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Abstract

This review is motivated by the fast progress in our understanding of the
physics of particle-laden turbulence in the last decade, partly due to the
tremendous advances of measurement and simulation capabilities.The focus
is on spherical particles in homogeneous and canonical wall-bounded flows.
The analysis of recent data indicates that conclusions drawn in zero gravity
should not be extrapolated outside of this condition, and that the particle
response time alone cannot completely define the dynamics of finite-size
particles. Several breakthroughs have been reported, mostly separately, on
the dynamics and turbulence modifications of small inertial particles in di-
lute conditions and of large weakly buoyant spheres.Measurements at higher
concentrations, simulations fully resolving smaller particles, and theoretical
tools accounting for both phases are needed to bridge this gap and allow for
the exploration of the fluid dynamics of suspensions, from laminar rheology
and granular media to particulate turbulence.
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1. INTRODUCTION

Turbulent flows laden with inertial particles (i.e., particles whose response time is not vanishingly
small) are ubiquitous in natural and engineering settings. The richness and complexity displayed
by these flows is well known: The different particle and fluid/flow properties, the multiway cou-
pling between dispersed and continuous phases, and the enormous disparity of scales, as reflected
in the large number of governing parameters, have made such flows a formidable challenge for ex-
perimentalists andmodelers alike.Driven by the practical relevance of the problem, particle-laden
turbulence has attracted renewed attention in the last decade, also thanks to the tremendous ad-
vances of our measurement and simulation capabilities.This review is indeedmotivated by the fast
progress in our understanding since the last review of the topic (Balachandar & Eaton 2010), for
which we need to thank the sustained efforts frommultiple research groups around the world.The
subject matter is vast, and thus we limit our attention to the case of archetypical turbulent flows
(homogeneous turbulence and fully developed wall-bounded flows) laden with spherical rigid par-
ticles, heavier than or at most with the same density as the incompressibleNewtonian fluid.Recent
reviews have addressed the behavior of nonspherical (Voth & Soldati 2017) and light particles, as
well as bubbles (Mathai et al. 2020, Risso 2018). We begin by presenting the parameter space, as
defined by convenient nondimensional numbers, and the dynamical regimes identified therein.
We only briefly summarize the modern toolbox used in laboratory observations and numerical
simulations (Section 2) and focus on the flow physics. This is discussed by broadly distinguishing
between particles small (Section 3) and large (Section 4) with respect to the minimal scales of the
flow, as this distinction has marked possibly the most significant advancements in recent years.We
highlight areas that appear especially ripe for progress and where, in our opinion, there is need
for systematic and synergic efforts.

We consider spherical particles of diameter Dp and density ρp in a fluid of density ρf and
kinematic viscosity ν = μ/ρf. Under the assumptions invoked for Stokes drag (creeping mo-
tion in a uniform and steady flow), the particle response time τ p can be defined in two ways: the
characteristic time to follow a step change of the surrounding fluid velocity, ρpD2

p/(18μ), or the
time to reach the terminal settling velocity when released in a quiescent fluid, (ρp − ρf )D2

p/(18μ).
The two definitions converge for ρp/ρf � 1. Strictly, inertial particles in turbulent flows vio-
late the Stokes drag assumptions, and empirical corrections are often used to account for the
finite particle Reynolds number, Rep, based on some measure of the particle–fluid slip velocity.
The fluid turbulence is characterized by a dissipation rate that defines the Kolmogorov scales η,
τ η, and uη for length, time, and velocity, respectively. In wall-bounded flows, the near-wall dy-
namics is governed by the viscous scaling, denoted with the superscript +. Among the various
nondimensional groups defining the problem, the density ratio ρp/ρf, the size ratioDp/lf, and the
Stokes number St � τ p/τ f appear as natural choices, where lf and τ f are respectively appropriate
length and timescales of the flow.Unless otherwise stated, we take the latter to be the Kolmogorov
scales, due to the significance of the particle interaction with the microscale structure of the tur-
bulence. Thus, under Stokes drag assumptions, we write St = 1/18(ρp/ρf )(Dp/η)2 and define the
settling velocity parameter Sv � τ pg/uη, where τ pg is the terminal velocity in a quiescent fluid
under the gravitational acceleration g. The importance of the latter compared to the fluid acceler-
ation is quantified by the Froude number Fr� aη/g= St/Sv, where aη = uη/τ η is the Kolmogorov
acceleration. For large particles the fall speed is not known a priori, and the problem is defined by
the ratio of a gravitational velocity scale ug � [(ρp/ρf − 1)Dpg]1/2 and the viscous velocity, used to
form the Galileo number Ga� ugDp/ν (alternatively the Archimedes number Ar= Ga2), relating
buoyancy and viscous effects.Considering suspensions of large numbers of particles, their concen-
tration becomes important. This is often expressed as the volume fraction �V, i.e., the fractional
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Figure 1

Three-dimensional view of the different regimes characterizing the transport of spherical particles in
turbulence. The phase space is defined by the particle size compared to the smallest turbulence scales Dp/η,
the particle-to-fluid density ratio ρp/ρf, and the solid-phase volume fraction �V. For clarity, some regimes
are confined to the planes associated with the two variables most essential to their definition.

volume occupied by the particles in the two-phase system, or themass fraction�M � ρp�V/[ρp�V

+ ρf (1 − �V)]. For �V � ρf/ρp � 1, we have �M ∼ �Vρp/ρf.
Figure 1 presents a simplified and approximate regime diagram in the parameter space defined

byDp/η,ρp/ρf, and�V.To limit clutter, we confine some regimes to the planes associated with the
two variables most essential to their definition, although the influence of the third variablemay not
be negligible. Other independent parameters, such as the Reynolds number of the turbulence, Re,
enter indirectly through the definition of η. Because typically we have Fr = O(10−1) for industrial
and natural turbulent flows, gravitational settling is important above St = O(10−1) and, hence,
above Sv = O(1). In order for the particles not to affect the turbulence (one-way coupling), the
volume and mass fraction need to be small (Balachandar & Eaton 2010), and the particle size
should be smaller than the Kolmogorov scales.

As shown in Figure 1, preferential sampling and inertial clustering characterize the dy-
namics of dilute and small heavy particles in turbulence, with St = O(10−1–10). Increasing the
number of particles, we move outside the one-way coupling regime and one needs to consider
the effect of the suspended phase on the flow. As particles become larger than the smallest flow
structures (so-called finite-size particles), geometric effects associated with the local deformation
of the fluid flow become important. These particle-induced stresses increase with increasing con-
centrations. Due to the limitations in our ability to measure and simulate intermediate regimes,
the community has studied almost separately small heavy particles in dilute conditions and, more
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recently, dense suspensions of large and almost neutrally buoyant particles. The space we consider
in this review is complementary to granular flows characterized by high concentrations of massive
particles (Forterre & Pouliquen 2008) and viscous suspensions that are better described by the
mixture rheology than by the dynamics of discrete particles (Guazzelli & Morris 2012).

2. MODERN METHODOLOGIES

2.1. Experimental Approaches

The vast majority of current experimental studies employ imaging techniques measuring the par-
ticle motion via either particle image velocimetry (PIV) or particle tracking velocimetry (PTV),
which return Eulerian and Lagrangian information of the particle field, respectively (Adrian
et al. 2011). These techniques, however, were developed for single-phase flows where the par-
ticles act as tracers, faithfully following the flow; adapting them to inertial particles requires pre-
cautions. PIV relies on the assumption that all particles in each interrogation window (which
effectively sets the spatial resolution of the measurement) move with the same velocity. This
clashes with the significant uncorrelated component of the velocity of nearby inertial particles (see
Section 3.1.2); thus, PIV fields should rather be interpreted as a measure of the correlated mo-
tion (Carter et al. 2020). PTV algorithms, in contrast, aim at tracking individual particles across
successive images, often relying on a predictor–corrector scheme that minimizes the acceleration
along the Lagrangian trajectories (Ouellette et al. 2006). Such a strategy may fail when inertial
particles collide and rebound with each other or against a wall, but alternative approaches have
not been codified yet.

The attention to the spatial distribution and motion of individual particles has resulted in the
prevalence of PTV over PIV studies, often time resolved (Lagrangian particle tracking). A spe-
cific challenge is related to the particle image: This can be very different from standard tracers, for
which subpixel accuracy is attainable by three-point Gaussian fitting. Large and reflective particles
can appear as blobs of several saturated pixels. Petersen et al. (2019) showed that their centroid
can still be located with ∼0.1 pixel accuracy by a least-squares Gaussian fit. However, the accurate
reconstruction of velocities and accelerations requires even higher precision in the particle posi-
tion, and smoothing is needed to limit noise amplification by differentiation. A common strategy
to obtain velocity and acceleration is to convolve the particle positions with the first and second
derivative of a Gaussian kernel. This approach was demonstrated for tracers by Voth et al. (2002)
and later used in several studies of inertial particle dynamics (e.g., Gibert et al. 2010, 2012).

In order to fully characterize the two-phase flow, one can use simultaneous PIV and PTV on
the continuous and dispersed phase, respectively.This requires distinguishing between tracers and
inertial particles, typically based on their image size and intensity (Khalitov&Longmire 2002) and
digital/optical filtering (Kiger & Pan 2000). The availability of larger and more sensitive camera
sensors and higher data rates has supported the adoption of this approach (van Hout 2013). The
cross-interrogation of PTV and PIV fields can also be leveraged by using, for example, the PIV
fluid velocity as a predictor in the PTV algorithm (Baker & Coletti 2021).

Multicamera volumetric imaging (or single-camera via holographic techniques) allows one to
address questions that require 3D reconstruction of the particle trajectories. While 3D tracking
was traditionally limited to very low number densities due to ambiguities in the stereoscopic recon-
struction, the Shake-The-Box algorithm (Schanz et al. 2016) has greatly alleviated this constraint.
Taking advantage of temporally resolved data, this method optimizes the particle matching be-
tween successive images by “shaking” the particles around their predicted position and searching
for improvements on the projection. For single-phase flows, it has been shown to handle tracer
concentrations orders of magnitude higher than those handled by classic algorithms (Discetti &
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Coletti 2018). The very few applications to inertial particles to date indicate a remarkable perfor-
mance (Ebrahimian et al. 2019).

2.2. Numerical Approaches

Themost noticeable advance in recent years has been the rapid diffusion of numerical methods for
interface-resolved or particle-resolved direct numerical simulations (PR-DNS). These have been
recently thoroughly reviewed byMaxey (2017). In addition,wemention here body-fittedmethods,
in particular, recent overset-grid approaches (Koblitz et al. 2017, Vreman 2017,Horne &Mahesh
2019). These methods use two grids: a body-fitted structured orthogonal grid for the particle,
overset on a background grid and on grids associated to other particles. Interpolation schemes
are used to match numerical solutions of the two overlapping grids. These methods are ideal for
dilute systems and for highly inertial particles (high Rep) when the cost of handling two grids
is compensated by the flexibility of an irregular mesh with local refinement around each particle.
Cut-cell methods [for the case of rigid particles, see Schneiders et al. (2013, 2016)] are also gaining
favor, as they cure numerical discontinuities due to the particle motion over an underlying fixed
grid and allow for a lower resolution than traditional immersed-boundary methods.

Although the combination of efficient algorithms and large-scale supercomputers has enabled
the simulations of hundreds of thousands particles in turbulent flows, the availability of huge data
sets is not paired by a corresponding improvement of postprocessing tools. We see the need for
theoretical efforts to guide the extraction of relevant quantities from the simulation data, e.g.,
mesoscale stresses and interphase energy fluxes, which would also need to take into account the
specific numerical algorithm. We also note, in agreement with remarks by Maxey (2017), that an
accurate modelling of lubrication and contact forces, short-range interaction forces, and granular
friction is crucial in many configurations and will open new opportunities. To this end, collabora-
tions with experimentalists will be fundamental.

In the case of particles smaller than the smallest flow scales, traditional point-particle direct
numerical simulations (PP-DNS) are still the method of choice despite their well-known short-
comings. In particular, the difficult definition of a reference velocity far from the particle and
the subtleties of imposing a localized source/sink of momentum in the discretized Navier–Stokes
equations make it difficult to accurately simulate even the simple case of settling in a quiescent
fluid (see, among others, Kuerten 2016). These have motivated the search for more accurate algo-
rithms by Capecelatro & Desjardins (2013), Gualtieri et al. (2015), Horwitz &Mani (2016, 2018),
Akiki et al. (2017), Esmaily & Horwitz (2018), Battista et al. (2019), Horwitz et al. (2020), and
Pakseresht et al. (2020). Results obtained with these improved models are reviewed below.

3. SMALL PARTICLES

3.1. Homogeneous Turbulence

Besides being a canonical case in the literature, homogeneous turbulence presents a major advan-
tage for assessing the fluid–particle interaction: the ratio between the particle scales and the flow
scales is independent of the spatial location. Indeed,most of the hallmark features of particle-laden
turbulence have been demonstrated in such a setting.

3.1.1. Spatial distribution of small inertial particles. Large space-time fluctuations of the lo-
cal particle concentration appear for a wide range of the parameter space, a phenomenon known
as inertial clustering. This has been documented in numerous laboratory experiments and numer-
ical simulations, and recently even by field measurements in atmospheric flows (Figure 2). It is
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Figure 2

Examples of inertial clustering. (a) Particles accumulating in regions of high strain rate (indicated by the colorbar and normalized by
the mean value) from point-particle direct numerical simulations of homogeneous isotropic turbulence laden with particles with a
Stokes number of St = 1. (b) Individual clusters (each in a different color) identified by a Voronoi tessellation from laser imaging of
homogeneous turbulence laden with St = 4.6 particles. Panel b adapted with permission from Petersen et al. (2019). (c) Relative
concentration of snow particles (mean diameter of 0.4 mm) in atmospheric turbulence illuminated by a vertical light sheet (z indicates
the height from the ground). (d) Three-dimensional spatial distribution of cloud droplets smaller (blue) and larger (cyan) than 10 µm,
measured in situ by an airborne digital in-line holography system. Panel d adapted with permission from Beals et al. (2015).

distinct from the clustering observed in dense granular media, which is intrinsic to the solid phase
(Fullmer & Hrenya 2017), and it results instead from the combination of the dispersed phase in-
ertia and the fluid turbulence. The mechanism has traditionally been associated with the tendency
of inertial particles to visit flow regions of a specific topology, often termed preferential sampling.
Numerous numerical studies have confirmed that particles are less likely to be found in regions
of high vorticity than in those of high strain, supporting the view that they are centrifuged out
of vortex cores. It was later questioned whether such a centrifuge mechanism is the only (or even
the main) cause of clustering. Before discussing its origin, we review the principal approaches to
quantify clustering and preferential sampling, along with the main findings these have brought to
light.
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3.1.1.1. Inertial clustering. As the distribution of particles in turbulence is affected by and is
realized over a multitude of scales, the full characterization of clustering is not straightforward,
and a variety of methods have been used (Monchaux et al. 2012). Early works (Fessler et al. 1994,
Aliseda et al. 2002) leveraged the box-counting method and confirmed the numerical observation
of Wang & Maxey (1993) that clustering is most pronounced for St = O(1). Studies using radial
distribution functions (RDFs) could achieve a scale-by-scale quantification of clustering and con-
firmed its typical length scale to be O(10η) (Saw et al. 2008). Gualtieri et al. (2009) employed the
angular distribution function (ADF) to consider the orientation of the separation vector between
particles and showed that clustering in sheared turbulence is anisotropic down to the dissipa-
tive scales. For St < 1 and separations within the dissipative range, experiments (Saw et al. 2008,
Petersen et al. 2019) and simulations (e.g., Ireland et al. 2016a) found a power law behavior of
the RDF—a hallmark of geometric self-similarity. At higher St, particles are weakly responsive to
the small-scale eddies and cluster at inertial-range scales, over which the distribution is no longer
scale invariant (Bec et al. 2007) and the RDFs decay exponentially (Petersen et al. 2019). At sub-
Kolmogorov separations comparable with the particle diameter, Yavuz et al. (2018) found that the
RDF deviated from the power law scaling and reached higher levels, which they attributed to in-
terparticle hydrodynamic interactions. The implications may be profound since the RDF value at
the particle radius is at the core of collision models (Pumir & Wilkinson 2016).

Various authors have investigated the Lyapunov exponents of inertial particle trajectories,
i.e., their rate of exponential separation/approach, in synthetic flows (Wilkinson & Mehlig 2005,
Ijzermans et al. 2010) and PP-DNS (Bec et al. 2007). This analysis is only applicable over the dis-
sipative scales where the fluid flow is smooth. It was shown that clustering occurs over multifractal
sets in the phase space spanned by the particle positions and velocities. Additionally, particles can
theoretically accumulate in singular regions of unbound concentration and filamental shape called
caustics, where the particle velocity field becomes multivalued (Wilkinson & Mehlig 2005).

Monchaux et al. (2010) introduced the use of Voronoi diagrams to characterize inertial clus-
tering: The domain is divided into cells attached to each particle, the inverse of the cell volume
defining the local concentration. For particles randomly located in space, the PDF (probability
density function) of the cell sizes is well approximated by a � distribution (Ferenc & Néda 2007),
while inertial particles show a broader PDF. Individual clusters can be defined as sets of parti-
cles contained in connected groups of cells smaller than a given threshold. Above a certain size,
the clusters possess convoluted shapes associated with a distinct fractal dimension and follow a
power law size distribution that stretches to the integral scales (Sumbekova et al. 2017, Petersen
et al. 2019). Such features have also been recognized in field imaging of snow particles falling in
turbulent air (Li et al. 2021). The mean cluster size tends to grow with St and Re, and the in-
cluster concentration is about one order of magnitude larger than the mean, irrespective of the
cluster size (Baker et al. 2017). Liu et al. (2020) used the Voronoi method to track inertial particles
(St> 1) before, during, and after the cluster lifetime.They found that the latter typically lasts a few
Kolmogorov timescales, increasing with the cluster size; small clusters usually coagulate from and
disintegrate into nonclustered particles, while large clusters recombine into other large clusters.

While versatile, the Voronoi method is prone to subsampling bias: If the particle number den-
sity is low, important observables are affected, including the standard deviation of the Voronoi
cell size distribution (Monchaux 2012) and the fraction of clustered particles compared to the
total (Momenifar & Bragg 2020).

3.1.1.2. Preferential sampling. The tendency of inertial particles to favor distinct flow features
is often assessed bymeasuring the correlation between particle position and local fluid observables,
the most scrutinized being the strain rate and its prevalence relative to enstrophy. Various metrics
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were reported: the concentration conditioned on the level of strain rate or enstrophy (Petersen
et al. 2019), PDFs of the Q-criterion (Hunt et al. 1988) at the particle location (Baker et al. 2017),
and joint PDFs of concentration and enstrophy (Frankel et al. 2016). The evidence is that, for
St = O(1) and below, the particles oversample regions where strain overwhelms rotation, consis-
tently with the centrifuge mechanism. This tendency, however, is weak or absent for more inertial
particles (Coleman & Vassilicos 2009) or in presence of significant gravity effects (Frankel et al.
2016).

Preferential sampling of high-strain/low-enstrophy regions has rarely been documented in
fully turbulent flow experiments. Gibert et al. (2012) measured the mixed particle velocity–
acceleration structure function in a von Karman flow and showed trends consistent with pref-
erential sampling of high-strain regions. Petersen et al. (2019) found that only a slight majority of
the particles were in strain-dominated regions in the range St = 0.37–5.4.

3.1.1.3. Clustering mechanisms. The argument behind the centrifuge mechanism is strictly
applicable only in the regime St � 1, for which the compressibility of the particle velocity field is
directly related to the excess of strain over rotation (Maxey 1987). However, clustering is most in-
tense for St = O(1). Finite-St particles lag the flow and therefore their spatial distribution cannot
be fully determined by the instantaneous fluid velocity field. Moreover, clusters are multiscale in
nature, stretching above and below the dimension of the Kolmogorov-size vortices. Additionally,
clustering is also manifest in random flows that lack any topological structure (Bec 2003).

These considerations have triggered intense efforts to understand inertial clustering beyond
the centrifuge mechanism. Bec (2003) and Bec et al. (2006) used random flows and PP-DNS to
show that, for increasing St, the dominant factor becomes the lagging of the particles. Infinites-
imal clouds of particles shrink over time and lead to clustering over fractal sets; while particle
blobs in the inertial range contract at a rate dependent on the scaling properties of the pressure
field (Bec et al. 2007). Bragg & Collins (2014) also argued that the centrifuge mechanism is only
dominant for St � 1, while outside this regime it gives way to a path-history mechanism: The
particle dynamics decouples from the local fluid velocity field and past interactions with turbu-
lent events become increasingly important. Statistical mechanics calculations have showed that
small-scale clustering is driven by a multiplicative amplification process of random contractions
and expansions (Gustavsson & Mehlig 2016). In the small-St limit, the particles are driven by the
instantaneous flow, while in the opposite limit they uniformly sample the turbulence and cluster
due to history effects. The importance of the latter was also highlighted by Liu et al. (2020), who
showed that, for St � 1, clusters form during a phase in which the small-scale turbulence activ-
ity (tracked along the particle trajectories) decays, and they survive as long as such a quiet state
persists. The sweep-stick mechanism (Chen et al. 2006) is instead based on the view that zero-
acceleration points in the flow are swept by the large-scale eddies, and particles stick to those
because they move (to first order) at the same velocity. Coleman & Vassilicos (2009) argued that
the mechanism would hold also for τ p in the inertial range, supplanting the centrifuge mechanism
at intermediate to large scales, where clustering results from larger eddies sweeping smaller ones,
irrespective of St.

Many simulations do not include the effect of gravity. The assumption of Fr � 1, however, is
only meaningful under dissipation levels rarely achieved in terrestrial environments: in the atmo-
sphere and in the ocean, we typically have Fr � 1 (Shaw 2003, Ivey et al. 2008). Several simula-
tions have noted that heavy particles falling in homogeneous turbulence form vertically elongated
clusters (Bec et al. 2014), as confirmed by experiments (Petersen et al. 2019). This anisotropy
was quantified by ADFs (Ireland et al. 2016b) and by the orientation of the primary cluster axis
(Baker et al. 2017). Because these simulations assumed one-way coupling, anisotropy cannot be
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rooted in multiparticle hydrodynamic interactions. The proposed explanations have included a
two-dimensionalization of the dynamics in the horizontal plane (Bec et al. 2014) and the channel-
ing of particles by downward turbulent gusts (Baker et al. 2017).

3.1.2. Motion of inertial particles. The spatial distribution of the particles is of course the
result of their motion in the turbulent fluid.Even in the simplest case of a one-way coupled regime,
the problem is highly complex.

3.1.2.1. Maxey–Riley–Gatignol equation. The heart of the point-particle approach is the
Maxey–Riley–Gatignol (MRG) equation of motion (Maxey & Riley 1983, Gatignol 1983), which
describes the forces acting on a small particle in arbitrary motion in an unsteady nonhomoge-
neous flow. Its rigorous derivation requires vanishing Rep, so that different forces can be linearly
superposed, and extremely dilute concentrations, so that interparticle effects can be ignored. The
equation has frequently been used outside of these assumptions, calling for a thorough assessment
of the limits of the framework. For small heavy particles, scaling arguments show that gravity and
drag are dominant (Ling et al. 2013). The drag force is often modelled by correcting the Stokes
formula for finiteRep (e.g., Schiller&Naumann 1933).While such corrections were derived in ho-
mogeneous and steady conditions, comparisons against experiments and PR-DNS showed good
performance in simple cellular configurations (Bergougnoux et al. 2014) and low-Re turbulence,
Rep = O(1) (Mehrabadi et al. 2018). In high-Re turbulence, however, the probability of extreme
events was underestimated (Saw et al. 2014). Ling et al. (2013) showed that, even for ρp/ρf � 1,
unsteady forces in the MRG equation (added mass, fluid acceleration, and history force) become
significant as soon as Dp is comparable to η. The relevance of the history term, often neglected
partly due to its high computational cost, has been recently rediscovered: Its importance for par-
ticle kinematics (Daitche & Tél 2011) and clustering (Olivieri et al. 2014) has been highlighted,
and efficient approaches for its calculation have emerged (Prasath et al. 2019).

The scrutiny of theMRG equation has not been limited to its individual terms, extending to its
dynamical system behavior. Sapsis et al. (2011) showed in a 2D chaotic flow that the deterministic
nature of MRG did not capture random correlated fluctuations of inertial particle velocities and
proposed stochastic model corrections. Haller & Sapsis (2008) derived a reduced-order equation
governing the asymptotic motion of particles on a slow manifold, which arises for small St. Wan
& Sapsis (2018) utilized this slow-manifold reduction as a first-order model of the particle motion
and employed a machine learning strategy with recurrent neural networks (trained by the full
MRG equation for particles in a simple cellular flow) to obtain the higher-order terms.

3.1.2.2. Fluctuating energy, acceleration, and dispersion. For nonballistic particles, the fluc-
tuating energy per unit mass of the dispersed phase kp is comparable to the fluid turbulent kinetic
energy kf (Good et al. 2014, Ireland et al. 2016a). For St < 1, kp can exceed kf because of prefer-
ential sampling of energetic fluid regions; while for St > 1 the dynamics is dominated by inertial
filtering, i.e., the inability of the particles to respond to fast fluid fluctuations—hence, kp < kf. Due
to history effects, the fluctuating velocity of heavy particles possesses an uncorrelated component,
increasingly prominent for larger St (Février et al. 2005, Wilkinson & Mehlig 2005). Inertial fil-
tering also limits particle acceleration (Toschi & Bodenschatz 2009) and slows down the decay
of the particle velocity autocorrelation, in turn enhancing single-particle dispersion compared to
tracers (Sabban & van Hout 2011). Inertia also enhances two-particle dispersion at small times
due to the uncorrelated motion at small separations (Bec et al. 2010, Gibert et al. 2010), while for
longer times, inertial filtering and path-history effects reduce pair dispersion compared to tracers
(Bragg et al. 2016).
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The effect of gravitational drift (or trajectory-crossing) has been recognized since Yudine
(1959), yet only recently has the full impact of gravity on the particle motion been systemati-
cally investigated. Good et al. (2014) showed that kp/kf decreases with Sv, in agreement with the
analytical model by Wang & Stock (1993). Simulations (Ireland et al. 2016b) and experiments
(Berk & Coletti 2021) have showed that, as the temporal derivative of the sampled-fluid velocity
is augmented by gravitational drift, so is the particle acceleration. Inspired byCsanady (1963),Berk
& Coletti (2021) proposed analytical models for the particle velocity and acceleration variances.
These are based on the Lagrangian energy spectrum of the particle velocity, obtained from the
spectrum of the fluid sampled by the particles and modulated by their response time. The effect
of gravity is incorporated through a simple model of the sampled-fluid timescale. Figure 3 illus-
trates how the model compares with experimental and numerical data and captures the complex
dependence on St and Fr—in particular, how gravity hinders velocity variance while augmenting
acceleration variance.
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Figure 3

Variance of the particle vertical (a) velocity, 〈(u′
p,y )

2〉/u2η, and (b) acceleration, 〈(a′p,y )2〉/a2η , in Kolmogorov
scaling, as a function of the Stokes number St and Froude number Fr for Taylor Reynolds number Re = 300,
as predicted by the analytical model of Berk & Coletti (2021). The predictions are compared with
(c) velocities and (d) accelerations from measurements [open circles (Berk & Coletti 2021)] and point-particle
direct numerical simulations [open squares (Ireland 2015; Ireland et al. 2016a,b)]. Filled squares are for
zero-gravity simulations.
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3.1.2.3. Gravitational settling. While several mechanisms have been theorized by which tur-
bulence can either enhance or hinder settling (Good et al. 2012), for small dilute particles in ho-
mogeneous shearless turbulence, most studies have reported settling enhancement. This is often
explained by preferential sweeping, i.e., the oversampling of downward regions of the turbulent
eddies (Maxey 1987, Wang & Maxey 1993, Petersen et al. 2019). The mechanism was invoked
by Nemes et al. (2017) and Li et al. (2021) to explain field observations of snow fall speed. The
inverse argument was used to explain the reduced rising velocity of bubbles in turbulent water,
as these are expected to oversample vortex cores (Aliseda & Lasheras 2011). Interestingly, parti-
cles only slightly lighter than the fluid are actually driven out of vortex cores by the added mass
force, leading to an upward preferential sweeping that increases the rising velocity (Ruiz et al.
2004, Marchioli et al. 2007). Although the pictorial representation of this mechanism is similar
to the centrifuging by vortex cores, the particle concentration correlates much more markedly
with downward fluid fluctuations than with high-strain regions (Petersen et al. 2019). Both St
and Sv shall be of order unity to warrant a significant settling enhancement (Good et al. 2014),
but it is still debated which velocity scale governs it. While various studies have indicated that
settling enhancement is proportional to the root-mean-square of the fluid velocity fluctuations
(e.g., Huck et al. 2018), Tom & Bragg (2019) showed by theory and simulations that preferential
sweeping is driven by a range of velocity scales whose width increases with St. The actual extent of
the settling enhancement has remained an open question until recently. Early experiments from
different groups showed large differences, complicating the validation of numerical simulations
(Bosse et al. 2006). The quantification of the fall speed of microscopic particles is indeed a diffi-
cult task. In wind tunnels the settling rate can be orders of magnitude smaller than the flow speed,
while tanks stirred by oscillating grids often generate circulations likely to alter the particle fallout.
Chambers stirred by randomly actuated jets can instead create intense turbulence with negligible
mean flow and shear. Using this type of facility, Good et al. (2014) and Petersen et al. (2019) ob-
tained similarly large maximum settling velocities, exceeding 2.5τ pg in very dilute regimes. Such
a massive settling enhancement may have major consequences for the transport of particles in
natural and industrial settings. This is substantially higher than the predictions from PP-DNS
at matching conditions (Good et al. 2014) and is an example of the limits of the point-particle
approach even in nominally one-way coupled flows.

3.1.3. Two-way coupling. One of the most elusive aspects of the problem is the back-reaction
of inertial particles on the fluid, termed two-way coupling. The regime map by Elghobashi (1994)
is often referenced to claim one-way or two-way coupling when �V is smaller or larger than 10−6.
This classification has been shown to hold approximately true for gas–solid systems (Petersen et al.
2019) but not for solid–liquid systems, where typically no evidence of turbulence modification is
found below �V ∼ 10−4 (Poelma et al. 2007, Baker & Coletti 2021). It remains controversial
whether the turbulence is augmented or attenuated, and to which extent. This is partly due to
multiple competing mechanisms (Balachandar & Eaton 2010), and systematic studies are needed
where one parameter at a time is varied. Numerical efforts are most suited for this purpose, but
turbulence modification has proven to be extremely challenging to model correctly. We touch
upon some of the most notable aspects.

In standard two-way-coupled PP-DNS, the drag force is projected back to the fluid grid. This
is problematic when the particles are not much smaller than the grid spacing, and when they are
so dilute to produce a nonsmooth force field (Eaton 2009). Capecelatro & Desjardins (2013) pro-
posed a regularization procedure in which the projection is performed using a compact Gaussian
stencil, which is diffused to the surrounding points even if the particle size is comparable to the
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grid spacing. Importantly, the particle–fluid slip velocity in the drag formulation is based on the
undisturbed fluid velocity in the absence of the particle. Such nominal slip velocity is bound to be
higher than the actual slip velocity, because of the self-induced disturbance (i.e., the particle drag-
ging fluid with it). This becomes crucial in particle-laden turbulence at significant concentrations,
where the undisturbed state is not available. To reconstruct it, recent approaches used analytical
solutions to a regularized point-force applied by the particle (Gualtieri et al. 2015, Horwitz &
Mani 2016, Ireland & Desjardins 2017, Balachandar et al. 2019). Systematic comparisons with
experiments and PR-DNS are needed to verify that these techniques correctly capture turbulence
modification.

Another fundamental difficulty concerns the steady simulation of homogeneous particle-laden
turbulence, as hydrodynamic forcing leads to interscale energy transfers not easily discernible
from the actual interphase coupling (Lucci et al. 2010). Simulations of decaying turbulence are
not affected by these issues; however, they quickly drop to weak levels of turbulence intensity, may
depend on the initial condition for the dispersed phase, and can be compared only qualitatively
against steady measurements.

Experimental studies focused on the modification of homogeneous turbulence remain scarce,
as it is difficult to accurately characterize the underlying flow when the volume fraction is signif-
icant: For a fixed �V, the number density varies as D−3

p , and separating fluid tracers from small
inertial particles via imaging becomes arduous. As such, most previous studies have considered
relatively large, quasi-ballistic particles, finding turbulence attenuation (Tanaka & Eaton 2010).
Recently, R. Hassaini & F. Coletti (manuscript in preparation) carried out systematic PIV/PTV
measurements of particles with St = O(1) and Sv = O(1) in homogeneous turbulence, varying
�V between 10−6 and 5 × 10−5. They observed the so-called pivoting effect [the enhancement/
reduction of turbulence activity at the small/large scales (Poelma & Ooms 2006)] and a mono-
tonic increase of the kinetic energy kf with particle loading (Figure 4). This contrasts with the
common view that sub-Kolmogorov particles attenuate turbulence, but it is consistent with the
only previous experimental study in a similar regime (Yang & Shy 2005). Two-way coupled
PP-DNS also found turbulence enhancement when gravity was considered (Frankel et al. 2016,
Rosa et al. 2020), as opposed to the turbulence attenuation in zero gravity (Poelma &Ooms 2006,
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Figure 4

(a) Second-order velocity structure function (Duu) as a function of the separation (r), both normalized by Kolmogorov scaling, and
(b) turbulent kinetic energy (TKE) measured by R. Hassaini & F. Coletti (manuscript in preparation) in homogeneous turbulence laden
with particles with a Stokes number St = 2.3 and settling velocity parameter Sv = 3.1 for a range of volume fractions, from �V = 10−6

to 5 × 10−5.
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Saito et al. 2019). Taken together, these results indicate that the net change in kf follows from the
competing effect of gravity and drag: Falling particles transfer their potential energy to the flow
and do so more effectively at St = O(1) via the collective action of clusters; while they also act as
sinks of fluid momentum by dragging fluid and distorting the flow around them, especially when
they behave ballistically.

As the particle loading increases, the source of the fluid fluctuating energy shifts from the
hydrodynamic forcing to the relative motion between carrier and dispersed phases. Capecelatro
et al. (2015) investigated homogeneous systems in which heavy particles fall at large loadings
(�V ≈ 0.01,�M ≈ 10). The flow is purely gravity driven, with random initial fluctuations growing
and giving rise to dense fast-falling clusters. These in turn entrain fluid and sustain large fluctua-
tions, termed cluster-induced turbulence, which is fundamentally different from situations where
turbulence drives the particle motion.Turbulence can also be generated in systems in which parti-
cles are sources of heat, e.g., when they absorb radiative flux and release it to a transparent carrier
fluid, increasing its local temperature. Zamansky et al. (2014, 2016) investigated this case over
a large range of τ p, heat flux, and gravitational strength. For sufficient particle inertia, clusters
are formed and generate buoyant plumes. Frankel et al. (2016) considered the interplay between
buoyant plumes shed by heated heavy particles and hydrodynamically forced turbulence, report-
ing reduced settling velocity compared to the unheated case. Banko et al. (2020) studied a duct air
flow laden with polydisperse nickel particles (mean St ≈ 11) exposed to near-infrared radiation.
They measured large fluid temperature fluctuations comparable to the overall temperature rise,
signaling the local radiation absorption by clusters.

3.2. Wall-Bounded Turbulence

The presence of a rigid boundary introduces mean velocity gradients, variations in the level of
fluctuations with the distance from the wall, and anisotropies in the near-wall velocity field, as
well as well-studied flow structures: quasi-streamwise vortices, low-speed streaks, and, at large
Reynolds numbers, the so-called very-large-scale motions (Smits et al. 2011). All these features
affect the near-wall particle dynamics, as detailed below.

3.2.1. Spatial distribution and kinematics. A distinctive feature of particle dispersion in wall
turbulence is the drift of particles against the mean gradient of turbulence intensity, termed tur-
bophoresis. The net effect of this migration toward the wall is segregation in the buffer layer,
most prominent when the particle relaxation time matches the local turbulence timescale, corre-
sponding to St+ = 10–50 (Marchioli & Soldati 2002, Sardina et al. 2012, Bernardini 2014). In di-
lute conditions, inertial particles have been experimentally observed to arrange in long near-wall
streaks (Niño & Garcia 1996, Fong et al. 2019), and numerical simulations have demonstrated
the role of the near-wall coherent structures in determining their motion (Marchioli & Soldati
2002, Nilsen et al. 2013). At steady state, the particles need to oversample fluid motions departing
from the wall region to balance the turbophoretic drift (Picciotto et al. 2005). Hence, localization
in low-speed streaks is explained by the local prevalence of fluid ejections. Sardina et al. (2012)
showed via ADFs that clustering in the turbulent boundary layer features a strong directional ori-
entation and is much more intense compared to isotropic flows. Moreover, despite the fact that
the turbophoresis and clustering are usually addressed separately, these authors argued that they
represent different aspects of the same process. They also found that the length of particle streaks
is of the order of 103 inner units, i.e., much longer than the fluid velocity streaks.

Despite the oversampling of low-speed streaks, in the immediate vicinity of the wall the dis-
persed phase can travel faster than the fluid, as it does not obey the no-slip boundary condition
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(Shokri et al. 2017, Fong et al. 2019). Above the viscous sublayer, the particles lag the flow with
a mean slip velocity of the order of the friction velocity. This is partly due to the preferential
sampling of low-speed fluid regions, and partly due to the finite time needed to adjust to the
fluctuations of the local fluid velocity (Berk & Coletti 2020).

Most numerical simulations of particle-laden wall turbulence have neglected gravity. The in-
terplay between turbulent diffusion and wall-normal gravity is in fact central to aeolian and sed-
iment transport, which largely motivates fundamental research on these regimes. Experiments
(Gerashchenko et al. 2008) and simulations (Lavezzo et al. 2010, Lee & Lee 2019) have shown
the importance of trajectory-crossing as soon as the terminal particle settling velocity is compa-
rable to the friction velocity: The drift across the different strata of the boundary layer results
in increased particle acceleration, which may offset the dampening effect of inertia. The wind
tunnel experiments of Berk & Coletti (2020) showed no evidence of turbophoresis on the con-
centration profiles of suspended glass microspheres; their results could rather be explained by a
balance between gravitational settling and turbulent diffusion, as in the classic Rouse–Prandtl the-
ory. Comparing to the latter, they found significantly weaker concentration gradients, which they
attributed to the fact that the theory does not account for particle inertia.

Thus far, there have been relatively few detailed experiments focused on particle-laden wall
turbulence. Capecelatro & Desjardins (2015) successfully simulated via PP-DNS the laboratory
channel flow of Benson et al. (2005) laden with quasi-ballistic particles (St = 90). Regimes lead-
ing to clustering and turbophoresis have proven more challenging. Fong et al. (2019) considered
a vertical channel flow with St ∼ 7 particles and found that, near the wall, the dispersed phase
reached substantially lower concentration and higher velocity fluctuations compared to PP-DNS
at matching conditions (G. Wang et al. 2019). An underappreciated source of discrepancy might
be represented by the modeling of wall–particle and particle–particle collision: In the regime con-
sidered by Fong et al. (2019), the restitution coefficient is highly dependent on the impact velocity
(Gondret et al. 2002), an effect usually neglected by PP-DNS.

Interface-resolved simulations of relatively small particles, enabled by massive computational
resources, are proving useful to pinpoint specific areas of improvement in lower-order models.
Costa et al. (2020) considered heavy particles (ρp/ρf = 100) in a channel flow under dilute condi-
tions and no gravity, and compared PP-DNS with drag force alone against PR-DNS of particles
with D+

p = 3. Similarly to G. Wang et al. (2019), their results showed that PP-DNS significantly
overestimated turbophoresis and underestimated particle velocity fluctuations near the wall. The
addition of a Saffman lift force (usually neglected in the standard implementation of the MRG
equation for small particles) was shown to improve the predictions, in terms of both concentration
peak and first- and second-order moments of the particle velocity, as it greatly reduced the near-
wall particle residence time to match the PR-DNS. These data suggest the need to improve upon
existing correlations for particle–fluid forces, particularly in proximity of a solid wall. Attempts in
this direction have recently exploited machine learning and data-driven tools (Balachandar et al.
2020).

3.2.2. Modification of wall turbulence and drag. Several studies used two-way coupled and
four-way coupled (i.e., including interparticle collisions) PP-DNS to investigate particle-laden
wall turbulence, as reviewed by Kuerten (2016). At sufficient loadings, the particles were found
to affect the ejection–sweep cycle, the dynamics of streamwise vortices, and the formation and
strength of hairpin eddies (Richter & Sullivan 2014). This significantly modifies the Reynolds
stresses: These distribute differently among the various components compared to the single-phase
scenario, with a reduction of the total turbulent fluid stress. The modifications to the flow, in turn,
alter the particle segregation and velocity statistics. In particular, the turbulence modulation and
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interparticle collisions were found to reduce the near-wall concentration (Kuerten & Vreman
2015).

Due to the abovementioned limitations in representing the particle back-reaction in PP-DNS,
ground-truth validation of these findings is sorely needed. However, laboratory observations in
this specific regime are even more challenging than in homogeneous turbulence because imaging
of the fluid flow in the near-wall region of interest is largely impaired by the high local concen-
tration. Recent experimental studies have been scattered and concerned with disparate regimes.
Taken together, the different findings do not provide a coherent picture: For example, Li et al.
(2012) found near-wall turbulence enhancement already at �V = 10−7 in a horizontal gas–solid
flow,while Shokri et al. (2017) found weak turbulence attenuation at�V = 10−3 in a vertical solid–
liquid flow.Clearly, systematic efforts covering wide regions of the parameter space are warranted.

An area of great practical interest is the change of the drag properties in internal flows.While
small neutrally buoyant particles are classically assumed to produce an effective increase of the
suspension viscosity and, thus, to augment drag (Stickel & Powell 2005), for inertial particles the
situation is more complex. Early experiments reported drag reduction in gas–solid suspensions in
pipes: Rossetti & Pfeffer (1972) seeded a vertical air flow with micrometric glass beads and found
significant drag reduction compared the the single-phase flow. More recently, Zhao et al. (2010)
also found by PP-DNS that heavy (ρp/ρf ∼ 1,000) particles reduced drag in a turbulent channel
flow in the absence of gravity, as signaled by an increased flow rate for a fixed driving pressure
gradient. Recently, Battista et al. (2019) extended the method of Gualtieri et al. (2015) to account
for the vorticity generation due to the particles close to solid boundaries. They showed that the
drag of turbulent pipe flows is either unaltered or increased by the particles, unlike the finding of
Zhao et al. (2010). The extra stress induced by the particles was found to induce a momentum flux
toward the wall that ultimately increased the viscous shear stress and, consequently, the drag. In
the same spirit, Horwitz et al. (2020) proposed a discrete Green’s function approach for two-way
coupled PP-DNS, formally not limited to low particle Reynolds numbers. The results confirmed
wall treatment as an important issue when studying turbulence modification by particles, with
implications for the statistics of particle-laden turbulent channel flow. PR-DNS can shed light
on this aspect. Costa et al.’s (2021) results from particle-resolved simulations of small (Dp = 3+)
heavy particles in turbulent channel flow revealed that modulations of the underlying turbulence
appear already at �V ≈ 10−4 (�M ≈ 10−2) (see Figure 5). In this regime, the near-wall turbulence
keeps its main structure and the solid particles follow the near-wall streak dynamics, with sweep
and ejection events, creating particle Reynolds stresses similar to those associated to tracers. The
fluid statistics are not significantly different, yet drag increases because the addition of inertial
particles augments the force needed to drive the flow. Further increasing the mass loading, �V =
O(10−3), the near-wall turbulence is found to be clearly altered: the fluid velocity fluctuations and
the fluid Reynolds stresses decrease, while the total drag further increases. The near-wall streaks
become wider and the contribution of the turbulent stresses shrinks while the particle stresses,
in particular the particle Reynolds stresses, grow and seize a larger share of the total stresses,
ultimately augmenting drag.

4. LARGE PARTICLES

4.1. Homogeneous Flows

The study of finite-size particles in homogeneous turbulent flows is usually motivated by natural
flows and industrial processes where gravity plays an important role. Therefore, we briefly review
below the particle settling behavior in a quiescent fluid.Then,we discuss in particular how particle
settling is affected by the background turbulence and how existing turbulence is affected by the
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Figure 5

Results of particle-resolved direct numerical simulations of small inertial particles of diameter D+
p = 3 with density ratio ρp/ρf = 100

in plane channel flow (Costa et al. 2021). (a, left) Friction coefficient cf versus the particle mass fraction �M, showing an increase in drag
with the particle concentration. (b, left) Wall-normal profiles of the fluid (solid lines) and particle (circles) Reynolds shear stresses for
different �M, revealing a decrease of the fluid stresses at higher concentrations, compensated by increased particle stresses. On the
right of each panel are visualizations of particle positions and isosurfaces of the Q-criterion, coloured by the local wall-normal velocity
(blue, low; white, high) for the two largest values of �M: The near-wall turbulent cycle is altered only for �M ≈ 10−2.

presence of many particles. The features of the fluctuations generated by particles in a quiescent
fluid are also briefly mentioned.

4.1.1. Particle dynamics in an otherwise quiescent fluid. Starting from the analytical solution
in Stokes flow, researchers have moved to consider inertial effects, i.e., the change of speed and
drag force at finite particle Reynolds number, and the collective dynamics in suspensions. Studies
of large particles in still fluids aim to find the Reynolds number based on the terminal velocity as a
function of the Galileo number Ga and ρp/ρf, the governing independent parameters. Increasing
Ga, the particle motion becomes oblique, time periodic, zig-zagging, helical, and chaotic ( Jenny
et al. 2004, Horowitz & Williamson 2010). Empirical correlations exist and are often used to
validate and complement numerical results (Uhlmann & Doychev 2014, Fornari et al. 2016b).

Additional effects come into play when many particles interact with each other. In Stokes flow,
the reduction of the mean settling speed in suspensions is explained as a hindrance effect, i.e.,
the presence of an average upstream fluid motion due to mass conservation (Guazzelli & Morris
2012). At finite inertia, when interactions mediated by the particle wake become important, the
settling speed is found to increase due to pair interactions, the so-called drifting–kissing–tumbling
(DKT) (Fortes et al. 1987). Fornari et al. (2016b) identified DKT events in suspensions at 0.5%
and 1% at Ga = 145 that counteracted the hindrance effect. These led to instantaneous settling

174 Brandt • Coletti

A
nn

u.
 R

ev
. F

lu
id

 M
ec

h.
 2

02
2.

54
:1

59
-1

89
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.a
nn

ua
lr

ev
ie

w
s.

or
g

 A
cc

es
s 

pr
ov

id
ed

 b
y 

18
8.

15
1.

21
6.

13
5 

on
 0

1/
07

/2
2.

 F
or

 p
er

so
na

l u
se

 o
nl

y.
 



speeds twice as large as the mean values, so that without these intermittent events the averaged
settling velocity would be smaller by approximately 3%. Below Ga = 155, hindrance is dominant
in determining the particle settling speed.

As particles shed wakes, they induce fluid velocity fluctuations often termed pseudo-turbulence
(Tenneti & Subramaniam 2014). This has been investigated mostly in gas–solid systems at
high volume fractions. Mehrabadi et al. (2015) simulated heavy particles at �V = 10–40% and
Rep = 50 and showed that the pseudo-turbulent kinetic energy was comparable to that of the fluid
motion relative to the particles, and that the induced Reynolds stresses were strongly anisotropic.
For lower density ratios,Uhlmann&Doychev (2014) used fully resolved simulations to investigate
the settling of dilute suspensions in an otherwise quiescent fluid with Rep in the range 140–160
and found the settling speed to increase by 12% with respect to the terminal velocity of an iso-
lated particle for Ga = 178 and ρp/ρf = 1.5. This was due to clustering, which is in turn related
to the steady oblique motion observed in this regime. Indeed, at Ga < 155 spheres fall straight
and no clustering is observed, which has also been confirmed numerically by Zaidi et al. (2014).
The behavior at higher volume fractions (from 9 to 35%), higher density ratios (between 2 and
5), but lower Ga (between 50 and 100) were investigated numerically by Willen & Prosperetti
(2019), who observed a tendency toward particle clustering for ρp/ρf > 3 at the lower concen-
trations examined. These authors also confirmed the anisotropic nature of the particle velocity
fluctuations and diffusivity in this parameter range. In the presence of the upward flow typical of
fluidized-bed solid–liquid systems, simulations revealed the presence of continuity waves of the
coarse-grained volume fractions, indicating the need to consider large enough systems to capture
the macroscopic dynamics at higher concentrations.

4.1.2. Particle dynamics in homogeneous turbulence. While the kinematics of small par-
ticles is dictated by their response time, for large particles their size compared to flow scales
takes a more prominent and possibly leading role. In particular, the variance of the finite-size
particle acceleration is related to that of the fluid pressure integrated over their surface (Qureshi
et al. 2007). For neutrally buoyant particles in high-Re turbulence, Volk et al. (2011) confirmed
that the particle acceleration variance scales asD−2/3

p (plus intermittency corrections) in the range
Dp/η = 1.6–41, which is consistent with the scaling of pressure increments in Kolmogorov tur-
bulence. These authors also showed the particle response time (taken as the decay time of the ac-
celeration autocorrelation) to grow approximately linearly with Dp/η. This agreed with the later
simulations of Uhlmann&Chouippe (2017).Qureshi et al. (2008) used helium-filled soap bubbles
in air and varied both the particle size (Dp/η = 13–23) and the density ratio (ρp/ρf = 1–65), finding
nonmonotonic trends of the acceleration variance. This contradicts both the heavy point-particle
limit and the finite-size neutrally buoyant limit, demonstrating that the contributions of size and
density to the particle response cannot be trivially absorbed in a single parameter. The limitations
of the response time (and therefore the Stokes number) as the sole descriptor of finite-size parti-
cle dynamics also concern the collective behavior. Fiabane et al. (2012) found experimentally that
large neutrally buoyant particles did not cluster. This contrasts with the results of Uhlmann &
Chouippe (2017), who considered a similar range of parameters and did detect clustering. This,
however, was only mild and not associated with preferential sampling of the strain/rotation field,
as for point particles.

When finite-size particles settle in homogeneous turbulence (either sustained or decaying),
nonlinear effects become relevant. Good et al. (2014) showed that reductions of the mean settling
speed occur when the particle terminal velocity is larger than the turbulent velocity fluctuations.
Particles are not able to side-step the turbulent eddies and fall almost vertically: Preferential
sweeping is suppressed and mean settling reduces due to the drag increase at finite Rep. The
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reductions of the settling speed of finite-size particles are also related to nonlinear and unsteady
drag in dilute conditions, despite the fact that hydrodynamic and particle–particle interactions
cannot be neglected. Byron (2015) experimentally investigated the settling in turbulence of
hydrogel particles the size of the Taylor microscale. She found that particles with a nominal
settling velocity of the order of the fluid velocity fluctuations fell on average 40–60% slower
than they did in quiescent fluid for ρp/ρf ≈ 1.02. The same trend was found in the simulations
by Fornari et al. (2016b,c) for ρp/ρf = 1.02, Dp/η = 12, and Ga = 145, with a reduction of
settling speed of 12 and 14% for volume fraction 0.5 and 1%, respectively. This was explained by
nonstationary effects related to vortex shedding, which increased the total drag by about 10–12%.
This is consistent with the results of Homann et al. (2013), who found that the drag force on a
stationary particle increases with the ambient turbulence intensity and Rep. Decreasing Ga to 20,
Fornari et al. (2016c) observed that the reduction of settling speed in turbulence reached 60%.
In addition to unsteady effects, nonlinear effects come into play as an increase of the vertical
drag induced by the particle horizontal motions. Y.Wang et al. (2019) reported significant lateral
forces due to the combination of vortex shedding and the Magnus effect for a solid sphere free to
rotate in a turbulent flow. Increasing �V to 10%, Fornari et al. (2019) reported that the difference
in mean settling speed between quiescent and turbulent background reduced to 1.7%, the process
being mainly determined by the hindering effect. The collision frequency is larger in quiescent
fluid than in turbulence for �V = 0.5–1% due to frequent DKT events, while the opposite is true
at �V = 5–10% due to the larger relative velocities.

The effect of turbulence on particles withGa= 180 and ρp/ρf = 1.5 was examined byChouippe
&Uhlmann (2019). Stronger turbulence inhibited wake-induced clustering but enhanced cluster-
ing by preferential sampling. These two effects combined reduced the settling speed to values of
the order of the terminal velocity of an isolated particle in quiescent fluid.

4.1.3. Turbulence modulation. Large particles with nominally identical τ p (based on Stokes
drag) but different size and density have different effects on isotropic turbulence (Lucci et al. 2011).
The modulation of turbulence depends on a variety of factors; in particular, geometric effects
become important for Dp/η > 1, leading to a spatial filtering of the turbulent structures (Naso
& Prosperetti 2010). An increase of the energy dissipation rate and a decrease of the turbulence
kinetic energy was first reported by Ten Cate et al. (2004) and Yeo et al. (2010) for large neutrally
buoyant spheres. Bellani et al. (2012) showed that the energy content decreases at large scales and
increases at small scales, consistent with the finding that particles transfer energy from large to
small scales, as indicated by the dissipation spectra of Yeo et al. (2010). For Taylor-scale particles in
decaying turbulence, Lucci et al. (2010) found that the turbulent kinetic energy was reduced and
viscous dissipation was enhanced close to the particle front, an effect that increased with particle
density.Gao et al. (2013) showed that the pivotingwavelength,where the particle-laden turbulence
spectra intersect the single-phase one, is a function of the particle size, with steeper variations for
smaller particles. For Dp ≈ η, Schneiders et al. (2017) showed that spherical particles absorbed
energy from the large scales of the carrier flow by inhibiting vortex-stretching. At small scales,
the turbulent motion was determined by the inertial particle dynamics, as the rotational motion
of the particles decoupled from the local flow when particle density increased.

In homogeneous shear turbulence,Tanaka &Teramoto (2015) and Yousefi et al. (2020) showed
by PR-DNS that Taylor-scale particles attenuated the turbulent kinetic energy at lower volume
fractions through the enhancement of the dissipation rate close to the surface of particles. Parti-
cles exhibit a weak tendency to accumulate in vortex layers where pair interactions induce vortices
around the particle surface and regions of high Reynolds shear stress, resulting in a net enhance-
ment of the turbulence activity above �V = 10%.
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These studies, however, neglected the effect of gravity, although the Galileo number can easily
beO(100) in natural and industrial flows. In homogeneous turbulence, Fornari et al. (2019) found
that the mean energy dissipation increased almost linearly with �V at least up to 10%, leading to
a large reduction of Re for Ga = 145. In vertically sheared turbulence laden with dilute particles
of Ga < 56, Tanaka (2017) found that settling led to high Reynolds shear stress between counter-
rotating trailing vortices behind the particles, whereas in the horizontally sheared case they were
reduced in the wakes of particles.

Considering the rich physics at play, turbulence modulations by finite-size particles at higher
concentrations deserve deeper investigation, in particular when settling is important. A promising
approach is the analysis of the scale-by-scale budget of the turbulent kinetic energy, which lately
facilitated significant physical insights in fiber suspensions (Olivieri et al. 2020) and bubbly flows
(Pandey et al. 2020).

4.2. Wall-Bounded Turbulence

The presence of the wall introduces a no-slip no-penetration condition for the velocity field and an
excluded volume for the particle, which can generally slide and roll on a wall. As for infinitesimal
particles, below we discuss 2D plane channel and pipe flows, although more recent studies also
consider more complex configurations.

4.2.1. Spatial distribution and migration. Most recent studies on finite-size particle transport
in wall-bounded turbulence consider relatively dense suspensions, with solid volume fractions
ranging from a few percent to 30%. Motivated by industrial processes or natural phenomena
such as sediment transport, these studies assume the liquid to be water and ρp/ρf < 10; neutrally
buoyant particles are often considered to disentangle fundamental aspects of the problem.

The outer and inner (viscous) scales play different and equally important roles in wall tur-
bulence. Therefore, the particle diameter is to be compared both to the channel height (or pipe
diameter) and to the viscous length. Recent simulations consider particle size in inner units,
D+

p = 10–50, which is characteristic of many industrial and natural settings. However, the present
computational costs limit the flow Reynolds number and, therefore, particles are relatively large
in outer units, typically 1/20 or at most 1/40 of the channel height.

The sketch in Figure 6 reports the wall-normal particle distribution typically observed with
neutrally buoyant finite-size spheres, as observed in experiments (Zade et al. 2018) and numerical
simulations (Lashgari et al. 2016, 2017; Ardekani et al. 2018; Yousefi et al. 2021) for �V > 10%.
Two features characterize these profiles: the formation of a layer at the wall, whose thickness is
slightly larger than the particle diameter, and the migration with a maximum in local volume
fraction at the channel/pipe center. Similar profiles are observed for negatively buoyant particles,
with increased concentration on the lower half and the peak at the upper wall disappearing. Note
that the local volume fraction is usually calculated in wall-parallel slabs: It is therefore zero at the
wall where the contact between spheres and wall reduces to single points.

The particle wall layer is due to the presence of a boundary that limits the volume available
for the particle motion. A first layer of particles at the wall is in fact also observed in rheological
studies and laminar flows (Yeo &Maxey 2010, Lashgari et al. 2014). Peng et al. (2019) considered
rigid neutrally buoyant spheres at �V = 5%, artificially removed particle rotation, and observed
the particle wall layer to disappear. These authors attributed the formation of the layer to the
balance between a strong lubrication force driving the particles away from the wall and an opposite
lift force due to the particle rotation and the local mean shear. The local minimum of particle
concentration, approximately one diameter away from the wall, was related to the change of sign
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Figure 6

Turbulent pipe flow of almost neutrally buoyant finite-size spheres. When increasing the particle volume
fraction �V, we observe the formation of a particle wall layer and, later, accumulation toward the pipe core
(bottom arrow). Correspondingly, the Reynolds stresses decrease due to turbulence quenching in the densely
packed core, reducing velocity fluctuations u′v′ (top arrow). These effects combine to give the nonmonotonic
behavior of the percentage drag modifications (middle plot) (Zade et al. 2018), which can be predicted by the
theory of Costa et al. (2016) (thin solid lines) as long as the concentration away from the walls can be assumed
to be uniform.

of the fluid–particle relativemotion,which reverses the direction of the lift force.Results for larger
particles and semidense conditions (�V = 10–20%) indicated that particle migration is rooted in
the particle collisions, which are more frequent in regions of larger shear where eventually the
concentration has a minimum (Fornari et al. 2016a); the near-wall concentration peak was found
to increase with the fluid and particle inertia (Ardekani et al. 2018). Due to the different boundary
conditions, particle and fluid velocity differ in this thin wall layer. The existence of a slip velocity
invalidates rheological models based on an effective viscosity and demands more complex, two-
fluid models (see, among others, Municchi et al. 2019).

The scenario is different in dilute conditions. In turbulent channel flows, finite-size particles
withD+

p � 10 were found to preferentially accumulate in low-speed streaks. This was observed in
PR-DNS simulations of both heavy (Kidanemariam et al. 2013) and neutrally buoyant particles
(Wang et al. 2018). The particle–wall interaction was studied by Baker & Coletti (2021) through
time-resolved PIV/PTV for D+

p = 16 and ρp/ρf = 1.02. The concentration profiles followed a
power law with a shallower slope than that predicted by Rouse–Prandtl theory, with no evidence
of turbophoresis. The particles that came in contact with the wall (a small fraction of the total)
traveled faster than the local fluid, both before reaching the wall and after leaving it. Therefore,
they were decelerated by drag and pushed downward by shear-induced lift. The duration of the
contact with the wall had a characteristic time close to τ p, consistent with measurements from
Ebrahimian et al. (2019) forD+

p = 6.8 and ρp/ρf = 2.5. In the PR-DNS simulations of Costa et al.

178 Brandt • Coletti

A
nn

u.
 R

ev
. F

lu
id

 M
ec

h.
 2

02
2.

54
:1

59
-1

89
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.a
nn

ua
lr

ev
ie

w
s.

or
g

 A
cc

es
s 

pr
ov

id
ed

 b
y 

18
8.

15
1.

21
6.

13
5 

on
 0

1/
07

/2
2.

 F
or

 p
er

so
na

l u
se

 o
nl

y.
 



(2020) (D+
p = 3 and ρp/ρf = 100, but with zero gravity), the particle residence time in the viscous

sublayer was also of order τ p.
The available experimental and numerical data on particle migration toward the channel cen-

ter indicate that the peak in concentration at the centerline appears for nominal solid volume
fractions above 10% and its amplitude is weakly decreasing with Re. Particle migration toward the
centerline increases with �V, which may be related to increased collision rates. It also increases
with Dp and ρp/ρf and, hence, particle inertia; however, it decreases with Re due to the larger tur-
bulent mixing. Migration toward the centerline was found in laminar flows only for �V � 30%;
below this threshold, the maximum local volume fraction was attained between the wall and the
centerline, which is reminiscent of the Segre–Silberberg effect (Matas et al. 2004).

4.2.2. Turbulent modulation and drag. For neutrally buoyant particles, the particle distri-
bution just described has a threefold effect on the underlying turbulence: On the one hand, the
wall layer increases the overall drag due to increased friction at the wall; on the other hand, the
particle-dense core region quenches turbulent fluctuations and the associated turbulent transport.
At the same time, particle stresses increase with the local concentration, increasing the total drag.
These three effects balance each other, and experiments showed that, surprisingly, the total drag
stays within 5–10% of that of the single-phase flow over a range of particle sizes and flowReynolds
number (Zade et al. 2018, Zade 2019).

To quantify and predict the role of particles on the turbulence dynamics, researchers have
proposed two approaches to extract relevant information from numerical simulations. Follow-
ing Zhang & Prosperetti (2010), Picano et al. (2015) considered the average momentum transfer
across the channel. Three contributions were identified: viscous stresses, Reynolds stresses related
to fluid and particle velocity correlations, and particle stresses. Due to the intrinsic features of the
numerical algorithms adopted for interface-resolved simulations, the last contribution consists of
the resistance of the rigid particles to flow-induced deformations, but also of forces arising from
particle collisions and viscous lubrication corrections, which are numerically treated as additional
interaction forces. Alternatively, one can resort to the turbulent kinetic energy budget (Ardekani
& Brandt 2019). In this case, in addition to the classic production by mean shear, viscous dissipa-
tion, and spatial fluxes (integrating to zero) in the fluid phase, one obtains an interphase energy
injection term (Tanaka & Teramoto 2015).

Costa et al. (2016) showed that for particles larger than the smallest turbulence scales, the
suspension flow cannot be described by means of an effective suspension viscosity. This was at-
tributed to the formation of the particle wall layer and the associated slip velocity. As shown by
Costa et al. (2018), the increased dissipation is associated with hot spots of high wall-shear stress
due to the strong velocity gradients between rotating particles. This corresponds to increased vis-
cous and particle stresses and a positive peak of the interphase energy injection near the wall. By
assuming two distinct transport mechanisms in the wall layer and for the turbulence in the bulk,
these authors defined a virtual wall location such that the flow in the bulk can still be accurately
described by an effective suspension viscosity; this enabled them to predict scaling laws for the
mean velocity profile and the increase in drag as a function of the particle size and volume frac-
tion. The model of Costa et al. (2016) implied that the drag is always larger in the presence of
spherical particles. It fails, however, for high Re andD+

p > 20 because it does not consider particle
accumulation at the centerline.

Particle rotation rates in the near-wall region and the boundary condition for the fluid ve-
locity play an important role for the flow dynamics. It was observed that increasing the particle
moment of inertia by a factor of 20 at fixed size and weight lowered the particle angular velocity,
decreased the turbulence intensity close to the wall, and reduced the drag, which is consistent
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with the abovementioned findings of Peng et al. (2019). In the case of an elastic wall, Ardekani
et al. (2019) observed that the velocity fluctuations at the interface between the fluid and the elas-
tic material push the particles toward the channel core, reducing the drag in comparison to the
single-phase flow over the same deformable wall. A similar behavior was observed for neutrally
buoyant particles transported over porous walls, when wall-normal fluctuations at the porous in-
terface are not zero (S. Abtahi, M.E. Rosti, L. Brandt & P. Mirbod, manuscript in preparation).
Interestingly, altering the near-wall dynamics with roughness and porosity might reduce the drag
in particle-laden turbulence, in contrast to the case of single-phase turbulence.

Leaving the wall, the migration toward the pipe/channel core also has a significant effect on the
global suspension behavior. In this region, large particles are densely packed and move as a com-
pact aggregate with small relative velocities, and the level of turbulent fluctuations significantly
decreases (Lashgari et al. 2016, Ardekani et al. 2018). This greatly reduces particle dispersion and
mixing in the flow. One potentially important consequence is the reduction of heat transfer in
particle suspensions: Yousefi et al. (2021) performed simulations of heat transfer in particulate
plane channel flows and reported an increase of turbulent mixing for moderate volume fractions,
as well as a decrease below the values measured in single-phase turbulence for solid volume frac-
tions around 30%, when fluctuations are quenched at the core. Note, however, that the reduction
of turbulent fluctuations and Reynolds stresses is not necessarily associated with reduced drag. In-
deed, numerical simulations showed that particle stresses increase when particles migrate toward
the channel core. These competing effects lead to a nonmonotonic behavior of the drag versus the
Reynolds number or the particle size (Zade et al. 2018). In particular, smaller particles increase the
drag due to the formation of the particle wall layer. Increasing the particle size, these start to accu-
mulate toward the channel center and the drag decreases due to turbulence attenuation. Further
increasing the particle size, turbulence is further attenuated, whereas particle stresses increase in
the bulk, where they accumulate. However, despite the increased particle stresses, the total drag
decreases to values of the order of or slightly below that of the single-phase flow (see Figure 6).

In internal flows, dense suspensions of negatively buoyant, finite-size particles produce several
dense layers adjacent to the wall (Shao et al. 2012; Zade et al. 2018, 2019; Baker & Coletti 2019).
These slide on top of each other, resulting in a quasi-linear particle velocity profile.The turbulence
activity is dampened within the dense layers, while it is enhanced above them. This is partly due
to the propagation of vortices shed by the layers into the bulk flow, and partly due to the strong
mean shear that the particles imprint on the fluid, greatly amplifying the production of turbulent
kinetic energy.

SUMMARY POINTS

1. Experiments that simultaneously image both dispersed and carrier phases are providing
novel insights into mechanisms long theorized or simulated with simplistic assumptions.
Numerical advances and ever-increasing supercomputing capabilities have enabled fully
resolved simulations of large numbers of small particles that appeared unthinkable a
decade ago. Further breakthroughs in our understanding of particle-laden turbulence
will come from the synergistic application of both approaches.

2. Gravity plays a significant role in most practical applications. It couples nontrivially with
inertia and sometimes has an opposite effect on, for example, particle dispersion and
acceleration. Therefore, conclusions drawn in zero gravity should not be extrapolated
outside of this condition.
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3. Inertial clustering occurs over a wide portion of the parameter space, far beyond the
conditions for which preferential sampling is realized. In high-Re turbulence, clusters
have size distributions spanning orders of magnitude. While the precise mechanisms
behind their formation are still debated and may be problem dependent, history effects
become prominent as inertia and gravitational drift increase.

4. For particles larger than the minimal flow scales, the roles of size and density are distinct
and cannot be absorbed in the response time alone. The geometric effects can dominate
the fluctuating energy of the flow compared to the background turbulence, especially
for dense particles with significant slip velocity relative to the fluid.

5. While turbulence can greatly enhance the settling of small particles via preferential
sweeping, the opposite is true for large particles over a sizeable portion of the parameter
space. This is owing to unsteady and nonlinear effects. The dependence on volume frac-
tion is complex due to competing effects of collective drag, hydrodynamic interactions,
and hindrance by the displaced fluid.

6. Wall turbulence is significantly altered by the migration and accumulation of finite-size
particles.While the particle wall layer increases drag owing to larger friction, packing of
neutrally buoyant particles in the core region quenches turbulence activity. This leads
to increased mixing in the near-wall region and a pseudo-laminar flow in the core.

FUTURE ISSUES

1. Today, the research field is divided between studies of small heavy particles and of large
weakly buoyant particles. Bridging this gap will require both simulations and experi-
ments to surpass present limitations on the minimum particle size and maximum con-
centration, respectively. The expected dividends are large considering the practical im-
portance of the regimes that would become accessible.

2. Point-particle models remain the method of choice for high–Reynolds number simu-
lations of small particles, but their quantitative agreement with experiments is still un-
satisfactory regarding both transport and turbulence modification. Progress in this area
hinges on the accurate representation of the various forces acting on nonisolated particles
in turbulence, and on one-to-one comparisons between simulations and experiments.

3. Validation of particle-resolved direct numerical simulations (PR-DNS) is also necessary
before it can be used as ground truth to inform lower-order models. Improvements in
the spatiotemporal resolution and accuracy of experimental measurements are needed
to capture the fluid dynamics around submillimeter particles.

4. Large-scale experiments and simulations in single-phase flows need to be paralleled by
similar efforts in particle-laden conditions. Field measurements of natural flows, whose
exploration marked major successes of classic turbulence theory, offer unique opportu-
nities to probe otherwise unattainable regimes.

5. Three-dimensional imaging techniques have seen tremendous progress in recent years,
but the rewards for the characterization of inertial particle dynamics are still to be reaped.
The ability to track individual particles at higher-than-ever concentrations has been the
most notable recent trend and will be an asset for this field.
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6. To extend the range of applicability of PR-DNS in dense regimes, it is crucial to cor-
rectly include short-range interactions: friction, attractive/repulsive forces, collision-
coalescence, breakup, and lubrication forces. This requires a closer collaboration with
experimentalists.
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