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The correlation between the fluctuating particle and gas velocity in isotropic turbulence is studied with a
set of stochastic differential equations taking into account both particle-particle collisions and the particle
feedback on the turbulence. The principal aim of this work is to use the Langevin equations to formulate
closures for two-fluid gas-particle flow models. Using It6 calculus we derived solutions for the turbulent
kinetic energy of the particle phase and the particle-gas velocity correlations. If particle-particle collisions
and particle feedback on the turbulence are neglected the new relations approach the ones derived by
Tchen and Hinze but if these effects are included additional terms in the relations appear. In this study
we only use a very simple model for the particle-particle collisions. The new relation and the classical
relation of Tchen and Hinze for the particle turbulent kinetic energy as well as a relation based on the
kinetic theory of granular flows have been implemented in a two-fluid model for turbulent gas-particle
flow in a channel in order to make comparison for different particle Stokes numbers. Results show that
while the two-fluid model using Hinze’s relations only gives good results for small Stokes numbers, the

new relation yields significant improvements for a large range of Stokes numbers.

© 2011 Elsevier Masson SAS. All rights reserved.

1. Introduction

One approach to predict particle-laden turbulent flows is to use
a two-fluid model with, for example, K; — € and K; — @ models for
the gas-phase turbulence and additional equations for the particle-
phase [1]. This approach requires relations for the particle kinetic
energy, Kp, which in general is a function of the particle response
time, 7, and the particle volume fraction.

Turbulent gas-particle flows can be divided into three regimes.
At very low particle volume fractions, i.e. <107°, particles with
small response times, 7, will be governed by the turbulence and
the ratio between the particle and the gas phase mean turbulent
kinetic energy can be modelled according to

K1

K= = (1)
Ke 1+
D . . .
where 7, = 1?; g‘;g is the particle response time, p,, D, and

v are the particle density, particle diameter and the kinematic
viscosity of the fluid, respectively, and T; is the Lagrangian macro
time scale of the turbulence. When 7, approaches zero the particle
kinetic energy will approach the gas phase kinetic energy, K.
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Eq. (1) was derived by Hinze [2] and gives good predictions of K,
for small 7, and small particle volume fractions [3]. The model
has been used by for example [4-6]. As particle volume fraction
increases to 10~ particle-particle collisions will start to influence
the flow field [3,7]. However, this is not taken into account in the
expression above. For particle volume fractions larger than 103
particle-particle collisions will dominate the flow. The common
approach to model K, for larger particle volume fractions is to solve
a transport equation for K, based on the kinetic theory of granular
flows [8].

The purpose of this work is to derive an analytic expression
for the ratio « that is valid for particle volume fractions where
particle-particle collisions have an impact on the flow field. The
new expression for « is derived, starting from a simple set of
stochastic differential equations describing turbulent particle-
laden flows. The momentum transfer from the particles to the
fluid, i.e. two-way coupling, and diffusion due to particle-particle
collisions are incorporated in the present model. These two effects
were not included in the analysis by Hinze [2].

The developed model here as well as Hinze’s model and the
kinetic theory of granular flows [9] are implemented into a two-
fluid model. Model simulations of turbulent gas-particle channel
flow with the three models are compared with experiments for
different Stokes numbers. It is found that the present model can
significantly extend the range of Stokes numbers where K}, can be
predicted without solving a transport equation for K.
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2. Stochastic modelling of particle kinetic energy

Stochastic differential equations can be used to study different
flow phenomena. Originally the Langevin model was used as a
stochastic model to describe the motion of microscopic particles
(Brownian motion), but it is also a good model to describe the
motion of a fluid particle in turbulence. Several studies have
previously used this model in different ways, for example the so-
called generalised Langevin model has a corresponding Reynolds
stress model [10,11] and can thus be used for turbulent flow
predictions, the difference being that in the former approach there
is no need for closures of third- and other higher-order velocity
correlations since they are specified exactly. Stochastic equations
have furthermore been used to model subgrid scale motions [12],
to study atmospheric dispersion [13-15] and to develop a three
dimensional model for the motion of particle pairs in order to study
the particle concentration variance in isotropic turbulence [16].

Stochastic differential equations have found a fruitful applica-
tion not only in single phase flow modelling but also in the mod-
elling of turbulent two-phase flows, see for example [17-19] who
present extensive reviews on the use of Langevin equations to
model the motion of particles in the context of polydispersed two-
phase turbulent flows. The Lagrangian approach in Langevin mod-
els is a natural way to describe the fluctuating particle motions in
turbulent flows. Models based on Langevin equations, which are
sometimes coupled to Reynolds-stress models for the flow field in
a hybrid approach, have been applied for instance to bluff-body
gas-particle flows [20] and to study particle deposition in turbu-
lent flows [21-23]. Although Langevin models can be applied to
real two-phase flow applications, in some cases it might be more
convenient to use Eulerian two-fluid models instead, for example,
such models can easily be implemented in a single-phase flow code
without having to change the numerical methodology. The basic
idea of the present work is to utilise the more complete descrip-
tion of the particle fluctuations in Langevin models in order to find
expressions for fluid-particle correlations that are unclosed in two-
fluid models of turbulent gas-particle flows.

The simplest stochastic diffusion process giving a statistically
stationary solution for t — oo is called the Ornstein-Uhlenbeck
process and has the corresponding Langevin equation for the fluid
particle velocity [11]

dt 20 12

du(t) = -U(t)— + | — dw(t), (2)
T, T,

where 6§ = 2K and w is a Wiener process. The first term on

the right hand side (R.H.S.) represents the deterministic drift and
the second term on the R.H.S. represents the diffusion. Due to
the irregularity of the noise the process is not differentiable and
standard tools of differential calculus cannot be used. Instead an
It6 integral is defined from which the Itd calculus follows. The
differential of a stochastic process Y (t) = g(t, U(t)) where U(t) is
given by (2), can be obtained by Taylor expanding Y (t) up to second
order and then using the following rules

Eldw - dw] = dt, E[dt - dt] =0, E[dt -dw] =0 (3)

and E[-] denotes the expected value. For more background about
It6 calculus see [24].

Assuming isotropy the turbulent kinetic energy can be ex-
pressed as K = %(u/u’) where /' is the fluctuating velocity and {-)
is the average. The fluctuating part is defined as v’ = U — (U).
The variance of the process U(t) defined in (2) is var(U(t)) =
E[(U(t) — E[U(H)]D?].

In this study we use a Langevin equation to model gas
phase turbulent velocity seen by the particle, Ug, and an
additional stochastic differential equation for the fluctuating

particle velocity, U,. Basically, we follow the same approach
as in many previous studies, e.g [20,19]. A Langevin model in
general defines the one-point probability density functions of all
statistical moments [17,18]. A major beneficial feature of such a
model is therefore that the correlations between the gas-phase
and particle velocity are specified by the Lagrangian stochastic
equations and do not require additional closures. Instead, we use
the Langevin equations to derive expressions for fluid-particle
velocity correlations in a Eulerian two-fluid model where they are
unclosed. Minier & Peirano [17] already showed how a Langevin
model can be used to deduce Tchen’s expression for the fluid-
particle velocity correlations. In this study we advance this idea.

We assume here statistically stationary and isotropic turbu-
lence and negligible effects of particle inertia on the Lagrangian
time scale of the gas-phase seen by the particle. Later we will also
take the stationary limit of the particle statistics. The governing
equations for the gas-phase fluctuations seen by the particles and
the fluctuating particle velocity then read [19]

1
Ugdt U, —U, 202\ 2
dUg = — 2 42— “Edr + (i> dwg (1)
TI. Tp TL
~———
Drift Drag “noise” (4)
UP B Ug
du, = — dt + Cdw, ()
Tp —
— “noise”
Drag

which is appropriate when the turbulence is homogeneous and
its statistics Gaussian [16]. The second term on the R.H.S. of the
gas-phase equation represents the particle feedback caused by the
Stokes drag where ¢ = @ /(1 — @) and @ is the particle volume
fraction. Using perturbation analysis it can be shown that 0 =
00+0(¢?). Since ¢ is rather small we will from here on use 0 = oy,.
If there is no preferential concentration of particles and therefore
no statistically biased sampling we can in addition assume that
002 = 2K;. For the particle phase the RH.S is represented by the
drag term and the diffusion due to particle-particle collisions is
represented by a Wiener process w, that is independent of the
Wiener process describing the fluid turbulence wyg, i.e. E[fwgw,] =
0. In this study, we use a rather simple model for the parameter C,
ie.
1/2

V,

1]

c=-2
T

: (5)

where vy, is the particle kinematic viscosity and . is a collision
time scale. The Langevin model presented here is the isotropic limit
of the one presented by Peirano et al. [19] but extended with a
particle-particle collision term.

In matrix form (4) can be expressed as

dX = AXdt + Kdw, (6)
where
(_l ¢\ @
_ (dUg _ (Ug . . 1 Ty
dx_<dup>’ X_(UP>’ A= 1 1
Tp Tp
1
2002>2
_ - 0 _ (dwg
(% aw = (404).

0 C
The following solution for X is obtained by solving (6) according to
the Itd calculus

t
X, = Xy + et f e MSKAW (s). (7)
0
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In order to get the solution to (7) an expression for A must be
found. To obtain this we solve a similar but non-stochastic system
of differential equations (DE) that gives the same value for A as (4),
i.e.
U’ U —-u
du; = —£dt +p-L—Edt
g T; ¢ Tp

8
-y, ®
du, = ————=dt.
T
In matrix form this can be expressed as
dX’ = AX'dt, (9)

where dX’ and X’ are defined analogous as above. The solution is
formally given by

X, = eMx], (10)
where X is the initial condition of X/. Its solution is written as a
linear function of the initial conditions

T ()\‘ze)uzt _ )\.‘1e)qt) e)\zt _ e)n]t
Uy = ( P + Ugo + | (1 4+ 7p20)

(A2 — A1) (A2 — A1)

o (A e)\.][ —A ekzt e)q[ _ ekz[
x(e“[-i- p(A1 2 )+( )) U, (11)
(A2 — A1) (A2 — A1)
U/ _ < ekz[‘ _ e)n][‘ ) U/
P\ (e —a) )
1 + 7 )\,1
4+ (et & P oMt _ ohaty | i 12
( =0 _}L])( ) | Upo (12)

where Aq and A, are given by Eq. (13), given in Box [. Since we, in
the expression for ag, neglect terms of order ¢?, it is suitable here
to expand the above expression, resulting in:

1 PT,

M=—— — —— 4 0(¢? 14
(e Bl (14)
__1__¢ 2

o= = 06, (15)

Now (11) and (12) are put into the matrix form (10) which gives
the following expression

eAt
o, (A e)uzt —A ek][ + ekzt _ e)qt
p( 2 1 ) (] +Tp)»1)
Tp(kz )\_t)\l) At Aqt At
x(@ﬁ+wuwl—w32)i$1—e25
T _
= e)»zt _pe)qzt ! (16)
tp(xz B )q)k t Aot
At (e r—en )
et (14 tphy) —— 2.
P (g = )
Then
eA(t—S)
Ty (hp€2(E75) — 3 1M1E=9) 4 @hat=9) _ et (1) — a)
_ rp()\Z — A1)
= era(t=s) _ ah1(t—9)
Tp(Ak2 — A1)

(1+-rpx1)(e*1“‘”

Tp()\.1e}”](t75) _ )\Zekz(rfs)) + (e)q (t—=s) __ ekz(tfs))
Tp()LZ — A1)
Aq(t=s) __ e)\z([—s))

Tp(A2 — A1)

e+ (14 15h0)

We can now go back to our original problem (4) and write its
solution (7) as

u (tp()\ze'”ﬂ — Apetl) 4 et2t — ettt
=

U, 1 A
0 — 1) ) g0 + (1+ 1pA1)

7. (A e)u]t —A e)»zt eA][ _ekzt
x(e“[+ p(A1 2e%2) + ( ))Upo

(A2 — A1)
1
t 20.2 2
[, (F)
s=0 \ IL

5 rp(kze’\Z(‘_s) — AqeME9) L eha(t=9) _ hp(t=9)
(A2 — A1)

t
- / C(1+ tyha) (e*l“‘”
s=0

tp(Alehl(t—s) _ )\Zekz(t—s)) + (e)q(t—s) _ eAz(t—s))
fp()\Z - A1)

dwg (s)

)dwp(s) a7

y = Xy, ( ST Cal _ekzt)> y
= U+ (e + T+ ) ———— | Upo
P Tp()nz _)\.‘1) P Tp()tz _)“1) ?

20.2 % t e}rz(f*5> _ ek](t—s)
+ (=2 / —————dwyg(s)
T s=0  Tp(Aa — A1)
t rq(t—s Ao (t—s)
_ (M9 — e2(t79))
+/ cle®™ 114+ h)—— 2 |dwy(s). (18)
5=0 ( P (A2 — A1) P

3 —_ AT /o L .
An expression for K, = (up,uy,), where u; = up; — Up;, can now be
calculated using

var(U,) = E[(U, — E[U,])*]. (19)

The expectation value for U, is

E[U ] e}uz[ _ e}\.][ U
P 02—
it (e)qt _ e)»zt)
el 14+ tph)—— | U 20
+< +( +p 1)Tp()\2_)tl)> pO ( )

and the variance then becomes

20_5 t ekz(tfs) _ ekl(tfs)
=0 / ——————dwg(s)
s

var(U,) = E
P |: T, Jimo (A2 —X9)

ft ekz(tfs) _ e)q(tfs)
« [ T )
s=0 Tp(ha — A1)

20.2 % t ekz(t—s) _ eA](t—s)
() [
TL s=0 tp()\Z - )\1)

t
></ C(e““s)—l—(l—l-rpk])
s=0

(e)q (t—s) __ e)uz ([75))
dw,(s
e

t
+ (/ C(eM + (1+1yn)
s=0

(M= _ ghalt=9)) 2
x TR )dwp(s)> ) (21)

We can now use a basic property of Itd integrals [25]. Suppose that
f,g [0, T] — R are It0 integrable. Then
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1T+ +oT £ \/TZ — 2117y + 2077 + 12 + 207, T, + ¢92T7

M2 =—= 13
12= =3 To) (13)
Box 1.
T T 00! Granular model
z{( | s ->dw<s>) ( | e .)dW@ﬂ oo0s | el
0 0 --—-Equation (1)
0.008 o Experiments
T o
= [ elres. gt 0)es. (22) i ’
0 0.006 H 1
This is used in (21) together with (3). The second term on the right 2" 0005
hand side is zero because dwg(s) and dw,(s) are independent of X
0.004
each other. var(U,) now becomes
0.003
2(72 t ekz(tfs) _ e)q(tfs) 2
var(Up) = -0 / E ( 5 : ) ds 0.002
L Js=o 7y (A2 — A1) 0.001 f+”
0 ‘ ‘ ‘ ‘
0 0.1 02 03 0.4 05

t eM(t=s) _ ara(t=s)
4 / Oc2<e)q([5) +(1+Tp)\.])( )
s=|

Tp(Aa — A1)
A1(t—s) _ aAp(t—s)
A (t—s) (e € )
x | e + (14 111) ds. (23)
( NP (

Solving the integrals and letting t — o0, since the stationary case
is considered, var(U,) finally becomes

lim var(Up)
t—00
og 1
tZhra(Aa + A1)

! 2%+ 250 4 31700 + 14 1245 + 2150,

24)
2 t2hida(A2 + A1)
Replacing A, and A, with (13), given in Box I, (24) gives
2 1+ 2 4+2¢+ ¢2LL
var(Up) = —0 4 C2g,— 1 iy (25)
1+ +¢>

2(1+ 2 +9)

An expression for the mean turbulent kinetic energy for the
particle phase, K, has now been derived. To get an expression for k
an expression for K, is needed. This is derived in the same manner
as described above. With the expression for Uy from (17), var(Uy)

becomes
T
1+ % +¢  2t20M(a +A2)
X (rpz)é + ZtS‘)L%)q + 1207 + 25,

var(Uy) =

+417 0001 + 2700 + 14250 + 7747). (26)
Replacing A1 and A, with Eq. (13), given in Box I, var(Ug) gives

2 LP
O' (1+ )+C2 ¢2TL

1+ 2 i '
TRt 2(1+2+9)

The ratio between particle and gas mean kinetic energy now
becomes

var(Ug) = (27)

27 T 2T,
K, Val‘(Up) 1 + el (l + l t20+¢ i) (28)
K= — = .
Kg Var(Ug) 1 + TIJ + 2 TIJ ¢2 TL

y/d

Fig. 1. Particle turbulent kinetic energy normalised with the centre line velocity
in the presence of 50 wm glass particles with mass loading 10% shown for the
granular model, simulations with Eq. (35), simulations with Eq. (1) and experiments
from [31].StT = 371.

Since ¢ terms are neglected in the approximation 0 = oZ one
should simplify (28) to

K=711p+—cz12" 1+-22_) 4 00?) (29)
1+ 2 207 142

ifalso ¢*T; /7, < 1.Here, two different dimensionless parameters

can be identified i.e., % and 2—2, the latter is a measure of the

relative influence of particle collisions. Using (5) we get
C’t, vy

200 12K,

where it is seen that collisions increase when the collisional time
scale decreases. If the collisional term is neglected i.e.,, C = 0, we
obtain Eq. (1).

The correlation between fluctuating fluid and particle velocities
(uglup,) is needed in the equation for K; when modelling particle
laden turbulent flows. The correlation (u;u’;) = cov(UgU,), where
U, and U, are given by (17) and (18) respectively. Using the same
method as above we get

002 c?
1 +Tp/TL+¢ 21’3}\.])\.2()\,1 +)\,2)

(30)

cov(UgUp) =
x (1 + 20,0 4 22) + T2 02 + 3haka +22)

+ phika(h + 22)) (31)

where A, and X, are given by (14) and (15). Neglecting terms of
higher order in ¢ we get:

cov(U,Up) = 3Kz ¢C* TP (1 - 7, /Ty)?
gp 1+7,/T + ¢ 2(1+ 1,/T))
+0(¢°). (32)

To zeroth order in ¢ this expression agrees with that of e.g. [26]
but disagrees with the often used expression [27]

(ugitth;) = 2¢/KgKp. (33)
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Fig. 2. Particle turbulent kinetic energy normalised with the centre line velocity. St* = 186 (a); St* = 93 (b); St* = 62 (c); St* = 27 (d).

Here we have used It6 calculus to find expressions for the fluid-
particle velocity correlations in the stationary limit but in [17] an
alternative approach is discussed.

3. Simulation of particle laden channel flow

We will now investigate the contribution of the second term
on the RH.S. in Eq. (29) in simulations of particle laden turbulent
channel flow. Although this equation has been derived assuming
isotropic turbulence we apply it to an inhomogeneous flow
since we consider this an exploratory step to develop improved
expressions for the fluid-particle velocity correlations in two-
fluid models. Note that Tchen’s expressions are also only strictly
valid for isotropic turbulence, but nevertheless they are widely
used for wall-bounded flows. In order to examine the influence
of the particle-particle collision term, C is modelled according to
Eq. (5) and the collisional time scale 7, in a shear flow is expected
to depend on the shear velocity. As a first simple approach it is
modelled as

1
dvy *
dy

T = (34)

More physics can of course come into the modelling of this
time scale, see for example, [28,29]. However, in this study we
use this simple expression that only takes into account what is
expected to be most dominant for our case. In order to model
Eq. (29) we here use 002 = %Kgo since the model simulation only
considers homogeneous isotropic turbulence. Furthermore, Kyo =
Kq|p=0, and 7. and C are modelled according to Eqgs. (5) and (34),
respectively. Using this the model for k now becomes (neglecting

Table 1

Parameters of the simulated cases. Here Re = U6 /v; where Uy is the bulk velocity
2

and § is the channel width, St* = % is the particle Stokes number based on

friction velocity u, and viscosity vg, @y is the initial particle volume fraction and m
is the mass loading.

Stt

Case Re Dy m
1 27600 371 5.107° 0.1
2 27600 186 6-107° 0.03
3 27600 93 6-107° 0.03
4 27600 62 6-107° 0.03
5 27600 27 6-107° 0.03

terms of O(¢))
2
du,
K1 3wen(F) (35)
= —_— = 7 .
K 1+ T 4K,

To validate the two expressions for Kj, Eqs. (1) and (35) have
been implemented into a two-fluid model [30] using a two-
equation K — w turbulence model with an isotropic eddy-viscosity
and a corresponding approach for the particle phase. The two-fluid
model gives vy, required in Eq. (35) and is implemented in a finite
element code. In Fig. 1 the two model simulations with Egs. (1)
and (35) are compared to fully developed particle laden upward
vertical turbulent channel flow experiments by Kulick et al. [31].
Computations with a two-fluid model based on kinetic theory of
granular flows for the particle phase [9] have also been carried out.
The parameters of the simulations (case 1) are listed in Table 1.
Two-fluid model simulations using Eq. (35) give a larger K, than a
simulation using Hinze’s model (Eq. (1)), especially around y/§ =
0.15 where the model using Eq. (35) predicts values more than 50%
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larger and agrees well with the experiments. However, the peak
of K, in the near wall region is neither captured by simulations
using Eq. (1) nor (35). In this region the granular model has the
best agreement with experiments while for y/§ > 0.15 both
the present model and the granular model agree fairly well with
experiments. Simulations using Eq. (1) predict too low values of K,
in the whole region.

To investigate the effect of the three different models of K}, two-
fluid model simulations with the different models are compared
in Fig. 2 for four different Stokes numbers. The parameters of
the simulations (cases 2-5) are again listed in Table 1. Both
model simulations with Egs. (1) and (35) are seen to increase
and approach the value predicted by the granular model with
decreasing Stokes numbers. For St = 186 simulations with
Egs. (1) and (35) do not predict the peak of K, in the near wall
region. For St = 93 and 62 model simulations with Eq. (35)
predicts the peak but not its magnitude while both its magnitude
and position are captured for St = 27. Simulations with Eq. (1)
only qualitatively predict the peak of K, for St* = 27 but not
its magnitude. Stromgren et al. [9] showed that simulations with
Eq. (1) reasonably capture both the magnitude and position of the
peak of K, predicted by the granular model for St* < 15. Thus,
using Eq. (35) the model derived by Hinze can be extended to
Stokes numbers up to 150 and still give good predictions of K,
without solving a transport equation for K.

4. Conclusions

A Langevin model is developed and used in order to formulate

an expression for k = % since this ratio is unclosed in two-
fluid models of turbulent gas-particle flows. In contrast, it can
readily be obtained from the Langevin model which includes
particle-particle collisions and two-way coupling. Without the
contribution from particle-particle collisions the result coincides
with the result from [2] which is only valid for small Stokes
numbers and isotropic turbulence.

The expressions for K, have been implemented in a two-fluid
model in order to simulate particle-laden turbulent channel flow.
The results show that with the contribution of particle-particle
collisions Hinze’s model can be extended to larger Stokes numbers.
Stochastic models for gas-particle turbulent flows thus have the
potential to extend models for Kj,.

The expression for the collisional time scale and C could be
developed further, since these expressions now only take the shear
into account and lack some of the physics such as a dependence on
particle concentration. The stochastic model can also be extended
to anisotropic flows by taking the direction into account and by
modifying the Lagrangian time scale to take crossing-trajectory
and inertia effects into account [19].
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