits, and the stability of the system of jets. The experimental
investigation revealed that coflow injection reduces the rod wake width, hence
lowered the effective solidity, and reduces the static pressure drop across the
grid. This in turn leads to a smaller turbulence level at a prescribed distance
downstream. In contrary, the counterflow injection increases the effective solid-
ity with increasing jet strength and consequently gives a larger static pressure
drop across the grid resulting in larger FST levels. The effective solidity was
visualized by means of hydrogen bubble flow technique. The authors claim that
the counterflow injection generates higher turbulence energy as well as larger
scales, both events being associated with the instability of the jet system.

B.1. Design

The active grid was built to be placed in the test-section of the MTL-windtunnel
at KTH. The grid consists of a rectangular frame with dimension 1.2×0.8
(width×height, identical with the test-section dimensions). Each side of this
frame is separated from the others and consists of a brass pipe with an outer
diameter of 15 mm (wall thickness = 1 mm) and has two inlets for secondary air
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in order to reduce the pressure drop inside the grid. A total amount of 33 brass
pipes, 20 vertically and 13 horizontally, were then soldered to the frame. These
pipes has a diameter (dp) of 5 mm (wall thickness 0.9 mm) and are located
to give a mesh width M=50 mm (square) which corresponds to a geometrical
solidity (Sg) of 0.19. The jet orifices have a diameter of 1.5 mm and are in the
present set-up directed upstream. The orifices are concentrated to the middle
section of the grid with a total amount of 254 (12 horizontally × 12 and 11
vertically × 10, see figure B.1 for an illustration of the grid geometry). The
secondary air is supplied to the grid through flexible rubber tubing connected
to the inlets at the frame. The air is driven by a modified vacuum cleaner
(1 kW) and the jet strength was regulated by a transformer. In the present
study three injection rates are used, denoted as P = 0 (no injection), 100 and
200 V, where P is the voltage supplied to the vacuum cleaner. A fine screen
was positioned on the downstream side of the frame in order to improve the
homogeneity of the flow.

Jet orifice (d = 1.5 mm)

M0.
8 

m

1.2 m dp

Figure B.1: Active grid with main measures.

B.2. Characteristic data of the active grid

B.2.1. Turbulence decay

Downstream of the grid the turbulence decays and the typical power-law decay
can be described according to

Tu =
urms
U∞

= C(x− x0)b, (B.1)

where x0 is a virtual origo, the constant C and exponent b are parameters to
be determined through curve fit to experimental data.

In figure B.2 the downstream development of the turbulence intensity (Tu),
of the active grid is shown. The different injection rates are plotted together
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Figure B.2: Turbulence decay for different injection rates. The curves are fitted
to experimental data according to equation B.1 for a given b = −0.5.

with the zero injection case for comparison. The grid distance upstream the
leading edge was fixed at x = −1400 mm corresponding to 28M from the
leading edge of the plate. The curve fits are done for Tu with equation B.1
with b = −0.5, which can be shown to be the actual value of b for fully isotropic
turbulence decay. The virtual origin has been determined consistently by taking
the intersection point with the x/M -axis when 1/Tu2 = x/M is plotted. A
new virtual origin was determined for all three cases and are given in figure B.2
together with the value of the constant C. This figure clearly shows the increase
of Tu with increasing injection rate for all downstream positions from the grid
position.

In figure B.3 the isotropy measure vrms/urms is plotted as a function of
the downstream distance. The figure shows a nearly isotropic turbulence for all
three cases at x = −400 mm downstream the active grid, which is in agreement
with the rule of thumb that 20M is needed to establish a nearly isotropic turbu-
lence behind a grid. All three cases have an isotropy measure above 0.9 and the
highest Tu seem to achieve the highest degree of isotropy. According to Groth
& Johansson (1988) several investigations have reported that the turbulence
behind a grid retains a small degree of anisotropy over a very large downstream
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Figure B.3: The isotropy measure vrms/urms as a function of the downstream
distance. (2) P = 0 V, (◦) P = 100 V, and (�) P = 200 V.
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Figure B.4: Pressure distribution vs the downstream distance for different in-
jection rates.

distance (up to 400M). They report fast return to a nearly isotropic state and
explains that the main source for a persisting anisotropy may be large-scale
anisotropic turbulence on the upstream side of the grid and that the return to
isotropy depends on the macroscale (i.e. integral scale) Reynolds number.

The measurements on the active grid were carried out in connection with a
flat plate boundary layer experiment and a large effort was taken to get a zero
pressure gradient on the plate (starting at x = 0 mm). This gives rise to a small
acceleration in front of the plate. However as can be seen from the pressure
coefficient (Cp) plotted versus the downstream distance in figure B.4 the mean
flow condition stays the same despite the injection from the grid. Since the
injection give rise to a larger blockage the rotational speed of the wind-tunnel
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fan is increased to compensate for this until the same velocity, measured with
a Prandtl tube at a reference position, is achieved. This indicates that the
increase of Tu with increasing injection is real, i.e. it is not due to a mean
velocity decrease.

B.2.2. Turbulence scales

In addition to the turbulence intensities generated by the grid, the FST scales
are of interest. In a turbulent flow the scales ranges from the smallest Kol-
mogorov scale (which can be determined from the turbulence decay) to the
largest geometrically allowed.

The smallest energetic timescale is called the Taylor microscale (λt) and
this scale can be estimated directly from the autocorrelation function. Also the
the integral (macro) timescale (Λ) can be obtained from the autocorrelation
and is defined as

Λ =
∫ ∞

0

Ruu(τ )dτ, (B.2)

where R(τ ) is the autocorrelation function defined as

Rij(τ ) ≡ ui(t)uj(t′)
ui(t)uj(t)

,

with τ = t′ − t. Through Taylor’s hypothesis (frozen turbulence approxima-
tion) the length scales can then be determined and should agree with scales
determined from two point spatial correlation functions. This hypothesis holds
for u/U∞ � 1 and states that u(t) ≈ u(x/U). It is hard to estimate the
Taylor lengthscale from spatial correlation measurements since this needs a
well resolved correlation coefficient curve for small separations. Therefore the
timescale is usually determined and the use of Taylor’s hypothesis is used to
convert to a length scale.
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Figure B.5: The function of equation B.4 (solid line) is plotted together with
expression B.3 (◦) for determination of λt.
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Figure B.6: Autocorrelation comparison between different injection rates and
for different downstream positions. a) x = −350 mm, b) x = 0 mm, c) x = 1000
mm, and d) x = 2000 mm. (solid) P = 0 V, (dashed) P = 100 V, and (dash-
dotted) P = 200 V.

The Taylor microscale can be defined as

λ2
t ≡ 2

u2

(∂u/∂t)2
.

This expression is derived through Taylor series expansion of the correlation co-
efficient function (see e.g. Hinze (1975) or Tennekes & Lumley (1997)) and was
used here to determine the Taylor length scale. The same procedure as Hallbäck
et al. (1989) was used with the exception of approximating the time derivative
of the signal with ∆u/∆t. First the measured (denoted by subscript m) time
scale is computed according to

λ2
tm = 2

u2

(∆u/∆t)2
(B.3)
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Figure B.7: Spatial correlation comparison between different injection rates and
for different downstream positions. a) x = −400 mm, b) x = 0 mm, c) x = 400
mm, and d) x = 1000 mm. (2) P = 0 V, (◦) P = 100 V, and (�) P = 200 V.

for decreasing ∆t (i.e. increasing sampling frequency) and then the expression(
λtm
λt

)2

= 1 + β
∆t
λt

(B.4)

is fitted to data in the region 0.1 < ∆t/λt < 0.35, which was suggested
by Hallbäck et al. (1989) (for increasing downstream distance the lower limit
is though shifted towards higher values). λt is then accurately obtained and in
figure B.5 the data and the curve fit are shown. Hallbäck et al. (1989) reported
that for very small ∆t the effect of electrical noise and insufficient resolution in
the AD-converter gives a too low value of the microscale which can be observed
in figure B.5 for low ∆t values.

The autocorrelation function is shown in figure B.6 for the three different
injection cases at four different downstream positions. The autocorrelation is
calculated from a 60 sec long time signal sampled at a frequency of 25 kHz.
In the figure η is the corresponding spatial separation obtained using Tay-
lor’s hypothesis. There is a relatively small difference between the three cases,
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Figure B.8: The Taylor (λ) and the Integral (Λ) lengthscale evolution. (2, ∗)
P = 0 V, (◦, ×) P = 100 V, and (�, +) P = 200 V. (∗, ×, +) denotes λ and
filled markers of Λ are from spatial correlation measurements and unfilled from
the autocorrelation.

although a tendency for the highest injection rate to be correlated over the
longest times. It is however clear that a typical correlation time increases with
downstream distance for all three cases. Similar results are obtained from spa-
tial (in the spanwise direction) correlation measurements using two hot-wires.
Results from such measurements are shown in figure B.7. At x = 40M the
correlation functions clearly show that the scales increase with increasing in-
jection, whereas further downstream the differences between the three cases
decrease. It is also seen that the correlation extends over larger distances when
x increases which is in accordance with the results obtained from the autocor-
relation function.

In figure B.8 the downstream evolution of λ and Λt,z, respectively, are plot-
ted. For the calculation of Λ through expression B.2 the above integration limit
was truncated at τ = 0.1 sec for the autocorrelation and ∆z = 70 mm for the
spatial correlation. From the timescale to the length scale Taylor’s hypothesis
was used. The integral length scales obtained from the spatial correlation is
slightly smaller than the one obtained from the autocorrelation, which is in
agreement with theoretical results for isotropic turbulence. The lengthscales
are seen to grow in the downstream direction and the Taylor lengthscale seem
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Figure B.9: Energy spectra at different downstream positions (x = [-450 -250
0 400 800 1400 2200] mm) for the zero injection case.

to increase slightly with increasing injection which is in agreement with Gad-
El-Hak & Corrsin (1974).

B.2.3. Energy spectra

The energy spectra gives a good overview of the turbulent scales for the dif-
ferent injection rates. If the energy distribution over the frequencies are the
same it is most likely that they also share the same energetic scales, i.e. tur-
bulent lengthscales. In figure B.9 the energy (f · E) is plotted versus the
frequency (log(f)) (dashed-line) for the no-injection case. It shows clearly that
the main energy content moves towards lower frequencies with downstream
distance, indicating an increase (in size) of the integral lengthscale (most en-
ergetic scale). The solid lines represents the total energy when normalized to
unity for all positions. In the top left corner of this figure the total kinetic
energy ((ū2/2)tot =

∫∞
0
fEd(log f)) is plotted versus the downstream distance

and can be compared with the Tu decay plotted in figure B.2.
The energy spectra (normalized to make the total kinetic energy equal to

unity) for all three injection rates are compared in figure B.10 at different down-
stream positions. This figure shows that the variation of the energy distribution
is small for the different injection rates, although a slight shift towards lower
frequencies can be seen for increasing injection. It is also clearly seen that the
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Figure B.10: Energy spectras at different downstream positions for all three
injection rates. (solid) P = 0 V, (dashed) P = 100 V and (dash-dotted)
P = 200 V.

maxima in the distributions move towards lower frequencies with downstream
distance. A similar increase in the turbulence scales was observed in figure B.8.
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Freestream turbulence is maybe the most important source to force by-pass
transition in boundary layer flows. The present study aims at describing the
initial growth of streamwise oriented disturbances in the boundary layer and
relate this growth to recent theories of non-modal growth of such disturbances,
but also to lay the ground for a predication model for free stream turbulence
induced transition. It is shown that the initial growth is linear and proportional
to the free stream turbulence energy. The spanwise scale of the disturbance
does not change in the downstream direction and is probably determined by
the scale of the free stream turbulence.

1. Introduction

It is known from both flow visualization and hot-wire measurements that a
boundary layer subjected to free stream turbulence (FST) develops unsteady
streaky structures with high and low streamwise velocity (for a review see
Kendall, 1998). This leads to large amplitude, low frequency fluctuations in-
side the boundary layer although the mean flow is still close to the laminar
profile. Figure 1 shows a visualization of a typical boundary layer transition
induced by free stream turbulence. It is apparent that the free stream tur-
bulence gives rise to longitudinal structures in the flow with a relatively well
defined spanwise scale. The streaks are subsequently seen to develop a stream-
wise waviness of relatively short wave length, which develops into turbulent
spots. Quantitative measurements of this scenario, especially growth rate and
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scales of the longitudinal streaks, are important to obtain accurate physical
modeling of these processes and they are also needed for development of a
reliable prediction method.

Figure 1: Flow visualization of streaky structures in boundary layers affected
by free stream turbulence. Flow direction is from left to right. Tu=2.2 %,
U∞=6 m/s.

Several experimental studies have recently investigated transition under
the influence of free stream turbulence. Kendall (1985) observed low-frequency
fluctuations in the boundary layer that grows in linear proportion to x1/2 (i.e.
proportional to the laminar boundary layer thickness, δ). He also observed
the occurrence of elongated streamwise structures with narrow spanwise scales
(in the following denoted streaky structures). Also Westin et al. (1994) made
detailed measurements of a laminar boundary layer disturbed by free stream
turbulence and showed among other things that the Blasius profile was only
slightly modified, despite urms levels of about 10 % inside the boundary layer
before breakdown. They also confirmed that the growth of urms was propor-
tional to x1/2. In a theoretical analysis of non-modal growth in boundary layer
flow, Luchini (1996,1997) found that if optimal perturbations were used, i.e.
perturbations that maximize the energy growth, the energy growth was pro-
portional to x (or equivalently the streamwise disturbance velocity increased
as x1/2). In his analysis the spanwise wave number (β) was kept constant and
at a given x the optimal growth was obtained when βδ=0.45. This would sug-
gest that the average spanwise spacing of streaks would increase as x1/2 in the
downstream direction, however in a physical experiment the spanwise scale is
strongly influenced by the scale of the free stream turbulence.
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The present investigation focuses on the streamwise and spanwise scaling of
the streaky structure in boundary layer flow which is subjected to free stream
turbulence. The experiments were made in the MTL wind tunnel at KTH
where a 2 m long test plate was mounted horizontally in the test section. The
free stream turbulence was generated by grids of various size placed at the
start of the test section. Three different grids were used to generate turbulence
levels (Tu) in the range 1.4 to 6.7% at the streamwise position of the plate
leading edge, and the free stream velocity was in the range 2 to 14 m/s. One
of the grids is active, i.e. the grid consists of pipes with small orifices directed
upstream from which air is injected into the flow. By varying the flow rate
the turbulence level in the test section can be changed without significantly
changing the turbulence scale. A traversing system allows movements along
the test section and normal to the plate. At the end of the sting a small
traverse was mounted which allows one probe to be moved in the spanwise
direction, whereas another probe was fixed to the sting, so that the two probes
were located at the same distance from the wall. This enables measurements
of the spanwise correlation which in turn makes it possible to calculate two
dimensional spectra (using Taylor’s hypothesis in the streamwise direction).

2. Results

A contour map of the spanwise correlation of the streamwise velocity fluctua-
tions in a plane normal to the stream direction is shown in figure 2. At y=4
mm, which corresponds to the middle of the boundary layer, the minimum
value of the correlation is less than -0.3 while in the outside of the boundary
layer (y >10 mm) the correlation never becomes negative. In the boundary
layer, the spanwise separation at the minimum correlation is about 12 mm, in-
dependent of the distance from the wall. This result and the observation of low
frequency fluctuations in the velocity signal indicate the existence of unsteadt
streaky structures in the boundary layer.

The spanwise correlation measurements with two hot wires can be used to
obtain two-dimensional power spectra in the streamwise and spanwise direc-
tions by Fourier transformation. Two-dimensional wave-number spectra ob-
tained at y/δ=0.5 are shown in figure 3. The peak of the spectrum in figure 3a
is located at the streamwise wavenumber α=0 and the spanwise wavenumber
β=0.25 mm−1, which shows the longitudinal streaky character of the distur-
bance.

The spectrum at a position further downstream as shown in figure 3b does
not change if the streamwise wavenumber is scaled with δ∗ (δ∗ is the displace-
ment thickness which is proportional to x1/2) and the spanwise wavenumber is
kept dimensional. It is worth noticing that the energy density is scaled with
x3/2, which shows that the total disturbance energy is proportional to x. The
energy growth is in accordance with the result of Luchini (1997), however the
constancy of the most amplified spanwise wave number is in contrast with the
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theory. The spectral distribution with this scaling was found to be similar also
at other free stream velocities.

Figure 4 shows the transition Reynolds number as function of the free
stream turbulence level for several different grids, including the active grid.
Also included in the graph is a curve proportional to Tu−2. The transitional
Reynolds number is determined at the position where the intermittency γ was
estimated as 0.5. The agreement between the curve and the measured transition
points is remarkable.

Figure 5 shows data from the same measurements as in figure 4. In figure 5a
the streamwise disturbance energy (E = (urms/U∞)2), measured at y/δ∗=1.4,
is plotted as function of Rex. A typical curve shows an initial nearly linear
growth, after which it reaches a maximum and then asymptotes to a constant
level. The maximum is closely related to the point of γ=0.5, i.e. at this point
the flow alternatively consists of laminar portions and turbulent spots. The
higher the Tu, the smaller the Rex, for which the maximum occurs. Figure 5b
shows the maximum value of each curve which slightly decreases with the peak
Reynolds number. This is consistent with the idea that when Rex increases
the disturbance threshold for breakdown will decrease. Figure 5c shows the
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Figure 2: Contour map of spanwise correlation in yz -plane. Dashed lines rep-
resent negative contours. Number of points in y are 15, in z are 26. Tu=1.5%.
U∞=5 m/s. x=1600 mm.
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Figure 3: Two dimensional wave number spectra. Tu=1.5 %. U∞=5 m/s. (a)
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square root of the slope of the linear region for all the curves in figure 5a
and it can be seen that this quantity is proportional to Tu (or equivalently
the slope is proportional to the energy of the FST). This strongly indicates
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Figure 4: Transitional Reynolds number (defined from γ=0.5) as function of free
stream turbulence level. Open circles denotes measurements with the active
grid, other symbols are various passive grids.
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that there is a linear response between the free stream disturbances and the
disturbance amplitude in the boundary layer. This result and an assumption
that the breakdown occurs at a nearly constant level of the disturbances in the
boundary layer lead to a simple transition criterion, i.e. that the transition
Reynolds number is proportional to Tu−2 as shown in figure 5a. In figure 5d
the measured points are plotted where the x-axis has been scaled with the
interpolated x-value for which E=0.01. As expected all points fall nicely onto
one curve, however the most interesting feature is that a line fitted through the
points will cross the abscissa at some positive value of x. This shows that there
is a receptivity process after which the disturbance starts to grow linearly.
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Figure 5: (a) Streamwise turbulent energy as function of Rex for various free
stream turbulence levels. Measurements are made at y/δ∗=1.4, (b) the max-
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Slope of line as function of Tu. (d) Measured points in (a) where horizontal
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3. Conclusions

The present study shows through detailed measurements that the structure of
a laminar boundary layer which is affected by free stream turbulence develops
longitudinal structures. The amplitude of the disturbance increases as x1/2.
Two-point measurements also give quantitative spatial data showing that the
spanwise size of the disturbance does not grow in the downstream direction but
probably is given already by the receptivity process. The transition Reynolds
number seems to decrease as Tu−2 which is in accordance with the model
proposed by Andersson, Berggren, & Henningson (1999). Correspondingly the
growth of the disturbance energy was shown to be proportional to Tu2.
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Errors in hot-wire X-probe measurements due to unsteady velocity gradients
are investigated by a comparison of hot-wire and LDV-measurements (Laser
Doppler Velocimetry). The studied flow case is a laminar boundary layer sub-
jected to high levels of free stream turbulence, and the hot-wire data shows
a local maximum in the wall-normal fluctuation velocity inside the boundary
layer. The observed maximum is in agreement with existing hot-wire data, but
in conflict with the present LDV-measurements as well as existing results from
numerical simulations. An explanation to the measurement error is suggested
in the paper.

Introduction

It is well known that strong spatial mean velocity gradients can distort mea-
surements obtained by hot-wire X-probes if the size of the probe can not be
considered small as compared to the flow structures in question. In some cases
correction procedures can be applied with success, for example Cutler & Brad-
shaw (1991) applied a linear correction procedure to correct X-probe measure-
ments of the spanwise velocity component in a boundary layer1. In a recent
paper by Talamelli et al. (2000) errors observed when measuring the wall-
normal component in a boundary layer was thoroughly investigated using a
special probe which allowed a continuous variation of the relative displacement
of the two wires of the probe. Both first and second order correction terms
could be estimated, and successful corrections of the mean normal velocity (V )
as well as the turbulent shear stress (uv) were shown.

The free stream turbulence (FST) induces unsteady streaky structures of
high and low streamwise velocity inside the boundary layer (for more details,
see e.g. Westin 1997, Matsubara & Alfredsson 2001). This can be observed
as a large amplitude low-frequency fluctuation primarily in the streamwise
1In the present paper the streamwise, wall-normal and spanwise directions are denoted by x,

y and z, and the corresponding velocities with U , V and W .
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Figure 1: Profiles of a) urms and b) vrms in the pseudo-laminar boundary layer
at Tu = 1.5% (U0 = 8 m/s). The different x -positions are 100 mm (R =
400) (+), 250 mm (R = 630) (4), 500 mm (R = 890) (�) and 800 mm
(R = 1120) (◦).

component (see figure 1). However, most available measurements of the wall-
normal fluctuations (Arnal & Juillen 1978, Roach & Brierley 1992 and Westin
1997), which are all obtained using X-wire probes, also reveal a local maximum
in vrms inside the boundary layer. This is in contradiction to both large eddy
and direct numerical simulations (Voke & Yang 1995, Rai & Moin 1991 and
Jacobs & Durbin 2001), which have not been able to reproduce this peak in
vrms. In addition to that, theoretical studies based on the concept of nonmodal
disturbance growth (often denoted transient growth, see e.g. Andersson et al.
1999) do not predict any spatial amplification of the wall-normal disturbance
energy.

To clarify this discrepancy between experimental results and computations
it was decided to compare measurements with hot-wire anemometry (HWA)
and Laser Doppler Velocimetry (LDV) in a laminar boundary layer subjected
to FST (sometimes denoted a pseudo-laminar boundary layer). In addition
to experimental results, an explanation to the observed measurement error is
suggested.

Experimental and evaluation techniques

The experiments were carried out in the MTL wind tunnel at KTH. The results
shown in figure 1, which in the following will be denoted the “old” data, were
measured on a 4 m long flat plate with a turbulence level of 1.5% at the leading
edge. For more details about the experimental set-up and the grid generated
turbulence, see Westin et al. (1994). The so-called “new” results shown in
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Figure 2: Profiles of a) urms and b) vrms in the pseudo-laminar boundary layer
at Tu = 1.5% (U0 = 4.5 m/s) and x = 700 mm (R = 790). ◦ HWA-data; �
LDV-data.

figure 2 were obtained on a slightly different 6 m long flat plate, but otherwise
the two experimental set-ups were similar.

In the HWA-technique an X-probe was used to measure the streamwise
and wall-normal velocity components operating in CTA mode. The probe was
made of 2.5 µm platinum wires and had a measurement volume less than 1 mm3

(side length ≤ 1 mm) for the new data (figure 2). The old data (figure 1) was
taken with a smaller probe with a wire separation of 0.5 mm. The calibration
was done at different angles and flow velocities, and two fifth-order polynomials
were fitted to the calibration data, giving U and V as functions of the obtained
voltage pair (E1,E2).

In the LDV-measurements an integrated one dimensional laser-optics unit
was used, including a 10 mW He-Ne laser of wavelength 632.8 nm. A beam
expander was mounted to the lens to reduce the measurement volume, which
can be approximated as an ellipsoid with axes lengths 0.14 mm and 2.4 mm. To
be able to measure the wall-normal component close to the wall the probe has
to be inclined. This causes an error which in the present case was estimated to
be less than 0.2%. To provide a uniform seeding smoke from a smoke generator
was injected downstream of the test section in the closed-loop wind tunnel.

The LDV-data presented are residence time weighted, i.e. each particle is
weighted with its transit time. The LDV-unit only allows fixed bandwidths to
be changed by the user, and the choice influences the background noise level
in the measured data. In the present flow case with a dominant mean flow
direction along x it was possible to choose a more narrow (and better suited)
bandwidth for the wall-normal component than for the streamwise one. In
the present study two different bandwidths were used for the measurements of
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Figure 3: Illustration of the moving high- and low-velocity streak in relation
to the stationary X-probe. By assuming a positive wall-normal velocity com-
ponent (E1>E2) the effect of the moving streaks on the Reynolds stresses is
illustrated.

the streamwise component. However, to compensate for the background noise
the urms-profile is corrected by subtracting an appropriate constant noise level
which was chosen in order to fit the free stream values to the corresponding
HWA-data.

Results and discussion

Due to the presence of the wall the V -fluctuations in the free stream are damped
when approaching the wall (see e.g. Hunt & Graham 1978). In figure 1b and 2b
the damping can be seen also outside the boundary layer edge (which is located
at y/δ∗ ≈ 3). Inside the boundary layer both the HWA and the LDV predict a
large amplitude peak in the urms, and after the correction of the LDV-data to
obtain a correct rms-level in the free stream both methods showed a maximum
amplitude inside the boundary layer of approximately 4.5% (see figure 2a).

When comparing the vrms-profiles the two measurements agree quite well
in the damped region outside the boundary layer edge, but closer to the wall
it is evident that the HWA-data generates a virtual maximum. The LDV-data
is damped all the way down to the wall, which is in agreement with DNS-data
(see e.g. Rai & Moin 1991 and Jacobs & Durbin 2001). It is also interesting
to note that the relative magnitude of the erroneous peak in vrmsis larger in
figure 2b than in 1b, i.e. the larger probe size in the new measurements results
in larger errors.
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The explanation to the virtual maximum in vrms obtained with HWA can
be understood if one considers that the disturbances in the pseudo-laminar
boundary layer is dominated by longitudinal streaks with high and low stream-
wise velocity. This is illustrated with solid and dashed circles in figure 3. Since
the V -component is obtained from the voltage difference between the two wires,
a spanwise gradient in U will be erroneously detected as a wall-normal compo-
nent. Depending on the sign of ∂U/∂z and the direction of the movement of the
streaks four different scenarios are possible of which one is shown in figure 3.
The outcome of the other three is similar. It can be seen that the off diagonal
element uv in the Reynolds stress tensor becomes zero, while there are non-zero
contributions to both urms and vrms. Since in this simplified illustration both
vrms and uv should be zero, it is clear that the error due to unsteady spanwise
gradients primarily will appear in measurements of the wall-normal fluctuation
level.

In the present study only laminar boundary layers subjected to FST have
been considered, which is a case where the described error becomes clearly vis-
ible due to the very small level of wall-normal fluctuations. However, the same
gradient effect will distort measurements also in other cases. For example in the
near-wall region of a turbulent boundary layer u-velocity streaks are common,
and vrms-profiles obtained with HWA in this region are certainly overestimated.
The smaller spanwise scales in the turbulent boundary layer as compared to
the pseudo-laminar one further enhances the effect of the measurement error.
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