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ABSTRACT

Multiphase, compressible and viscous flows are of crucial importance in a wide range of scientific and
engineering problems. Despite the large effort paid in the last decades to develop accurate and effi-
cient numerical techniques to address this kind of problems, current models need to be further improved
to address realistic applications. In this context, we propose a numerical approach to the simulation of
multiphase, viscous flows where a compressible and an incompressible phase interact in the low-Mach
number regime. In this frame, acoustics are neglected but large density variations of the compressible
phase can be accounted for as well as heat transfer, convection and diffusion processes. The problem
is addressed in a fully Eulerian framework exploiting a low-Mach number asymptotic expansion of the
Navier-Stokes equations. A Volume of Fluid approach (VOF) is used to capture the liquid-gas interface,
built on top of a massive parallel solver, second order accurate both in time and space. The second-order-
pressure term is treated implicitly and the resulting pressure equation is solved with the eigenexpansion
method employing a robust and novel formulation. We provide a detailed and complete description of
the theoretical approach together with information about the numerical technique and implementation

details. Results of benchmarking tests are provided for five different test cases.

© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

Multiphase flows of two or more immiscible and viscous fluids
are common in a large variety of engineering applications and fun-
damental scientific problems. Each phase is segregated and gives
origin to complex and time-evolving free boundaries where discon-
tinuities in the flow fields exist [1]. The phases mutually interact
exchanging mass, momentum and energy across the free bound-
aries, the latter undergoing large and complex deformations. It is
therefore clear how the description of the problem is extremely
challenging both from a theoretical and numerical point of view.
Some of the major issues affecting the modeling of multiphase
flows arise from the discontinuities in the flow variables and prop-
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erties across the free boundaries, from the necessity of numerically
tracking and reconstructing the interfaces as well as from the need
to account for the effect of the surface tension and jump condi-
tions at the interfaces. These aspects are critical in the simula-
tions of incompressible and isothermal multiphase flows, but ad-
ditional complexity is added when the compressibility needs to
be taken into account. In the latter case, heat transfer between
the fluid phases and the boundaries must be considered in addi-
tion to mutual heat transfer between the phases and density vari-
ations. In this paper, the emphasis is on the multiphase flows of
two immiscible viscous fluids, one of them being compressible, the
other being incompressible. The attention is paid in particular to
the low-Mach number flows, where the effect of compressibility is
significant and large density variations occur in the compressible
phase while acoustics are negligible. This is of great interest for
several applications. To mention some, the simulation of bubble-
laden flows and boiling flows [2-4], as well as the simulation of
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the fuel jet atomization processes in the combustion chambers of
internal combustion engines [5,6].

A great amount of literature dealing with the numerical sim-
ulations of multiphase, viscous fluids has been produced [7-14].
Many approaches have been proposed both in the Eulerian and La-
grangian frameworks as well as hybrid methods. Among the latter,
the arbitrary Lagrangian Eulerian (ALE) approach [15-17]. In this
frame, interface-conforming grids are used where boundary con-
ditions can be accurately prescribed on the free boundaries of the
flow. The main advantage of the ALE methods is the accurate treat-
ment of the interfaces. Nevertheless, the computational cost of this
kind of simulations is large due to the adaptive mesh adjustment
needed to preserve the conformity of the grid to the time-evolving
interfaces. The need for re-meshing is removed in the frame of the
fixed-Eulerian-grid methods. These are hybrid Eulerian-Lagrangian
approaches also referred to as front-tracking methods [18]. The Im-
mersed Boundary Method (IBM) belongs to this class of numerical
techniques [19-21]. This approach consists in solving the govern-
ing equations for the flow on a fixed Eulerian grid while track-
ing the free boundaries separating the different phases of the flow
by means of Lagrangian markers distributed over the interfaces.
An additional forcing is imposed to the fluid, within a neighbor-
hood of the interfaces, such that the boundary conditions are sat-
isfied within a certain degree of accuracy. This class of methods
have been successfully applied to the simulation of multi-phase
flows [22,23]. Even if fixed-Eulerian-grid methods are computa-
tionally more efficient than conforming-grid methods, they suffer
from low accuracy in the reconstruction and tracking of the inter-
face. A popular alternative is the so-called front-capturing meth-
ods that are based on a fully Eulerian treatment of the interface
tracking and reconstruction. These include essentially the Volume
Of Fluid (VOF) method and the Level-Set Method (LSM). The LSM
uses a continuous level-set function, usually the signed distance
to the interface, to distinguish between the different phases of the
flow [24-28]. Interfaces are accurately defined by an assigned level
of the level-set function while the advection of the level-set func-
tion itself allows for an accurate tracking of the interfaces. In the
LSM framework the interface curvature can be computed easily
and accurately, nevertheless, these are not mass-preserving meth-
ods. Indeed, the advection of the level-set function may result in
a mass loss or gain. The Volume-of-Fluid method [1,29-31], in-
stead, uses a discontinuous colour function to represent each dif-
ferent phase separately, providing the potential to conserve mass at
a discrete level and to accurately represent the interface topology.
This is in general accomplished with an interface reconstruction
procedure which can be either geometrical or algebraic. The for-
mer is based on approximating each portion of the fluid interface
with a plane, as done in the Piecewise Linear Interface Calculation
(PLIC) [32], while the latter consists in employing a suitable func-
tion to approximate the phase indicator. Common and established
choices of the reconstructing function are the hyperbolic tangent
from which the THINC [33] and MTHINC [34]| methods are derived
or simpler polynomial functions designed to locally reconstruct the
phase indicator [35]. In both cases, the chosen function is also em-
ployed to compute the numerical fluxes of the interface advection
equation.

A major part of the numerical approaches to the simulation
of multiphase flows reported by archival literature and referenced
above were originally developed for incompressible flows. A great
effort has been spent in the last decades to extend these meth-
ods to the simulation of compressible multiphase flows [36-40];
nonetheless this is still a very active area of research. Among
compressible flows, low-Mach number flows are of great interest
for many applications where large density variations occur at low
speeds, low subsonic regimes. When addressing the simulation of
this flow regime, a central issue arises from the limitation imposed
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on the time step by the fastest dynamics of the flow. Indeed, in
a compressible flow the speed of propagation of pressure waves
scales as 1/Ma, Ma being the Mach number. Many solutions to this
problem have been proposed, such as an implicit treatment of the
acoustic pressure [41,42]. Nevertheless, if the case under examina-
tion is dominated by free or forced convection where the amount
of energy carried by the acoustics is only a small fraction of the
overall energy of the flow, a low-Mach number asymptotic formu-
lation of the Navier-Stokes equations can be used to numerically
address the problem. Large density variations can be accounted
for, completely neglecting acoustics, but still describing entropy
and vorticity modes as well as taking into account compressibil-
ity [43,44]. In this frame, the pressure is split into two different
terms: a zero-order, thermodynamic pressure, pg, and a second-
order pressure, p,. The former is governed by the thermodynamic
properties of the flow while the latter enters the computation in a
similar fashion to that of pressure in incompressible flows [43].

In this context, we propose a one-fluid fully Eulerian ap-
proach to the numerical simulation of multiphase low-Mach num-
ber flows, based on the solution of a low-Mach number asymptotic
formulation of the compressible Navier-Stokes equations. For the
reconstruction and subsequent advection of the interface between
the compressible and incompressible phases, we adopt an algebraic
Volume-of-Fluid method (MTHINC [34]). However, the mathemati-
cal and numerical framework can be extended in a straightforward
manner to any kind of interface capturing and tracking technique
based on the sharp interface approach. The proposed method is
implemented in the frame of the pressure-correction methods, tak-
ing advantage of a Fast-Fourier-Transform (FFT) based solver for
the Poisson equation governing the second-order-pressure of the
flow. The effect of the surface tension is accounted for by using
the continuum surface force (CSF) model by Brackbill [45]. The im-
plementation is built upon an extensively validated code for the
simulation of incompressible flows. The solver uses second order
finite difference schemes for space discretization on a fixed Eule-
rian grid and a second order of accuracy Adams-Bashforth time-
marching algorithm [12,46-48]. While providing detailed and com-
plete description of the theoretical approach together with infor-
mation about the numerical technique and implementation details,
we highlight how the first order pressure py should be computed
in order to ensure mass conservation of the compressible phase
and how to ensure that the constrain on the velocity divergence
is correctly imposed. Because of its numerical efficiency, we be-
lieve that this approach is one of the most promising to efficiently
address the simulation of multiphase, low-Mach number flows, in
particular when one of the two phases can be assumed to be in-
compressible.

2. Governing equations

This section provides the derivation of the monolithic system of
partial differential equations that governs the flow of two immisci-
ble viscous fluids, one being compressible, the other being incom-
pressible, e.g. a liquid-gas system. The regions of space occupied
by the gas and the liquid phase, Q¢(t) and £;(t), are assumed
to be separated by a zero-thickness and time-evolving interface,
S(t) = Qg(t) M 2 (t). A phase indicator function, H(x, t), is defined
to distinguish between the two phases,

1 if xe Qq(t),
H(X,f)={o iferf’(f) "

The dynamics of the liquid phase are assumed to be governed
by the standard, incompressible Navier-Stokes equations. Since the
framework is well-established [29], details are omitted here. On
the other hand, the compressible phase is assumed to evolve in
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the low-Mach number regime. The governing equations for a com-
pressible, low-Mach number flow rely on a well-established frame-
work too [44]. Nonetheless, the derivation of the low-Mach num-
ber model is presented in this section and in Appendix A to clarify
the basic assumptions and range of validity of the monolithic ap-
proach presented in this paper.

2.1. Governing equations for the compressible phase

This subsection focuses on the compressible gas phase alone; all
the quantities defined here refer only to the gas phase unless oth-
erwise stated. In general, if compressibility is taken into account, a
gaseous flow can be described by the following Navier-Stokes and
energy equations:

%’erV (pu) =0, ?)
a(éotu)+V-(pu®U)=V'T—VP+f“+pg’ 3
d(per) v -V V. (kV
o TV (oue) =V (T-w)+ V.- (kVT)
V- (pu) + (£, + pg) -, (4)
p=pRIT, )

where u = (u,v,w), p and p are the fluid velocity, density and
pressure, g is the gravitational acceleration and k the thermal con-
ductivity. The specific total energy of the flow, e =e+u-u/2, in-
cludes the specific internal energy, e, and the specific kinetic en-
ergy, u-u/2. The Newton-Stokes constitutive relation is assumed
to hold, such that the viscous stress tensor is

_M[(Vu+VuT) - %(Vu)l], (6)

with I the identity tensor and y the dynamic viscosity. The effect
of the surface tension on the interfaces separating the incompress-
ible and compressible phases is modeled by a continuum surface
force, (CSF) [45]:

f, = oKd(X —X;)n, (7)

where o is the surface tension coefficient, k the curvature of the
interface and n the unit normal on the interface pointing towards
the compressible phase. A delta function, §(x —X;), is used in
Eq. (7) to impose the force density, f,;, only at the interface po-
sition X;. We consider here an ideal-gas with equation of state (5).
The parameter R is the specific gas constant, R = R/M, where M
is the molar mass of the gas and R =8.314 J/(mol-K) the uni-
versal gas constant. Extending the model to deal with non-ideal
equations of state, such as the Van der Waals equation or cubic
equations of state [49], is straightforward, as these terms will enter
the thermodynamic derivatives. Nonetheless, for the sake of sim-
plicity, the discussion is limited to the use of Eq. (5). Moreover,
we assume a calorically-perfect gas, e.g. the constant-pressure and
constant-volume heat capacities, ¢, and ¢,, do not depend on the
thermodynamic pressure and temperature. Eqs. (2)-(5) can be re-
cast in non-dimensional form by setting as independent reference
scales the density, §, the pressure, p, the length, L, the velocity, U,
together with the following derived quantities:

T=p/Rp), E=L/0, é=p/p, f=pU%L
The quantities above, T, f, & and f are the reference temperature,
time, specific energy and force per unit volume. In addition, the

reference values for the thermal diffusion coefficient, heat capaci-
ties, dynamic viscosity, surface tension coefficient and gravitational
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acceleration are denoted as k, Cp, Cy, ft, 6 and & Under the hy-
potheses specified above, the low-Mach number limit of Egs. (2)-
(5) can be derived by taking a single-scale asymptotic expansion
in the limit of small Mach numbers [44] of their non-dimensional
form. The related procedure is reported in details in Appendix A,
while here we report the final form of the governing equations for
the compressible phase:

Ju 1 f, g
W+u Vu = ,0|: V.t- VP2+}+Fr2’ (8)
aT T —1dpo
WJru.vr p[RPV *vT)+ V2 y dt} 9
_ 1 1 1 dpo

u= Do [RePr (V) + dt} (10)
dpo _ [ /kVT n ds— pO/u n dS] (11)
dt V L RePr
po=TI pT. (12)

where T is the temperature, Re = pUL/fi the Reynolds number,
Pr = ¢pfi/k the Prandtl number, We = pU2L/& the Weber number

and Fr = 0/\/5 the Froude number. The parameter y = ¢p/Cy is
the specific heat ratio of the gas phase, whereas the constant I1
is, by definition, T = (pRT)/p. In Eq. (11), the volume V denotes
the overall volume of the spatial region occupied by the compress-
ible phase, whereas the surface integrals are computed along the
boundaries of the latter. Two different pressure terms appear in
Egs. (8)-(12): the zeroth-order pressure, pg, and the second-order
pressure, p,. The former, which can be referred to as thermody-
namic pressure, is determined by the thermodynamic state of the
flow, it is uniform across the spatial field and it is a function of
the time only. The latter, conversely, enters the computation sim-
ilarly to the pressure in incompressible flows (e.g. by imposing a
prescribed value of the velocity divergence) and it is obtained as
the solution of a Poisson equation, discussed in the following. It
also worth remarking that, in the limit of small Mach number, the
contribution of the viscous dissipation to the overall energy bal-
ance of the gaseous flow has been neglected. As addressed also
in Appendix A, this holds true under the hypothesis of sufficiently
high Reynolds number.

2.2. Final form of the governing equations

Egs. (8)-(12) hold only for the compressible gas phase; these
are coupled with those for the incompressible fluid by employing
the phase indicator function defined in Eq. (1). Hence, a monolithic
system of equations can be obtained, describing at the same time
the dynamics of both the compressible and incompressible phases.
For convenience, the system is written in dimensional form,

9
al:+u Vu——(V T-Vpr+1:)+8g, (13)
oT B dpo
W—Fu VT_p|:V (kVT) + — j| (14)
Ye — 1 de
V.ou= 19 evry - LdPo |y 15
Po[ Ve (VD Ve df} (19)
dpo _ ¥ L_]fkvrndS—po/wndS , (16)
dt Vg Ve s S
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Po = pRT. (17)

Egs. (13)-(17) are consistent with those reported in Daru
et al. [50]. The coefficients c¢p, k and w in Eqs. (13)-(17) should be
intended as the heat capacity at constant pressure, thermal con-
ductivity and dynamic viscosity of the bi-phase flow, respectively,
whereas the parameter y,, which is meaningful for the gas phase
only, is taken as a constant, yg = Cpg/Cyg. These quantities, k, Cp
and u, are computed, together with the density of the flow, p, by
using the phase indicator function, H:

p = pgH+p(1-H), (18)
cp=CpgH+cp (1 —H), (19)
k = keH + k(1 —H), (20)
= pueH + (1 -H), (21)

where the subscripts “g” and “I” refer to the physical parameter of
the gas and liquid phases, respectively. While Eqs. (13)-(15) hold
for both the phases, Eqs. (16) and (17) are meaningful for the com-
pressible one, only. In particular, Eq. (15) reduces to V-u =0 in
the liquid regions, where H = 0.

As shown in Eq. (A.11), the zeroth-order pressure, pg, is uniform
inside each region occupied by the compressible phase. In each of
these regions, the value of pg is determined by the constitutive law
for ideal gases (17), while its temporal rate of change is set by the
energy balance provided by Eq. (16). In particular, the surface inte-
grals appearing in Eq. (16) are computed over the interface, S, that
separates the compressible and incompressible regions and, where
necessary, over the boundaries of the computational domain. For
numerical integration purposes, it is more convenient to reformu-
late Eq. (16) in terms of volume integrals, by employing the diver-
gence theorem:

1dpo_ v lL_]/HVﬂNT)dV—/HV-udV ,
podt  Ve\po Ve Ja Q

(22)

where the integrals are computed over the entire computational
domain, 2 = Qg|J<;, and V; is the volume of the spatial region
filled by the gas phase, 2. Eq. (22) can be derived by employ-
ing the change of variable, V; = HV, with the related differential,
dVy = HdV, being dH = 0 by definition of the phase indicator func-
tion [29].

3. Numerical methodology

The numerical solution of Eqs. (13)-(17) is addressed on a fixed
regular Cartesian grid (e.g. using a uniform and equal spacing,
Ax = Ay = Az), with a marker-and-cell arrangement of velocity
and pressure points, whereas all scalar fields are defined at the
cell centers. Hereafter, we present the numerical discretization of
the governing equations following the same order in which they
are solved.

3.1. Interface representation and advection

The first step of each iteration of the time-marching algorithm
consists in the reconstruction of the interface between the two
phases and its subsequent advection. As mentioned in the intro-
ductory section, we address both the aspects in a fully Eulerian
framework using the VOF method to distinguish between each of
the flow phases [1]. By a numerical point of view the indicator
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function H, defined in Eq. (1), is updated on the computational grid
by the following advection equation:
1o

W+V~(uH)=<DV~u, (23)

where the volume fraction, @, is defined as the average value of
the color function over a discrete computational cell of volume
Ve = AXAyAz:

® =/ H(xt)dV.. (24)
Ve

Coherently with the given definition of H in Eq. (1), the volume

fraction satisfies ® =1 in cells occupied by the gas phase only,

® =0 in that filled only by the liquid and 0 < ® < 1 in the cells

containing the liquid-gas interface.

In the present work, we employ as VOF method the multi-
dimensional tangent of hyperbola for interface capturing method
(MTHINC), originally developed by li et al. [34] and more recently
applied to complex flows cases both in laminar [12,51,52] and in
turbulent conditions [48]. The description of this VOF appraoch is
not reported here as the present low-Mach algorithm is not lim-
ited to a specific interface capturing/tracking method; additional
details on the MTHINC are provided in literature [12,34]. Once the
interface is reconstructed, the advection step is performed using
the standard directional splitting approach, originally developed by
Puckett et al. [53] and Aulisa et al. [32]. Note that since there is
no phase change, the one-fluid velocity is continuous and well-
defined across the interface, therefore it can be employed as in-
terface velocity in (23). Nevertheless, due to the thermal expan-
sion/contraction in the gas phase, u is not divergence free and,
thus, the additional correction proposed in [54] is employed. This
consists in adding, after the three directional splittings, a correc-
tion step proportional to the discrete velocity divergence:

c1>;?j}< = — At”“l—"&k + At cb;?j,l(v W) (25)

where dD;‘*ji*k is the volume fraction resulting from the directional
splitting procedure, Fl”] « represents the correction used in the stan-
dard directional-splitting method for a solenoidal advection veloc-
ity [34], and the last term represents a volume correction step that
ensures that the non-zero velocity divergence is used to update
q>n+1
ijk
Finally, the thermodynamic properties (o, w, k and cp) are up-
dated using the relations (18)-(21).

3.2. Temperature equation and thermodynamic pressure

The next step consists of the computation of the updated ther-
modynamic pressure pg“ and temperature T™*1, This last quantity
is advanced using a second-order Adams-Bashforth time-marching
algorithm:

n+1 n+1
T =T" + At™! [(1 + ;A;ﬂ)mn - (;AAttn>RT”‘li|.

(26)

In the above, At™1 and At represent the time step at time levels
n+ 1 and n. The time step is chosen to fulfil the temporal stability
requirements as explained in Section 3.4. The term RT is the right-
hand side of the temperature Eq. (14), provided below in a semi-

discrete notation:
1 n+1 n de ngn+1
P"TCZH |:V (KT 4+ ar [} ,

RT" = —u". VT" +
(27)

where the rate of change of the thermodynamic pressure
(dpo/dt)" is computed from Eq. (22) using T™. All the spatial terms
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in eq. (27) are discretized by second order central schemes, except
for the temperature convection term. The discretization of the lat-
ter is based on the 5th-order WENO5 scheme as in reference [55].

Next, the thermodynamic pressure is updated. Here, different
strategies are available. One possibility is to discretize (22) in time
using for example the Adams-Bashforth method. Another approach,
proposed in [50], is to integrate (22) in time to compute the new
Po.

n+1

tn+1
L dpo|" g (28)

n+1 _ n ex / et )
po p() p tn pO dt

Nevertheless, both approaches are not built to satisfy as a key re-
quirement the mass conservation of the compressible phase at a
discrete level. When the gas density changes, the mass conser-
vation cannot be fulfilled by the simple color function advection,
which is only designed to ensure volume conservation. To over-
come this issue, we adapt to our multiphase configuration the
approach proposed by Motheau et al. [56] for combustion prob-
lems and more recently adopted by Demou et al. [57] for non-
Boussinesq gravity currents. In this case, the calculation of pﬁ* s
performed by integrating the gas density Eq. (17) over the entire
gas volume Vg,

Mg,t=0

1 n+1 .
/‘./gnﬂ RT”+1 dvg

If the system is closed or periodic and no phase change occurs
between the two phases, the gas mass is a constant, e.g., Mg” =
Mg ;0. and can be pre-computed at the beginning of the simula-
tion. At each time-step, py is computed from Eq. (29) to satisfy ex-
actly mass conservation of the compressible phase, and it therefore
varies according to the global thermal expansion or contraction of
the compressible phase. Note that the gas volume Vg"“ over which
Eqg. (29) is integrated can be approximated as

n+1 _

Pg (29)

Ny NY N,
Vit =3 3N dr i AxAyAz, (30)
i=1 j=1 k=1

where Ny, Ny and N, are the number of grid points along the x, y
and z directions.

3.3. Flow solver

In order to impose that the velocity field u™t! satisfies the di-
vergence constraint given by Eq. (35), a pressure-correction scheme
based on the Adams-Bashforth method is employed and summa-
rized below in semi-discrete notation:

n+1 n+1
ut =u" + A" |:(1 + % AAttﬂ )RU" - (; AAttn )RU"‘1],

(31)

\% 1 Vpitl) = 1 V.ut—V.u"! 32

’ Pt by _At”‘*'][ ‘w-v.u ]’ (32)
n+1

un+1 —ut — %Vpgﬂ’ (33)

where u* is the predicted velocity. The right-hand side RU" is com-
puted as:
1

er—]

RU" = —u" - Vu" +

[V z(umt ) + 51 4 prtig]. (34)

where both the convection and diffusion terms are discretized by
central schemes. More specifically, the former is discretized in di-
vergence form as V - (uu) — uV - u whereas the latter is treated in
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a fully conservative form. The surface normal vector n and the cur-
vature k are obtained directly from the corresponding definitions,
eg,n=V®/|VD| and « = V -n, where the color function gradi-
ents are estimated directly with Youngs’ method [58,59]. Finally,
the divergence constraint in Eq. (32) is computed directly as

V.u*! = 1 Ve — 1 V. (anVTnH) _ l l% n+1 [ pn+1
pgt e Ye\ Po dt
(35)

Note that the evaluation of the term (dpo/dt)"“/pg“ in (35) is
performed directly with Eq. (22) using T"*1, k™1 and ®n+1,

3.3.1. Pressure equation

A key feature of any two-fluid solver is the ability to impose
accurately and efficiently the divergence constraint on the veloc-
ity field, this task being directly related to the numerical proce-
dure used to solve the pressure equation, Eq. (32). A possible ap-
proach is based on the use of iterative multigrid solvers. Despite
the success and the widespread use of these solvers, the solution
is not exact, but satisfied up to a controlled tolerance, usually of
the order € = 10~7 - 10-8, Moreover, since the coefficients of the
Poisson equation vary in space, the system matrix must be recom-
puted at each time-step. Alternatively, when the pressure boundary
conditions are homogeneous [60], a possible solution is to trans-
form Eq. (32) into a constant coefficient equation and apply the
method of the eigenexpansion [61,62] to solve the pressure equa-
tion exactly with spectral accuracy. The resulting pressure equation
is still to be solved in an iterative manner starting with an initial
guess. Different methods based on the latter approach are available
in literature, the main difference being how the variable coefficient
pressure equation is recast into a constant coefficient problem. In
the following, we review two of these methods, that have been
recently proposed and designed to efficiently solve in an iterative
manner the Poisson equation with the method of eigenexpansion.
It should be noted that, these methods have been successfully im-
plemented in numerical codes that share with our one a similar
parallelization strategy based on the 2DECOMP&FFT [63] library.
Finally, we will introduce a new methodology that proves to be
more efficient and suitable for two-phase flows with capillary ef-
fects and sharp gradients between the two phases.

e Method [: this method has been proposed by Motheau and
Abraham [56]. It is designed for low-Mach number reactive
flows, aiming at decreasing the number of iterations of the
previously developed FFT-based solvers for combustion appli-
cations. The methodology consists in a semi-implicit approach
that first requires an iterative procedure to solve the following
constant coefficient Poisson equation:

2 ,5+1 ﬁ3+1 S ﬁg“ * n+1
ViR =V (1= S VP + g (Vo = Vot

(36)

where, p52“ and p3 are the hydrodynamic pressure at two sub-
sequent iterations and gj* 1 is the minimum value of p"t! over
the computational domain. After the iterative loop to compute
pg“, a modified correction step is applied:

. 1 1 1 1,
W = - At"“[ﬁnuvpg“ + <pn+l - ﬁnH)VPT q}

0 0
(37)

where pg“’q is the second-to-last hydrodynamic pressure of
the iterative procedure at the new time-level. The main advan-
tage of this method is the ability to effectively impose the ve-
locity divergence up to machine accuracy, by setting a resid-
ual threshold to solve Eq. (36) to & = 10-% — 10~8, being the
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residual ¢ = ||p52“ — p311). Nevertheless, we find that using this
approach in the case of a rising bubble (see Section 4.2), the
number of iterations required to achieve convergence is of the
order of one hundred.

Method II: this approach, proposed by Bartholomew and
Laizet [64] and designed for non-Boussinesq gravity currents, is
based on the rearrangement of Eq. (32) as a constant coefficient
Poisson equation:

o \ 1o
V2t = V204 B g (Vo = Vewnt - v S Vi)
(38)

where psz+1 and p? are the hydrodynamic pressure at two sub-
sequent iterations. Eq. (38) is solved in an iterative manner un-
til convergence. After that, the correction step (33) is performed
to obtain the new velocity field u™*!. The modified density p is
taken as the harmonic mean between p; and pg, as suggested
by the authors to improve convergence. To satisfy the diver-
gence constraint up to machine accuracy, the threshold resid-
ual should be set to & = 1012, In Section (4.2) we will show
that this approach requires a lower number of iterations than
the previous one, but still higher than the one we are going to
present next.

Method III: the basic idea behind this third approach, proposed
here, is to rearrange the Poisson equation into a constant-
coefficient form by employing the correction step (33):

1 1 1 .

o vngﬂ +v(pn+1> 'ngH = Apn+ (V'u _V'unﬂ)’
VZ n+1 1 \v4 n+1 v n+1 pn+1 \vj * \v4 n+1 (39
Py - S VATV = S (Vew - Veurt). (39)

Using the vector calculus identity pV.-u=V.(pu) —u-Vp,
we finally rewrite Eq. (39) as:

Vngﬂ _ 1

= g [V . (p"”u*) _ anV T Lt T L B V,O”H]

Atl‘H’

1 1
+ N |:(un+1 —u pn+1 Vpgﬂ) ‘Vpn+1i|. (40)

=0 due to Eq. (33)

As pg“ and u™! are both unknown, we solve Eq. (40) to-
gether with Eq. (33) by an iterative loop, as reported in
the pseudocode Algorithm 1. Two interesting features emerge
when using this method. First, the constant-coefficient Poisson
Eq. (40) is an equivalent and exact formulation of its variable
counterpart (32), derived using the correction step (33). This
represents a major difference with respect to the previous two
methods, Eq. (36) and (38), which are only a consistent but not

Algorithm 1 Solution of the pressure equation with Method III
1: =0,

w = u*,

. &€ =ag witha> 1.

: while ¢ > & do

s=5+1,

V2p52+1 — ﬁ[v . (p””u*) _ p"‘HV ut — s Vp”'*']],

1 A1 1
=t — i+ Vp;Jr ’
Nx Ny N,
. _ s+1 n+1
8 &= ZZZ”V‘“LM = Veulndl
i=1 j=1k=1
9: end while
10: pn+l — ps+1

9O U A W N

2 2
1: un+1 — u5+1'
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exact recast of Eq. (32). Second, this method allows us to de-
fine and control the residual of the iterative procedure on the
basis of the velocity divergence, which represents the constraint
to be imposed on the flow field. These two advantages come at
the cost of performing a correction step for each iteration of the
loop. Nevertheless, the additional computational cost is more
than compensated by the lower numbers of iterations required
to achieve convergence as the solution of the Poisson equation
is often the most expensive part in standard two-fluid solvers.
As we will show in the result section, this approach requires a
significantly lower number of iterations.

The proposed methodology is outlined in the pseudocode
Algorithm 1 where the iterations are performed until & < &, is
satisfied. The residual ¢ is computed with a summation over the
whole computational domain whereas the threshold value &; is
chosen considering the trade-off between the number of iterations
required to achieve convergence and the minimization of the resid-
ual error. Unless otherwise stated, in the present work, &; equal to
10~ has been set in order to impose the divergence constraint
on the final velocity field, w™t!, with machine precision. It should
be also noted that the first two terms of Eq. (40) do not vary over
the solution cycle and can be pre-computed just before the itera-
tive procedure to reduce the execution time, whereas the last term,
us - Vp"*t1 needs to be updated at every iteration of the pressure-
correction loop.

Note that an additional possibility to efficiently solve (32) in
one single iteration would be to employ the approach described
in Method I and instead of solving iteratively Eq. (36) and (37),
set p52+‘ = p5 and compute p3, with a linear extrapolation, i.e, p =
2pg—pg*], as already employed for incompressible two-phase
simulations [65]. As shown in the result Section 4.2, we obtain
identical results when the ratio between the initial liquid and gas
temperature is moderate, while we observe deviations from the ex-
act solution for higher temperature ratios. As also observed in [56],
we attribute this error to the approximation of p5 with a linear
extrapolation, which becomes inaccurate as the temperature gradi-
ents between the phases increase.

Before proceeding to the discussion of the validation cases, it
is worth mentioning that the proposed mathematical and numer-
ical framework can be naturally extended to any interface captur-
ing and tracking method consistent with the sharp-interface defi-
nition of the phase indicator function as in Eq. (1), e.g. Volume-of-
Fluid, Level-set and Front-Tracking methods. Furthermore, as also
in different implementations of the diffuse interface approach (e.g.
phase field models based on the Cahn-Hilliard and Cahn-Allen
equations) the numerical procedure is typically based on the so-
lution of a variable coefficient Poisson equation, we believe that
the methodology proposed here can be helpful also to generalize
the phase field theory in a low-Mach number framework.

3.4. Time step restriction

The time step At"*1 is estimated from the stability constraints
of the overall system:

At = Cpr min(Ate, Aty, Aty, Ate)™1, (41)

where At;, Aty, At, and At are the maximum allowable time
steps due to convection, surface tension, momentum diffusion and
thermal energy diffusion, respectively. These can be determined as
suggested in reference [66]:

[ty max| |uy max| |tz max| -1
At = : : : ,
¢ < Ax Ay t Az

Mg M ( 2 2 2 ) 1
A = _—— —_— —_— —_—
tu |:max (,5?’ p,) N7 72 t Az ,
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(OF + p) min(Ax, Ay, Az)3
Ao

A ke K 2 2 2 1
te = | max @, o (ﬁ + Tﬂ + E) s
where |u; max| IS an estimate of the maximum value of the ith
component of the flow velocity and gg' is the minimum gas den-
sity computed over the computational domain to account for the
compressible effects. For the cases presented here, Co; = 0.25 was
found sufficient for a stable and accurate time integration and, un-

less otherwise stated, this value has been employed for the valida-
tion cases.

Aty =

)

(42)

4. Validation and testing

In order to validate and test the proposed numerical approach,
five different flow configurations are considered, denoted Clqa, C1b,
(€2, (3, (4 and C5. The first two simulations, Cla and C1b, repro-
duce the two-dimensional flow originating in a fluid system made
of alternating gaseous and liquid bands at different initial densities
and temperatures confined in a periodic, free-slip channel. We be-
lieve that these test cases are particularly significant to highlight
the capabilities of the proposed numerical methodology. The third
simulation, C2, reproduces a two-dimensional gas bubble rising in
an incompressible liquid medium and is used as a quantitative val-
idation against a reference case from archival literature. We select
this test case in order to perform the comparison among the dif-
ferent methods analyzed in Section 3.3. The previous setup is also
used to study the flow in the presence of three rising bubbles,
case C3. The fourth test case, (4, reproduces a time-evolving, plane
mixing layer originating between two streams at different tem-
peratures and opposite velocities. One of the streams is assumed
to be compressible, the other being incompressible. The effect of
the temperature gradients on the temporal evolution of the mixing
layer is fully described by means of the low-Mach number asymp-
totic approach, taking into consideration thermal diffusion as well
as density gradients in the flow. The final test case, C5, considers a
three-dimensional turbulent bubble-laden flow in a vertical chan-
nel, where the flow is heated and cooled by the channel walls.
Two simulations are carried out: one where the gas phase is in-
compressible and one where it is compressible. Differences in the
bubble distribution inside the domain are documented below.

4.1. Expansion of gas bands enclosed by an incompressible medium

The test case C1 reproduces the two-dimensional, isochoric
(Cl1a) and isobaric (C1b) transformation of a compressible gas band
enclosed within an incompressible liquid medium. All the quan-
tities are provided in the non-dimensional frame, the reference
values and the simulation parameter being reported in Table 1.
The domain is rectangular and extends, in non-dimensional units,
for Ly/L=4 and Ly/L=0.5, L being the reference length scale.

Table 1
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The domain is discretized using Ny x Ny = 128 x 16 nodes. Free-
slip boundary conditions are applied to the lower and upper edges
of the computational domain while an adiabatic, zero-gradient
boundary condition is prescribed to the temperature equation. A
periodic boundary condition is applied along the x direction. The
isochoric case, Cla, considers a rectangular gas band of width
b/L =1 that splits the domain into two parts filled by an incom-
pressible liquid. The band is initially centred around the axial po-
sition x¢/L = 3 and extends over the whole domain in the y direc-
tion. The geometrical configuration of the problem is provided in
Fig. 1(a). The ratio of the gas to the liquid temperature is initially
fixed to (Tg/T;); = 5/6. The initial temperature and density fields
are uniform over each band, the only discontinuities being located
on the liquid-gas interface. Fig. 1 provides also the temporal evo-
lution of the thermodynamic pressure for the gas phase together
with a plot of the density, temperature and volume fraction as a
function of the axial position, x/L, at four different time instants.
As a result of the initial temperature gradient, a heat flux devel-
ops from the liquid region towards the gas band. The temperature
of the latter increases as shown in Fig. 1(b), while its density de-
creases as can be observed in Fig. 1(c). It should be noted that, the
prescribed boundary conditions do not allow any volume change
of the gas region. Hence, the transformation is isochoric, the vol-
ume fraction field remains unchanged and the gas band does not
change the position of its centroid neither its boundaries during
the transient as can be seen in Fig. 1(d). In these conditions, the
energy transfer to the gas band enforces the thermodynamic pres-
sure to progressively increase until a uniform temperature field is
established over the entire domain. At this point, the thermody-
namic pressure settles to a constant value.

In the second test case, C1b, we address the simulation of the
isobaric contraction and expansion of two separated gaseous bands
enclosed within an incompressible liquid medium. The domain
size, discretization and boundary conditions are unchanged and
similarly for the fluid parameters which are provided in Table 1.
The initial configuration of the fluid system is provided in Fig. 2(a).
Initially, the two rectangular gas bands extend over a length b/L =
1 along the x direction, separated by an incompressible liquid. The
left-side band centroid is located at the axial position x.q/L =1
while the right-side band is centered around x./L = 3. The ratio
between the initial gas and liquid temperatures is set to (T 1/T}); =
4/3 for the left-side band and to (Tg/T;); = 2/3 for the right-side
region. The initial temperature and density fields are uniform over
each of the five different regions composing the fluid system. The
initial thermodynamic pressure is the same in the two gaseous
regions. Fig. 2(c) and (d) provide the temperature and the den-
sity fields as a function of x/L at four different time instants. The
colder, right-side, band absorbs energy from the surrounding lig-
uid medium while the hotter band on the left-side releases energy
to the surrounding fluid. Hence, we observe the expansion of the
colder gas band, simultaneously with the equivalent compression
of the hotter gas, as shown in Fig. 2(e) providing the volume frac-
tion as a function of x/L at four different time instants. The vol-

Physical dimensionless parameters of the fluids for cases Cla, C1b, C2, C3, C4 and C5: the Reynolds number, Re, the
Weber number, We, the Froude number, Fr, the Prandtl number Pr, the density ratio p;/gg,, viscosity ratio, 1;/fig,
thermal conductivity ratio, k,/l~<g. specific heat capacity ratio at constant pressure, ¢,/¢y¢. The subscript, “I”, refers to the
liquid phase and the subscript “g, r” to the reference value in the gas phase. Unless otherwise stated, the dimensionless

group ITp is set equal to 1 for all the case.

Re We Fr Pr P1/ Py /g Cp1/Cpr ki /kg.r
Section 4.1 1 00 00 1 varied 20 4,186 20
Section 4.2 35 1 1 0.7 varied 10 4.186 20
Section 4.3 125 0.125 1 0.7 10 10 4.186 20
Section 4.4 200 00 00 8.92 5 20 4.186 20
Section 4.5 4000 889 4 1.49 10 1 4 1
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Fig. 1. a) Schematic of the computational domain and initial conditions for the test case Cla. b) Non-dimensional thermodynamic pressure, po/p, in the gas regions as a
function of the non-dimensional time, t/f. c¢) Non-dimensional temperature, T/T;;, computed on the middle-line of the domain as a function of non-dimensional coordinate
x/L. d) Non-dimensional density, p/0;;, computed on the middle-line as a function of x/L. e) Volume fraction, ®, computed on the middle-line as a function of x/L. The
temperature, density and volume fraction curves are provided for four different time instants, t/f = 0.001, t/f = 0.01, t/f = 0.1 and t/f = 1, f being the reference time scale.

ume of the liquid region included between the two gaseous bands
cannot change; however, due to the periodic boundary condition
along the x direction, the liquid fluid can move from the right to
left side of the domain. The two bands do not change the position
of their center of mass during the expansion and contraction. Since
in this case the volume of each band can vary freely, the transfor-
mation is isobaric as can be seen in Fig. 2(b). Even if we cannot
provide an analytical solution for the cases Cla and C1b, we be-
lieve that their numerical outcomes clearly show the capability of
the method to account for heat transfer, density and temperature
gradients as well as for compressibility effects in both isobaric and
isochoric conditions in the low-Mach number regime.

The outcome of a spatial convergence study for test case C1b is
provided in Fig. 3. The figure displays the volume fraction, ®, as
a function of x/L at time t/f = 15, computed using four different
resolutions. These grid spacing are obtained scaling the base com-
putational grid (128 x 16 nodes) by the factors 0.5, 1.0, 2.0 and 3.0,
corresponding to 64 x 8, 128 x 16, 256 x 32 and 384 x 48 nodes
along the x and y directions. Only minor differences can be ob-
served between the results obtained with the highest and lowest
grid resolutions. Hence, the base computational grid, 128 x 16, is
suitable for both test cases Cla and C1b.

4.2. Rising bubble

The test case C2 addresses the simulation of a two-dimensional
rising bubble flow. A circular gaseous bubble of initial density og
and temperature T, is immersed in a liquid fluid with a higher,
constant density, o;, and temperature, T;. Both the temperature and
the density fields are initially uniform within the bubble and the
liquid phase while a discontinuity exists across the interface. The
initial configuration is displayed in Fig. 4. The rectangular com-
putational domain extends, in non-dimensional units, for Le/L x
Ly/L =1 x 2. The domain is discretized using Ny x N, = 128 x 256
nodes. The initial bubble diameter is d;/L = 0.5 while the bubble
center is initially located at X, ;/L = (0.5,0.5). A no-slip and no-
penetration boundary condition is prescribed to the momentum
equation along the lower and the upper edges of the domain while
a zero-gradient boundary condition is applied to the temperature
equation. A periodic boundary condition is prescribed along the
x direction. The physical parameters of the fluids are provided in
Table 1. We report the results of five different test cases with dif-
ferent initial temperature ratios, (T;/Tg); =1, 1.2, 1.5, 2 and 3, and
corresponding density ratios, (o;/pg); = 10, 8.33, 6.67, 5 and 3.33.
We use as output quantities the center of mass of the bubble and
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Fig. 2. a) Schematic of the computational domain and initial conditions for the test case C1b. b) Thermodynamic pressure, po/p, in the gas regions as a function of the

non-dimensional time, t/f. c) Temperature, T/T;;, as a function of x/L. d) Density, p/p;;, as a function of x/L. e) Volume fraction, ®, as a function of x/L. The temperature,
density and volume fraction are provided for four different time instants, t/f =5, t/f = 10, t/f = 15 and t/f = 20.
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Fig. 3. Volume fraction, &, as a function of x/L, evaluated at time t/f = 15, com-
puted using four different grid resolutions: N/2, N, 2N and 3N, where N refers
generically to the number of grid nodes per direction (x and y).
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Fig. 4. Schematic of the computational domain and initial configuration used for
the rising bubble simulation.
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Fig. 5. Rising bubble: vertical position of the bubble centroid, y.(t)/L, and vertical
component of the bubble rising velocity, vc(t)/U, versus time, t/f for a density ratio
in the incompressible reference case equal to 10.

the bubble rising velocity. The bubble centroid is defined as

,ogdeg

(XCs yc) =
/ Pngg

In a similar fashion, the bubble rising velocity is defined as the
mean velocity with which the gas phase is moving,

(43)

pgudVy
Vg

pgdVg
Vg

Uc = (U, V) = (44)

In both expressions, the gas volume V, is approximated using
Eq. (30). Fig. 5 displays the vertical position of the bubble centroid,
ye(t)/L, and the vertical component of the bubble rising velocity,
ve(t)/0, versus time, t/f, for each of the initial temperature ratios
given above. In the isothermal case the initial temperature field is
uniform over the entire domain, (T;/Ty); = 1, and the density ra-
tio is set to (0;/pg); = 10. The results of the present simulation are
compared with that obtained by Hysing et al. [67]. As the density
ratio, (p;/pg);, is decreased, the rising velocity of the bubble is ini-
tially lower than in the isothermal case due to the lower buoy-
ancy force exerted by the liquid on the gas bubble. Nonetheless,
the thermal diffusion reduces progressively the temperature gra-
dient between the two phases. The bubble heats-up and the den-
sity ratio, p;/pg, increases. As a result, after an initial transient, the
terminal bubble rising velocity tends to settle to the same regime
velocity as that of the isothermal case, independently of the initial
density ratio, (p;/pg);. Clearly, the initial differences in the rising
velocities lead to an offset in the position of the bubble centroid.

This case is then repeated at a density ratio equal to 50 (in the
incompressible cases) and for two different initial temperature ra-
tios, (Tg/T;); = 1.0 and 3.0, while keeping fixed the other dimen-
sionless parameters, see Table 1. The results, reported in Fig. 6, are
qualitatively similar to those at lower density ratio (same rising ve-
locity and offset of the bubble centroid), but given the larger initial
density difference, the change of the buoyancy forces due to com-
pressibility effects is less.

As mentioned in Section 2.2, an alternative and efficient way to
solve the Poisson equation in one iteration is to employ the time-
pressure splitting [65]. Here, we compare this with the iterative

10
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Fig. 6. Rising bubble: vertical position of the bubble centroid, y.(t)/L, and vertical
component of the bubble rising velocity, v(t)/U, versus time, t/f for a density ratio
in the incompressible reference case equal to 50.
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Fig. 7. Comparison of the proposed iterative method (Method 3) and the time-
splitting approach to solve the Poisson equation. The density ratio of the incom-
pressible reference case is 10 for 3 temperature ratios, (T;/Ty); = 1.0 — 1.5 — 3.0.

method proposed in the current work for the case of the rising
bubble considering three different initial temperature ratios. The
results are reported in Fig. 7: for the incompressible case, direct
and iterative solvers yield to the same numerical solution. This is
confirmed also for intermediate (T;/Tg);, while we observe devia-
tions in the rising velocity v/U for the case (T;/Ty); = 3. As men-
tioned in Section 2.2, we attribute this deviation to the approxi-
mation of p% in the time-splitting approach, which becomes less
and less accurate as thermal gradients become sharper, indepen-
dently of the density ratio. In fact, when we increase (T;/Ty);, the
velocity divergence increases due to higher thermal gradients at
the interface, determining steep time-variation of the thermody-
namic pressure p;,. As already discussed in [56], this results in a
poor calculation of pg in Egs. (36), (37) and ultimately leads to in-
accurate results.

To conclude the analysis of this test case, we compare the three
methods presented in Section 3.3 in terms of number of iterations
needed to solve the Poisson equation. Since the three methods re-
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Fig. 8. Number of iterations required to solve the pressure Poisson equation for
the rising bubble test case as a function of time t/f. The data are obtained using
the methods by Bartholomew and Laizet [64], Motheau and Abraham [56] and the
present method. We consider the case (T;/Ty); = 1.2 (e.g., (o;/pg)i = 8.33. The ref-

erence time scale f = \/dy/g.

quire different tolerances to satisfy the divergence constraint with
the same accuracy, we set & = 10~ for Method 1 and & = 10~
for Method 2 and 3 for a fair comparison. Using these different
thresholds, &;, leads to similar values of the residual (below 10~14),
computed as the difference between the velocity divergence and
its constraint according to Eq. (35). For what concerns Method 3,
and only for this case, we compute the residual € on the pressure
between two consecutive iterations and not on the velocity diver-
gence. Once again, this choice is motivated by a fair comparison
with the other two methods. Indeed, for Method 1 and Method 2,
the residual based on the pressure p, is the only possible choice
being the correction step performed only at the end. The results
provided in Fig. 8 clearly show that the current approach, Method
3, requires a number of iterations between 1.5 and 3 times lower
than that of Method 1 and Method 2 to achieve a full convergence.
As mentioned above, we attribute this faster convergence to the
exact way we recast the variable-coefficient Poisson equation into
a constant-coefficient problem using directly the correction step.

4.3. Multiple rising bubbles

In this section, we consider the same configuration adopted in
the previous test case to study the flow in the presence of three
compressible bubbles, rising in an incompressible liquid. The bub-
bles have the same initial diameter, d; and are initially at rest in
a rectangular domain of dimensions Ly/L x Ly/L = 7.2 x 12.8, being
the reference length [ = d;. The initial position of the bubble cen-
troids are set to (X1/L); = (1.8,1.25) for Bubble n.1, (X.o/L); =
(3.6, 1.25) for Bubble n.2 and (X 3/L); = (5.4,1.25) for Bubble n.3.
The initial temperature and density of the liquid phase are T; and
p;, respectively. In order to highlight the compressibility effects,
the three bubbles are initialized at three different temperatures,
(Tg1/T))i = 1.5, (Tg2/T)); = 1.0 and (T 3/T;); = 0.75 as reported on
the left panel of Fig. 9. In order to avoid bubble coalescence and
merging, we consider a limited Weber number We = pg_’oflzdo/é =

0.125 and we set the Reynolds number Re:pg’olfldo/ug: 125,
where U = ,/|g|dy and pg'o is the minimum initial gas density. The

Prandtl number Pr = ugkg/cpg is set to 0.7. All the other dimen-
sionless parameters are kept the same as in the previous case and

1
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Fig. 9. Position of the three rising bubbles at t/f = 0 (left panel) and for t/f > 0
(right panel). The interface position is taken from the grid points where ® = 0.5
and the bubble contour are plotted with at the dimensionless physical time t/f =
{0, 1.5, 3.0, 4.5, 6.0, 7.5, 9.0, 10.5, 12.0, 13.5}, with the reference time scale being
f=/do/Igl.

are reported in Table 1. Since the system is closed and thermally
isolated, once the bubbles start to rise, the heat transfer exchanged
among each other and with the liquid medium drives them to-
wards the thermal equilibrium. In detail, Bubble n.1 starts to cool
down, Bubble n.2 maintains an almost constant average tempera-
ture, whereas Bubble n.3 is heated up. As a result and owing to the
variation of the thermodynamic pressure, the first bubble contracts
increasing its mean density, the third bubble expands decreasing
its mean density, whereas the second one slightly expands mainly
due to the variation of the thermodynamic pressure. As shown in
Fig. 10, after t/f ~ 6, being f = /dy/|g|, the thermal equilibrium
is globally reached and the mean temperature and density remain
approximately constant for the three bubbles.

Fig. 11 provides the mean vertical velocity of the centroid of
each bubble. The initial expansion and contraction of the bubbles
affects the vertical component of their rising velocities computed
as in Eq. (44). In particular, until t/f ~ 1.8, all the three bubbles
move with a comparable vertical velocity. After this initial stage,
the third bubble starts to accelerate and arrives first at the top
wall, whereas the first one starts to decelerate and moves along
the vertical direction at an almost constant speed. On the other
hand, the second bubble accelerates towards the top wall, but at
a lower rate than the third one. The physical explanation for this
behavior relies in the modification induced by the initial expansion
and contraction stage of the bubbles, which determines an increase
of the buoyancy forces for Bubble n.3 and a reduction for Bubble
nl.

4.4. Mixing layer

As a final test case, (4, the numerical simulation of a two-
dimensional, temporal mixing layer is addressed. This considered
flow configuration develops in the region between two counter-
directional flows, one of them being compressible, the other in-
compressible. The streams move with opposite velocities, Uy and
U,. In these conditions, a Kelvin-Helmholtz instability promotes the
formation of well-defined coherent vortices in the region separat-
ing the two streams. The latter enhance micro-mixing and molec-
ular diffusion promoting the exchange of momentum and energy
between the opposite streams. The computational domain con-
sists of a square box of unit size, Ly/L x Ly/L =1 x 1, discretized
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Fig. 11. Normalized vertical velocity of the bubbles versus time. The reference ve-
locity scale is U = \/|g|do while the reference time scale is f = \/dy/|g|.

using Ny x Ny = 512 x 512 nodes. In the lower part of the com-
putational domain, 0 < y/L < 0.5, the incompressible flow moves
from the right to the left while in the upper part of the domain,
0.5 <y/L <1, the compressible stream moves in the opposite di-
rection. A no-slip boundary condition is prescribed to the momen-
tum equation along the top and bottom sides of the domain while
a zero-gradient, adiabatic boundary condition is assigned to the
temperature equations along the same boundaries. Periodic bound-
ary conditions are applied to all quantities along the flow direction,
X.

To better characterize the mixing-layer flow, it is worth intro-
ducing a length-scale based on the initial vorticity thickness in
the mixing layer, §, and a corresponding Reynolds number Res =
Ucd/vg; with vg; the kinematic viscosity of the gas phase (eval-
uated at the initial condition) and U, a prescribed convective ve-
locity defined as Uc = 1/2(Ug — U)). The initial velocity field is pre-
scribed imposing a pseudo-perturbation on a mean profile accord-
ing to the following relations [68]:
ux.y.0 = tanh (28]“31) o

7 (45)

+ Snoise 87}/’

12

Vdo/18l.
v(x,y,0 ad
(XT}:) = _Snoise%a (46)
2, .
Y (x,y) = exp *573’ [cos(4mx) + 0.03 sin(107x)], (47)

where u(x,y,0) and v(x,y,0) are the horizontal and vertical com-
ponents of the initial velocity field. Moreover, the factor &, =
10-3 is chosen to ensure that the velocity perturbations remain
a small percentage of the mean velocity, as suggested by the au-
thors in Zayernouri et al. [68]. Prescribing the hyperbolic tangent
velocity profile given by Eqs. (45)-(46), the wave-length associated
with the initial vortex distribution results to be approximately A ~
78 [68,69]. Hence, given the domain size, L and the desired num-
ber of vortexes in the periodic domain, N, the initial vortex thick-
ness is /L = 1/(7N). In the present case, the initial vorticity thick-
ness is fixed to 8/L =1/28 and Reg = 200. The non-dimensional
viscosity, thermal conductivity and the specific heat capacity ratios
are kept equal to unity, while the density ratio based on the initial
gas density (p;/pg); is taken equal to 5. Finally, the Prandtl number
is set to Pr = pgCpg/ky = 8.92 with cp g and kg being the specific
heat capacity and thermal conductivity of the gas phase. The ini-
tial temperature field is initialised according to the step-function,

T if0<y/L<05,
Ty if05<y/L<1.

While keeping fixed the initial liquid temperature T;; and the
initial density ratio (0;/pg); between the two phases, different ini-
tial gas temperatures, T,;, gas densities, p,; and liquid densities
P14, are prescribed to the compressible and incompressible fluids,
as sketched in Fig. 12. A first test case considers the isothermal
flow where (Tg/T;); = 1, whereas three other cases address a tem-
perature ratio equal to 15/16, 5/6 and 3/4, respectively. Fig. 13
provides the temporal evolution of the thermodynamic pressure
(uniform over the computational domain), the mean gas and liquid
temperature, the mean gas density and the mean kinetic energy for
the two phases. The gas and liquid temperatures are computed as
integrals over the corresponding domains, whereas the mean ki-
netic energy is estimated over the compressible and incompress-
ible regions:

To(t) = 1 / g%y, 2, )T (X, y,2, )P (x,y, 2 t)dV,
M Jy

Tx.y) = { (48)

(49)
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Fig. 12. Sketch of the domain for the temporal mixing-layer simulation showing the initial velocity and temperature fields.
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Fig. 13. Temporal evolution of the thermodynamic pressure, pp, mean gas temperature, Ty, mean gas density, g and mean kinetic energy, E, for the mixing layer at four
different temperature ratios, (Tg/T}); € [1.0,15/16,5/6, 3/4]. All the quantities are non-dimensional using as reference values the values of the isothermal case, except for the
mean kinetic energy where we employ the initial value of E, for each case, Ej ;. The reference time-scale f = L/0..

() = %[T(x,y, 261 = d(x,y,2.0))dV, (50)
1 Jv

Ee(t) = — f 0%y, 2. DU Y, 2, t) - u(x, y, 2, )dV, (51)
2Mr Jy

where Mg, V; and My are the mass of the gas, the liquid volume
and the total mass of the system, all of them constant during the

simulation. Note that, given the two-dimensional configuration, the
numerical calculation of the integrals in Eq. (51) is performed in
the two-dimensional (x —y) plane. Once the mean gas tempera-
ture is known, the mean gas density is computed directly from the
equation of state whereas the liquid density is constant and equal

to o,

=\ DPo(t) SN
pg(t)——RTg(t), and  p(t) = p. (52)

13
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Fig. 14. Contour plots of the dimensionless vorticity field w,/@. in the mixing layer for the isothermal case (left panels) and for the (Ty/T;); = 3/4 case (right panel). The
contour plots refer to the dimensionless physical time t/f = 0.01, 0.02, 0.03 and 0.04 in order. The reference time scale is f = [/U. whereas the vorticity one is & = U/L.

In the isothermal case, the thermodynamic pressure, the mean lig-
uid and gas temperature and the mean gas density do not change
over time as shown in Fig. 13. Moreover with the prescribed
boundary conditions and in absence of external forces, the mean
kinetic energy in the incompressible case (e.g. (Tg/T,) = 1) mono-
tonically decreases due to the internal dissipation in the flow. On
the other hand, as the temperature ratio is reduced below unity,
the turbulent mixing enhances the thermal diffusion between the
two fluids thus rapidly reducing the temperature gradients. As a
result, the temperature tends to rapidly increase in the colder,
compressible stream until a stationary condition is established. As
the compressible phase heats up, the thermodynamic pressure, pg,
and the mean gas density increase. These effects modify the mean
kinetic energy balance, that in the compressible cases contains not
only the viscous dissipation but also a pressure work term pro-
portional to the gas expansion. This last term modifies the vari-
ation of E/E;; for all the compressible cases and is responsible
for the initial increase in the mean kinetic energy observed for the

14

case (Tg/T,)i =0.75 up to t/f ~ 1, = [/U, being the reference time
scale. However, once the temperature gradients become negligible
and the thermodynamic pressure has reached a constant value, the
compressible effects expire and the mean kinetic energy variation
is mainly governed by the viscous dissipation.

Finally, Fig. 14 displays the contour plots of the instantaneous
vorticity field at three different physical times for isothermal case
and for the initial temperature ratio (Tg/T,)i = 3/4. Despite we
limit the analysis at the initial times in order to avoid the loss in
resolution induced by the formation of smaller and smaller scales,
we observe that, in general, the presence of a temperature gradient
enhances the mixing and the growth-rate of the vorticity thickness

with respect to the reference, isothermal case.
4.5. Turbulent bubble-laden upflow in a vertical channel

In this final case, C5, the potential of this method to sim-
ulate challenging multiphase flows is demonstrated with three-
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dimensional simulations of turbulent bubble-laden flows in a
differentially heated vertical channel. An incompressible liquid
is flowing upwards, against the gravity field, carrying highly-
deformable gas bubbles. The bubbles develop a relative upward
movement compared to the surrounding liquid due to the den-
sity difference of the two fluids. While the liquid density is con-
stant, the gas density is allowed to vary based on the ideal gas law,
Eq. (17), resulting in denser bubbles in colder regions and lighter
bubbles in hotter regions. This characteristic adds to the complex-
ity of the flow, with the thermal field strongly affecting the behav-
ior of the bubbles in the channel.

To investigate the effects of the thermal field on the flow fea-
tures, two cases were simulated:

e Case C5-PS: The temperature field is passive and has no ef-
fect on the gas properties or the flow in general. The flow is
therefore incompressible in both the liquid and the gas phase,
and the physical properties are constant within each phase. The
mathematical model presented in Section 2.2 is modified by
setting the right-hand side of Egs. (15) and (16) equal to zero,
and neglecting Eq. (17). The numerical methodology presented
in Section 3.3 is followed by incorporating these modifications.

o Case C5-LM: The temperature field within the gas phase is ac-
tive, giving rise to low-Mach effects, while the liquid phase
is incompressible. The numerical methodology presented in
Section 3.3 is followed in full.

A schematic representation of the configuration is shown in
Fig. 15. The size of the channel is Ly x Ly x L; = x 2 x /2 along
the streamwise, wall-normal and spanwise directions respectively.
The same configuration was also adopted by Lu and Tryggva-
son [70,71] to study turbulent incompressible bubble-laden flows.
The relevant non-dimensional groups that define the flow are Re =
4000, We =889, Pr=4.0 and Fr = 1.49, based on Ly and the lig-
uid properties. In addition, the property ratios are set to p;/0gr =
10, py/flgr =1, ¢p/Cpy, =4 and ki/kgr = 1. The volume fraction
of the gas phase inside the whole domain is set to 5%. A different
temperature value is set on each channel wall, resulting in a tem-
perature difference of AT =T,_, — T,_g = 40K, while the average
temperature between the two walls is set to Ty = 323K.

In both simulations, a numerical grid of Ny x Ny x N; =512 x
512 x 256 is adopted, amounting to approximately 67 million grid
points. The flow is maintained along the positive x direction by
forcing the flow-rate to a constant value. Periodic boundary condi-
tions are set along the x and z directions. The channel walls are
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Fig. 15. Schematic representation of the domain used for the simulations of cases
C5-PS and C5-LM. The dimensions of the channel are Ly x Ly x L, = x 2 x /2. The
flow is directed along the positive x direction, opposite to the gravitational field,
and it is heated and cooled by the red and blue walls. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version
of this article.)

considered solid, impermeable and thermally active, therefore a
no-slip boundary condition is applied for the velocity field and a
Dirichlet boundary condition for the temperature field.

To prepare the initial condition of the turbulent multiphase
simulations, a preliminary simulation was ran for the liquid phase
only. This flow was initialised with a streamwise vortex pair to
achieve a fast transition to turbulence [72]. At this stage, 60 ran-
domly distributed gas bubbles of diameter d, = 0.25 are intro-
duced inside the domain. The initial bubble distribution is shown
in Fig. 16(a), where the bubbles are coloured based on the local
values of the stream-wise velocity component. The flow is then al-
lowed to develop for a sufficiently long time. Within this time pe-
riod, the number of bubbles increased significantly due to exten-

(b)

Fig. 16. Distribution of bubbles inside the channel for case C5-LM. (a) Initial condition; (b) statistically steady state. The bubbles are coloured based on the local values of

the stream-wise velocity component.
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Fig. 17. Temporal variation of the number of bubbles in the domain, N, for case
C5-PS. Initially 60 bubbles were present inside the domain, and after approximately
60 time units the number of bubbles stabilised at around 1300.

sive break-up, before approximately reaching a plateau. The num-
ber of bubbles as a function of time for case C5-PS is shown in
Fig. 17, revealing the dynamic balance between break-up and co-
alescence events after 60 time units. This is an indication that a
statistically stationary state has been reached and statistical sam-
pling can start. To ensure that no significant residual transient ef-
fects are present to contaminate the statistics, the flow is allowed
to develop for additional 60 time units before sampling started.
Fig. 16(b) shows the instantaneous bubble distribution inside the
domain for case C5-LM, after the flow reached a statistically sta-
tionary state.

The averaged gas volume fraction (®)x , and the liquid stream-
wise velocity component (ux)x: are shown as a function of the
wall-normal coordinate in Fig. 18, for both C5-PS and C5-LM. As the
notation suggests, these quantities are averaged both in time and
in wall parallel (x — z) planes, along which the flow is assumed pe-
riodic. In both cases, the bubbles move away from the walls and
migrate towards the interior of the channel. This effect was first
observed by Lu and Tryggvason [71] for highly-deformable bubbles
that are not affected by the temperature field, such as those con-
sidered in C5-PS. The new finding emerging from C5-LM is the shift
of the location of the maximum value of (®)x .+ and (ux)x,: to-
wards the cooled channel wall. At this location, the bubbles are
slightly colder and therefore heavier, contributing to the weaken-
ing of the buoyancy effect. In addition, the maximum value of
(®)x.z¢ is smaller for C5-LM, suggesting that the gas phase is more
dispersed around the location of the maximum value when com-
pared to C5-PS. Even though the characterisation of the physical
mechanism that causes this shift towards the cooled channel wall

006

Zom

0.02

1.0 2.0

(a)
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is not within the scope of the present study, it is clear that the
physically appropriate coupling of the temperature and momen-
tum fields has a big impact on the accurate representation of time-
averaged fields, even for this relatively small temperature differ-
ence.

5. Final remarks

Multiphase, compressible flows are of great interest in a wide
range of scientific fields and engineering problems. In this con-
text, we propose a novel approach to the numerical simulation of
multiphase, viscous flows where a compressible gas phase and an
incompressible liquid mutually interact in the low-Mach number
regime. The problem is addressed in the framework of a low-Mach
number asymptotic expansion of the compressible formulation of
the Navier-Stokes equations. In this limit, acoustics are neglected
but large density variations of the gas phase can be accounted for
as well as heat transfer between the phases and with the domain
boundaries. A Volume of Fluid approach is used to deal with the
presence of different phases in the flow as well as for interface
tracking. In this specific implementation, the interface reconstruc-
tion is based on the MTHINC method [34]| while the effect of the
surface tension is accounted for using the continuum surface force
(CSF) model [45]. The same set of equations is used for both the
gas and the liquid phase, the zero-divergence condition being ex-
actly imposed to the latter. To numerically solve this set of equa-
tions, we have developed a massive parallel solver, second order
accurate both in time and space. The Poisson pressure equation is
managed by a FFT-based solver that allows for a numerically ef-
ficient and very fast solution procedure. In addition, this choice is
suited for code optimization and adaptation of incompressible GPU
codes that benefits of FFT-based solvers (e.g. see [73]). The pro-
posed iterative procedure shows to be more efficient in terms of
number of iterations than the two approaches available in litera-
ture in the context of low-Mach number flows [56,64]. The solver
has been build upon a code for incompressible flows which has
undergone an extensive validation campaign [46,47]. A detailed
and complete description of the theoretical approach is provided,
together with information about the numerical techniques em-
ployed. Emphasis is given on ensuring the mass conservation of
the compressible phase and on correctly imposing the velocity di-
vergence at the pressure-correction step. In addition, we apply the
described numerical approach to the simulation of five different
flow configurations. The outcomes of two simulations reproduc-
ing the two-dimensional expansion and contraction of rectangular
gaseous bands enclosed in an incompressible fluid and confined
in a free-slip, periodic channel are provided. Next, we address the
simulation of two-dimensional rising bubbles. First, we consider a

---- C5-PS

1.5

1.0
Y

(b)

2.0

Fig. 18. (a) Averaged gas volume fraction (®)y ., and (b) liquid stream-wise velocity component (uy)x . as a function of the wall-normal coodinate. Dashed line, C5-PS; Solid
line, C5-LM. In both plots, the location of the maximum value moves towards the colder wall for C5-LM.
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single bubble and compare the results of our simulation with the
reference data by Hysing et al. [67] using as benchmark quantities
the bubble centroid and the bubble rising velocity. Second, we sim-
ulate the evolution of three bubbles of the same size but with dif-
ferent initial temperatures. Furthermore, we discuss the outcome
of a numerical simulation reproducing a plane, temporal mixing
layer and show how the compressibility of the gas phase alters
the development of the instability. Finally, the potential of the de-
veloped methodology to solve complex three-dimensional flows
is demonstrated by simulating a turbulent bubble-laden channel
flow, where the two channel walls are heated and cooled. The cou-
pling of the temperature and momentum fields causes the migra-
tion of the bubbles closer to the cold wall, revealing the signifi-
cance of the accurate representation of the buoyancy effects, even
for a moderate temperature differences within the domain.

As the proposed mathematical and numerical framework is in-
dependent of the capturing/tracking technique used to describe the
interface topology, the proposed methodology can be directly ex-
tended to other existing numerical codes. We believe that the re-
sults presented here demonstrate that it is possible to accurately
address the numerical simulation of multiphase, viscous flows in
the low-Mach number regime, also when one of the phases can
be treated as incompressible. Further extensions of the present
methodology may concern the addition of more complex physical
phenomena like phase change and complex interfacial thermody-
namics, as absorption-desorption processes.
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Appendix A. Low Mach number expansion of the Navier-Stokes
equations

This appendix provides the derivation of the low-Mach number
asymptotic expansion of the governing equations for the compress-
ible gas phase, Eqs. (2)-(5), provided in Section 2.1. All the quan-
tities employed here refer only to the gas phase unless otherwise
stated. Under the hypotheses of ideal and calorically perfect gases,
the energy equation, Eq. (4), can be re-written in terms of the sen-
sible internal energy or enthalpy only:

e= Ah%d + (T —Tp) = Ah%ef +¢T, (A1)

h= A +cp(T —Tep) = ARY +cpT, (A2)
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the

enthalpy of formation of the chemical specie involved, evaluated
at the reference temperature T,y =0 K. Assuming the reference
scales provided in Section 2.1, after some manipulations Egs. (2)-
(5) can be recast in non-dimensional form:

with h =e+ p/p the enthalpy, T the temperature and Ah%e

ap
945 (pu =0 (A3)
1 1 fs
8(pu)+v o u®u)_7v,,_va+m+;’—§, (A4)
3(,06) d u-u u-uy
+ V- (pue) + Ma? [t</02)+v'( 2):|_
(A.5)
v 1y. (kVT) = V- (up)
y —1RePr
+Ma[ V.(t- U)+f+;)rgz] u,
p_II oT. (A.6)

where Ma =U/,/p/p is a pseudo-Mach number, whereas the defi-
nition of all the other parameters can be found in Section 2.1. The
low-Mach number limit of Eqs. (A.3)-(A.6) can be derived from a
single-scale asymptotic expansion in the limit of small Mach num-
bers [44]. Since the pseudo Mach number, Ma, appears in all the
equations only with the power of two, each generic vectorial and

scalar quantity, f, can be expanded in the following way:
f(x,t) = fo(x, t) + £, (X, t )Ma® + O(Ma>). (A7)

It is also possible to prove that the following relations hold for the
product of two scalar quantities:

[F(x.D)gXx. O]p = fo(x. )go(X. 1), (A8)

[f(x9 t)g(xﬂ t)]z = f2 (xv t)go(xs t) + fO (X, t)gZ (xv t)

To obtain the low-Mach number limit of the momentum equa-
tion, Eq. (A.4), we use the asymptotic expansion provided by
Eq. (A.7) into Eq. (A.4):

(A.9)

§t [(pu)o -+ (pu)aMa® + O(Ma™) ]
V- [(pugu) + (pu®u);Md* + 0(Md*)]

1 2 3
= @V [0 + T2Ma® + 0O(Ma?)

1 2 3
- WV[[)O + paMa® + 0(Ma®) |+

1
+ e oo + fooMa® + 0(Ma*) ]

1
+ 5 [(08)o + (p8)2Md’ + O(Md®) . (A10)
Multiplying by Ma? and collecting all terms of same order in Ma
in Eq. (A.10), leads, after some manipulation, to the zeroth-order
equation,

Vpo=0 (A1)
and to the second-order relation,
8110 1 1 f g
Vug=—|-—-V. \ —=. .
B tho YW= [Re To— Vbt Wei| gz (A1)
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The algebraic manipulations for the continuity and energy equa-
tions are completely omitted due to their similarity with the pro-
cedure described above for the momentum equation. The reader
is referred to the following references [43,44,74] for additional de-
tails. The final low-Mach number equations can be written as:

ad

% + V. (poug) =0, (A13)

3“0 _ 1 1 foO g

W-ﬁ-uO'VUO—%[EV'To—sz-Fm] 2’ (A14)

9 (poeo) _y 1

5 T V- (pouoeo) = mmv - (kVTo) = V- (pou),
(A15)

po=1II poTo. (A.16)

It should be noted that, in the limit of small Mach number, the
contribution of the viscous dissipation to the overall energy bal-
ance of the gaseous flow does not appear in Eq. (A.15). This hold
true under the hypothesis of sufficiently high Reynolds number. In
fact, the term V. (7 -u) in Eq. (A.5), which is pre-multiplied by
the factor Ma2/Re, may become significant in the limit of Mach
tending to zero for sufficiently low Reynolds number. The effect
of the viscous dissipation could be easily included in the equa-
tions above; however we consider here high Reynolds number
flows for the gas phase, for which Eq. (A.15) is an accurate ap-
proximation. The subscript referring to the order of quantities are
omitted in this manuscript, except for the pressure terms. It is
useful to remind that, for the chosen set of reference scales, the
non-dimensional sensible energy reads: e =1/(y — 1)I1 T. Consid-
ering the latter and Eq. (A.16), after some additional manipula-
tions, Eqs. (A.13)-(A.16) can be recast as Eqs. (8)-(12) provided in
Section 2.1.
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